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Group works

1. The Heisenberg's Matrix Mechanics

. How to solve the harmonies oscillator in momentum space
. The mathematical basis of quantum mechanics

. The pictures of quantum mechanic

. The quantum computing methods

. The Hydrogen solved by Machine learning

The algebra solution of hydrogen
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. The approximated methods in quantum mechanics

27/08/2023 Jinniu Au



Prior knowledge

Mechanics
Optics
Thermodynamics
Atomic Physics
Linear Algebra

Differential equation
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Origins of quantum mechanics
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Origins of quantum mechanics

Classical physics - (pre 1900)

Mechanics - Newton

Thermodynamics - Boltzmann, Gibbs et al.
Electromagnetics - Maxwell et al.

Scientists believed that:

The physical universe was deterministic.

Light consisted of waves, ordinary matter was composed of
particles.

Physical quantities (energy, momentum, etc) could be treated as
continuous variables.

There exists an objective physical reality independent of any

observer.
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Origins of quantum mechanics

What happens to those ideas?

Before we get into the details, let's see what the development
of quantum mechanics meant for those four “certainties” of
classical physics:

Classical = The physical universe is deterministic.

Modern = The physical universe is not deterministic.

At the scale of atomic particles, the best that we can do is
find the probability of the outcome of an experiment. We
cant predict exact results with certainty. Uncertainty is an
intrinsic property of matter at this level.
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Origins of quantum mechanics

Classical = Light consists of waves, while ordinary matter is
composed of particles.
Modern = Both light and matter exhibit behavior that seems

characteristic of both particles and wave. (wave-particle
duality)

Classical = Physical quantities (energy, momentum, etc) can
be treated as continuous variables.

Modern = Under certain circumstances, some physical
quantities are quantized, meaning that they can take on only
certain discrete values.
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Origins of quantum mechanics

Classical = There exists an objective physical reality
independent of any observer.

Modern = It appears that the observer always affects the
experiment. It is impossible to disentangle the two.

Outstanding problems c. 1900
Black-body radiation The nature of light
The structure of the atom

Planck Einstein Bohr
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Foundation of quantum mechanics ¢ % z £ %7

7919

The ﬁffh Solvay conference
"]
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Timeline of quantum mechanics
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Timeline of quantum mechanics

1897 - Pieter Zeeman shows that light is radiated by the
motion of charged particles in an atom, and Joseph John
Thomson discovers the electron.

1900 Max Planck explains blackbody radiation in the context
of quantized energy emission: Quantum theory is born.

1905 Albert Einstein proposes that light, which has wavelike

properties, also consists of discrete quantized bundles of
energy, which are later called photons.
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Timeline of quantum mechanics

1911 Ernest Rutherford proposes the nuclear
model of the atom.

1913 Niels Bohr proposes his planetary model
of the atom, along with the concept of ¥
stationary energy states, and accounts for the
spectrum of hydrogen. —

Atoms go quantum. In
1913, Niels Bohr ushered
quantum physics into world
of atoms.

1914 James Franck and Custav Hertz confirm
the existence of stationary states through an
electron scattering experiment.
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Timeline of quantum mechanics

1923 Arthur Compton observes that x-rays behave like
miniature billiard balls in their interactions with electrons.
Thereby providing further evidence for the particle nature of
light.

1923 Louis De Broglie generalizes wave-particle duality by
suggesting that particles of mater are also wavelike.

1924 Satyendra Nath Bose and Albert Einstein find a new
way to count quantum particles, later called Bose-Einstein
statistics, and they predict that extremely cold atoms should
condense into a single quantum state, later known as a Bose-

Einstein condensate.
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Timeline of quantum mechanics

1925 Wolfgang Pauli enunciates the exclusion principle.

1925 Werner Heisenberg, Max Born, and Pascual Jordan
develop matrix mechanics, the first version of quantum
mechanics, and make an initial step toward quantum field
theory.

1926 Erwin Schrodinger develops a second description of
quantum physics, called wave mechanics. It includes what
becomes one of the most famous formulae of science, which
is later known as the Schrodinger equation.
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Timeline of quantum mechanics (% %z £ %7
1926 Enrico Fermi and Paul A. M. Dirac find

that quantum mechanics requires a second way

to count particles, Fermi-Dirac statistics,

opening the way to solid state physics.

1926 Dirac publishes a seminal paper on the
quantum theory of light.

1927 Heisenberg states his uncertainty |
principle, that it is impossible to exactly Unknowable reality. Werner Helsenberg

articulated one of the most societally ab-

sorbed ideas of quantum physics: the Un-

measure the position and momentum of a certainty Principl.

particle at the same time.
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Timeline of quantum mechanics

1928 Dirac presents a relativistic theory of the electron that
includes the prediction of antimatter.

1932 Carl David Anderson discovers antimatter, an
antielectron called the positron.

1948 Richard Feynman, Julian Schwinger, and Sinitiro
Tomonaga develop the first complete theory of the interaction
of photons and electrons, quantum electrodynamics, which
accounts for the discrepancies in the Dirac theory.
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Blackbody Radiation ‘3% %z £ %7

If the temperature were increased still further, the color

would progress through orange, yellow, and finally white.

Dusk/Dawn Moonlight Noon Sun Cloudy Sky Clear Blue Sky
(~ 2,500°K) (~ 4,000°K) (~ 5,500°K) (~ 6,500°K) (~ 10,000°K)
Candle Household Household/ I
Flame Incandescent Office Monitors/
(~ 1,800°K) (~ 2,800°K) Fluorescent Smartphones
("' 4,500°K) (~ 6,500°K)

Bl |
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© 2016 Oojala Lighting

Color Temperature in Kelvin (°K) o
www.oojala.ca
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The spectrum of star

Hertzsprung-Russell diagram is a plot of stars showing
the relationship between the stars' luminosities versus
their effective temperatures.

Star brightness vs. temperature
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Blackbody Radiation

Thermal equilibrium: one body absorbs thermal energy at
the same rate as it emits it.

Blackbody: a body absorbs all the radiations falling upon
it and emits all the radiations when heated.

The simplest way to construct a blackbody is to drill a
small hole in the wall of a hollow container.
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Blackbody Radiation

The Kirchhoff's law: for a given temperature, the
composition of the equilibrium radiation inside the enclosure
is exactly the same regardless of the nature of matter.

Spectral distribution: properties of intensity versus
wavelength at fixed temperatures.

The intensity:

ef — ](f, T)
is the total power radiated per unit area per unit
wavelength at a given temperature.
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Blackbody Radiation 1% %z £ %7

Measurements of intensity for a blackbody are displayed
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Blackbody Radiation 1% %z £ %7

Measurements of intensity for a blackbody are displayed

A 1483 nml Temperature | Wavelength for
UV 1 IR Maximum Intensity
1 | 3000K 966 nm  (IR)
4000K 724 nm (Red)
Visible 5000K — (Yellow)
6000K 483 nm (Blue)

Power density (10" watts/m?3)
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res
--------------
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Fig. Spectral intensity distribution of Blackbody Radiation vs
Wavelength Intensity Maximum shifts to shorter wavelengths as
temperature increases.
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Blackbody Radiation

Two important observations should be noted:

1. The maximum of the distribution shifts to smaller
wavelengths as the temperature is increased.

2. The total power radiated increases with the temperature.

The first observation is expressed in Wien's displacement law:
Amax] = 2.898 x 107° m - K

where Amax is the wavelength of the peak of the spectral

distribution at a given temperature.

Wilhelm Wien received the Nobel Prize in 1911 for his
discoveries concerning radiation.
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Blackbody Radiation

We can quantify the second observation by integrating the

quantity intensity over all wavelengths to find the power per
unit area at temperature T:

Ciotal — Jo er df = oT*
Stefan-Boltzmann law:

€total — ClO‘T4
with the constant
o = 5.6705 x 107 W/(m? - K*)

The emissivity a is simply the ratio of the emissive power of

an object to that of an ideal blackbody and is always less
than 1.
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Blackbody Radiation

It is more convenient to consider the spectral energy density,
or energy per unit volume per unit frequency of the radiation

within the blackbody cavity, u(f, T).

Because the cavity radiation is isotropic and unpolarized, one
can average over direction to show that the constant of

proportionality between J(f, T) and u(f, T) is c/4, wher

‘%1

the speed of light. Therefore,

e Cis

JUT) = u(f, T)e/4

a)

cdt

b)
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Blackbody Radiation % %z £ %7

An important guess as to the form of the universal function
u(f, T) was made in 1893 by Wien and had the form

u( £, T)=Af3e PI/T
where A and B are constants. This result was known as Wien's

exponential law; it resembles and was loosely based on
Maxwell’s velocity distribution for gas molecules.

A

Q Experimental
points

$
C:) Wien's / \

@5 exponentlal /* ~ @
law S ao - ®

Energy density in
arbitrary units
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Blackbody Radiation

By considering the conditions leading to equilibrium between
the wall resonators and the radiation in the blackbody cavity,
the spectral energy density u(f, T) could be expressed as the
product of the number of oscillators having frequency
between f and f+df, denoted by N(f) df, and the average
energy emitted per oscillator, E. Thus we have the important

result u(f, 1) df = EN(f)df
In the classical case considered by Rayleigh, an oscillator
could have any energy E in a continuous range from O to

00 Ee L/ kTgp
0

E = "% = kT
j e—E/kBT dE
0
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Blackbody Radiation

The density of modes, N(f) df is

- 2
N = T df

or in terms of wavelength,

N =~ d

The spectral energy density is simply the density of modes
multiplied by K.T, or

2
w(f Tydf= >~ joras

o
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Blackbody Radiation

Rayleigh-Jeans formula:

3
u(A, T)dA = 7 kgl dA

It is the best formulation that classical theory can provide to
describe blackbody radiation.

When
A— 0

the total energy of all configurations is infinite. In 1911 Paul
Ehrenfest dubbed this situation the “ultraviolet catastrophe,”
and it was one of the outstanding exceptions that classical

physics could not explain.
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Blackbody Radiation

1200 K |
\
- '\ Rayleigh-Jeans
\/ formula
oy
k% \
Sr \
2 \
= \
et \
\
L \
Experimental data
| | | | | | | | /\,
0 2000 4000 6000 8000

Wavelength (nm)
27/08/2023 Jinniu Au ==,



Max Plank
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Max Plank 4% % K %7
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W. Nernst, A. Einstein, M. Planck, R.A. Millikan and von Laue
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Blackbody Radiation

Planck’s radiation law:

8ahf> 1
u(fp 1) =—3 (ehf/kBT_ 1 )

He could arrive at agreement with the experimental data

only by making two important modifications of classical
theory:

1. The oscillators (of electromagnetic origin) can only have
certain discrete energies determined by
B esonator = 1hf n=1,2,3, ...
where n is an integer, f is the frequency, and h is

called Planck’s constant and has the value
h = 6.6261 x 10734 - s
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Blackbody Radiation

S E-P(E)

= ShE

2. The oscillators can absorb or emit energy in discrete
multiples of the fundamental quantum of energy given

by AE = If

Planck found these results quite disturbing and spent several
years trying to find a way to keep the agreement with
experiment while letting h—+0. Each attempt failed, and

Planck’s quantum result became one of the cornerstones of

modern science.
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Cosmic microwave background
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Photoelectric Effect

While Heinrich Hertz was
performing his famous
experiment in 1887 that
confirmed Maxwell’s
electromagnetic wave
theory of light, he noticed
that when ultraviolet light
fell on a metal electrode, a

. ) = /,’,:‘s 7 |
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charge was produced that
separated the leaves of his

electroscope.

IR, i
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Photoelectric Effect
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Photoelectric Effect (% % £ %7

The photoelectric effect is one of several ways in which
electrons can be emitted by materials.

The methods known now by which electrons can be made to
completely leave the material include:

1. Thermionic emission: Application of heat allows electrons to gain enough
energy to escape.

2. Secondary emission: The electron gains enough energy by transfer from
a high-speed particle that strikes the material from outside.

3. Field emission: A strong external electric field pulls the electron out of
the material.

4. Photoelectric effect: Incident light (electromagnetic radiation) shining
on the material transfers energy to the electrons, allowing them to escape.
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Experimental Results

Incident light falling on the emitter ejects electrons. Some
of the electrons travel toward the collector (also called the
anode), where either a negative (retarding) or positive
(accelerating) applied voltage V is imposed by the power

SUPPIY. (\f\’hght

Collector

—» -0------)-----~H
Emitter / AT

Vacuum tube

A ) Ammeter
Power supply
O O

(Voltage V)
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Photoelectric Effect % £ /’

We call the ejected electrons photoelectrons. The minimum
extra kinetic energy that allows electrons to escape the
material is called the work function ¢. The work function is

the minimum binding energy of the electron to the material

Element ¢ (eV) Element ¢ (eV) Element ¢ (eV)
Ag 4.64 K 2.29 Pd 5.22
Al 4.20 Li 2.93 Pt 5.64
C 5.0 Na 2.36 A% 4.63
Cs 1.95 Nd 3.2 Zr 4.05
Cu 4.48 Ni 5.22
Fe 4.67 Pb 4.25
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Experimental Results

The pertinent experimental facts about the photoelectric
effect are these:

1. The kinetic energies of the photoelectrons are independent
of the light intensity.

Photocurrent Light frequency f = constant
9= 34,
d=24,
d=Jd,

| 14

—V 0 Applied voltage
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Experimental Results

2. The maximum Kinetic energy of the photoelectrons, for a
given emitting material, depends only on the frequency of
the light.

Photoelectric
current Photon intensity { = constant
h=J=s
Vg
2
J3
=T 4
—Vor = Voo =V
o 02 Applied voltage
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Experimental Results ﬂ< % £ /’

lgq

3. The smaller the work function ¢ of the emitter material,

the lower is the threshold frequency of the light that can
eject photoelectrons.

eVO

Li
A
Retarding s
potential
energy
Slope = &
o, l /
O”¢” ’O” fb
o: R ot Light frequency
g R
'¢
4
1 4
4
’¢
\Intercept = —¢
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Experimental Results

4. When the photoelectrons are produced, however, their
number is proportional to the intensity of light

Light frequency f = constant
Voltage V = constant

Photoelectric
current

Light intensity
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Experimental Results

5. The photoelectrons are emitted almost instantly ( 3*10-%)
following illumination of the photocathode, independent of
the intensity of the light.

Except for result 5, these experimental facts were known in
rudimentary form by 1902, primarily due to the work of
Philipp Lenard, who had been an assistant to Hertz in 1892
after Hertz had moved from Karlsruhe to Bonn.

Lenard, who extensively studied the photoelectric effect,
received the Nobel Prize in Physics in 1905 for this and
other research on the identification and behavior of
electrons.
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Classical Interpretation

1. Classical theory allows electromagnetic radiation to eject
photoelectrons from matter.

2. Classical theory predicts that the total amount of energy
in a light wave increases as the light intensity increases.

3. Classical theory cannot explain that the maximum kinetic
energy of the photoelectrons depends on the value of the
light frequency v and not on the intensity.

4. The existence of a threshold frequency is completely
inexplicable in classical theory.

5. Classical theory does predict that the number of

hotoelectrons ejected will increase with intensity.
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Einsteins Theory

1. Albert Einstein was intrigued by Plancks hypothesis that
the electromagnetic radiation field must be absorbed and
emitted in quantized amounts.

2. Einstein took Planck’s idea one step further and suggested
that the electromagnetic radiation field itself is quantized

3. We now call these energy quanta of light photons.
According to Einstein each photon has the energy quantum

E = hv

where v is the frequency of the electromagnetic wave

associated with the light, and h is Planck’s constant.
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Einsteins Theory

4. Einstein proposed that in addition to |’rs well-known
wavelike aspect, amply exhibited in interference
phenomena, light should also be considered to have a
particle-like aspect.

The conservation of energy requires that

hy = qb -+ Ek
We want to experimentally detect the maximum value of
the kinetic energy. 1

hv = ¢ T imUIZnax

The retarding potentials are thus the opposing potentials

needed to stop the most enerlge’ric electrons.
2

eV = imvmax
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Quantum Interpretation

The kinetic energy of the electrons depends only on the

light frequency and the work function of the material.

1
—mvi  =eVp=hv—¢

2 max

which proposed by Einstein in 1905, predicts that the
stopping potential will be linearly proportional to the light
frequency, The slope is independent of the metal used to
construct the photocathode. This equation can be rewritten

1
as eVo = —mv2, = h(v —1p)

2 Imax

The frequency v,represents the threshold frequency for

the photoelectric effect. (when the kinetic energy of the
electron is precisely zero).
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Quantum Interpretation

In 1916 Millikan reported data that confirmed Einstein's

prediction.
4

K .« (€V)

4 6 S 10 12
Frequency (X1014 Hz)
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The Compton Effect

X-ray
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The Compton effect was observed in 1923 by Arthur Holly
Compton. He demonstrated another experimental
observation toward the validation of the particle nature of

light.
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The Compton Effect 1% 3l £ %7

In particular, classical
o A Electron
theory predicted that < . @/

/ Electron motion

incident radiation of i
frequency f.should @ Clsical model
accelerate an electron in
the direction of
propagation of the
incident radiation, and
that it should cause
forced oscillations of
the electron and Scatered photon
reradiation at frequency %”

f’, where f'< f,
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The Compton Effect

Also, according to classical theory, the frequency or
wavelength of the scattered radiation should depend on the
length of time. The electron was exposed to the incident
radiation as well as on the intensity of the incident

radiation.
Qée,pe

Recoiling electron

\
A Scattered photon
%, <Ef

Incident
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The Compton Effect
The expression for conservation of energy gives

E+ me? =E' + E,

where E is the energy of the incident photon, E is the energy
of the scattered photon, m.c2 is the rest energy of the

electron, and E. is the total relativistic energy of the electron
after the collision. Likewise, from momentum conservation we

have p=p cos 0+ p.cos P

p' sin 0 = pe sin ¢
where p is the momentum of the incident photon, p’ is the
momentum of the scattered photon, and p.is the recoil

momentum of the electron.
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The Compton Effect

The momentum of electron is
¢ = ()7 + p° — 2pp’ cos 6

If we assume that a photon obeys the relativistic expression
E? = pQCQV-I— m?c*

and that a photon has a mass of zero, we have

L n  h
jbphoton - 7 — T
Therefore
E. = hf — hf' + me.c®
A — Ay = ! (1 — cos 6)
MeC

= ( i )2 + <ﬂ>2 — thffl cos 6
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Wave properties of matter

L.OUIS DE BROGLIE'S ATOM
AND ITS SIGNIFICANCE FOR
THE QUANTUM MODEL OF THE ATOM
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Wave properties of matter

1924, De Broglie established the wave properties of
particles. His fundamental relationship is the prediction

h
A= —

p
That is, the wavelength to be associated with a particle is

given by Planck’s constant divided by the particle’s
momentum. For a photon in Einsteins special theory of
relativity

E = pc
and quantum theory
E = hv
SO , he
C —= V) —= —
P A
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Wave properties of matter

De Broglie extended this relation for photons to all
particles. Particle waves were called matter waves by de

Broglie, and the wavelength is now called the de Broglie
wavelength of a particle.

Example: Calculate the de Broglie wavelength of
(a) a tennis ball of mass 57 g traveling 25 m/s and
(b)an electron with kinetic energy 50 eV.

Solution:

: h 6.63x 1073
For the t ball === — 4.7 x 1073
(a)For the tennis ball ECavEE x m

(b) For the electron

\ é _ hc 1240 ev - nm — 017nm

P V2m2E 242 X 0.511 X 10° x 50 (eV)?
27/09/2023 inniu Hu




Bohr's Quantization Condition

Represent the electron as a standing wave in an orbit
around the proton. The condition for a standing wave in this
configuration is that the entire length of the standing wave
must just fit around the orbit's circumference.

nA = 2mr
where r is the radius of the orbit. Now we use the de

Broglie relation for the wavelength and obtain
h

n\A = 27r = n—

p
The angular momentum of the electron in this orbit is L=rp,

so we have, using the above relation,

nh

L:rp:%:nh padqa:nah,
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Electron Scattering % 3l £ %7

In 1925 a laboratory accident led to experimental proof for
de Broglie’s wavelength hypothesis by C. Davisson and L. H.

Germer.
l Lk A l Filament

Movable
electron

7_1 detector
Electron
beam -
--~  Scattered electrons
Target
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Electron Scattering % 3l £ %7

The relationship between the incident electron beam and
the nickel crystal scattering planes is shown

Intensity = radial distance along dashed
line to data at angle ¢

Peak

44 eV 48 eV 54 eV 64 eV 68 eV
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Bragg Law W £ Y

The atoms of crystals like NaCl form lattice planes, called
Bragg planes. It is possible to have many Bragg planes in a
crystal, each with different densities of atoms.

« |
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Bragg Law

There are two conditions for constructive interference of
the scattered matter wave of electron:

1. The angle of incidence must equal the angle of
reflection of the outgoing wave.

2. The difference in path lengths (2d sin0) shown lower

panel must be an integral number of wavelengths.

Incident
plane
wave
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Bragg's Law

Bragg’s Law with condition 2
nA = 2dsin 6

The integer n is called the order of reflection, following
the terminology of ruled diffraction gratings in optics.

Incident beam

In the Bragg law, 20 is the angle

between the incident and exit beams. . . |.

Therefore
O =m— 20 =2«

So

nA = 2dcosa = 2D sin a cos «
= Dsin ¢
27/09/2023 Jinniu Au 25—



Electron scattering

For nickel the interatomic distance is D=0.215 nm. If the
peak found by Davisson and Germer at 50° was n=1, then
the electron wavelength should be

A = 0.215sin(507/180) = 0.165 nm

Courtesy of David Follstaedt, Sandia National Laboratory

Omikron/Photo Researchers, Inc.
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Wave motion

The simplest form of wave has a sinusoidal form; at a fixed
time (say, t=0) its spatial variation looks like

2
U(z,t)|_o = Asin (7%)

The function ¥(x, r) represents the instantaneous amplitude

or displacement of the wave as a function of position x and
time t. W (x, t)

Uto — (=0
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Wave motion

As time increases, the position of the wave will change, so
the general expression for the wave is

U(x,t) = Asin [%T(x — vt)]
A traveling wave satisfies the wave equation
P’V 10°V
ox2  v? Ot2

We can write wave function more compactly by defining the

wave number k and angular frequency « by
2w 2w 2T
k= — = — d = —
7 R
as - Phase
U(x,t) = Asin [kx — wt + ¢| dss onstant
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Wave motion (% 3l £ %7

According to the principle of superposition, we add the
displacements of all waves present.

T
Sum = sin 6 + sin<0 + —)
(a) 2.5~ 20

C (b)
0 A / \ Z \

\\\ \\\
| | | | | J
2 3 4ar bar 67

w
Sum = sin 6 — sin(6 + —
um S sm< 20)

1.5~

—25

0 T
5.5 Sum = sin 6 + 4 sin 6 5 Sum = sin<ﬁ> + sin(2>
(©) S @  2oC 3 3
—55L | | | | | |
0 T 27 3 4 bar 67
1 1
Sum = sin(g) + = sin(360) — = sin(0.96) 2.5
_ 3 2 2
(e) L )
AV )
N S AN 7 0
NN N N
—95L | | | | | I —-2.5 I I I | |
0 T 27 37 4 b 677 0 T 2
Theta (0) Theta ()
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Wave motion

If we add many waves of different amplitudes and
frequencies in particular ways, it is possible to obtain what
is called a wave packet.

The important property of the wave packet is that its net
amplitude differs from zero only over a small region Ax

Ax

We can localize the position of a particle in a particular
region by using a wave packet description
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Wave packet

Localized wave packets can be constructed by superposing,
in the same region of space, waves of slightly different
wavelengths, but with phases and amplitudes chosen to
make the superposition constructive in the desired region
and destructive outside it. Mathematically, we can carry out
this superposition by means of Fourier transforms.

We can construct the packet y(x,t) by superposing plane

waves (propagating along the x -axis) of different

frequencies (or wavelengths):
1 oo :
X, 1) = —— k)e! k=l g
w(x, 1) Nor i ¢ (k)
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Wave packet

The simplest form of the angular frequency is when it is
proportional to the wave number k; this case corresponds to
a nondispersive propagation.

—+00

wx, )= \/T_ﬂ .

However, since we are interested in wave packets that

b (k)e'* =00 g w = vok

describe particles, we need to consider the more general
case of dispersive media which transmit harmonic waves of
different frequencies at different velocities. This means that
is a function of k:

w = w(k)
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Wave packet 1% % £ %7

We can Taylor expand w(k) about k.:

do (k) 1 5 d*w(k)
w(k) = w(ko)+ (k — ko) + 5 (k — ko) + -
dk |i—g, 2 dk?  |i_s,
= w(ko) + (k — ko)vg + (k — ko)*a + - --
where
2
vy = 2ol and o = + Lok
0 dk g, 2 di? =k,
Therefore, | -

1 e (6 — +00 ke i

l//(x, Z‘) — — ¢! 0(x Upht)/ g(k _ k())el( 0)(x vgt)e i (k—ko) att gp
27 oo

And

_do(k) _w(k)
Vg = ik’ Uph = Ta

vphand vgare respectively the phase velocity and the group

velocity.
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Wave packet

When we superimpose many waves of different amplitudes
and frequencies, we can obtain a wave packet or pulse
which travels at the group velocity vg; the individual waves
that constitute the packet, however, move with different
speeds; each wave moves with its own phase velocity vpn.
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Wave packet

The difference between the group velocity and the phase
velocity can be understood quantitatively by deriving a

relationship between them.

dw dv py, dv py,

Ve = gp T Uph TR =tk AT

Consider the case of a particle traveling in a constant
potential V; its total energy is E=p2/2m+V. We can obtain

. _9dE(®) o, = P
g dp > p p >
and
d ( p* p 1 (p* p
Dg:dp (2m+V):%:Dparticlea Uphzg(%‘FV Z%‘F;-

The group velocity of the wave packet is thus equal to the

classical velocity of the particle.
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Wave packet

In what follows we want to look at the form of the packet
at a given time. Choosing this time to be t=0

1 TOO "
wo(x) = Ners ¢ (k)e'™ dk,
—O0
For a Gaussian wave packet
1/4 2\ /4
l//()(X) _ i e—xz/azeikox ¢(k) _ a_ e—az(k—ko)2/4.
T a? ’ 21

It is convenient to define the half-widths Ax and Ak as

corresponding to the half-maxima of packet amplitudes

|y (£Ax, O)|2 _ 12 ¢ (ko & Ak)|2 _ 12
w(0, 0)2 |

’ | (ko) |*
27/09/2023 Jinniu Hu =,



Wave packet

lwo(x)]? | (k)|
A A
|
Ax | Ak
|
|
|
X | k
0 0 k
Therefore, "
a 1
Ax = 5, Ak = —,
And | ¢
AxAk = —.
2

This relation shows that if the packet’s width is narrow in
x-space, its width in momentum space must be very broad,

and vice versa.
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Uncertainty Principle
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Uncertainty Principle

We learned that it is impossible to measure simultaneously,
with no uncertainty, the precise values of k and x for the
same particle. The wave number k may be rewritten as

p
k=<
h

in the case of the Gaussian wave packet,

h
ApAz = —
pax 9

Heisenberg’s uncertainty principle can therefore be written

Aps Ax > g

It is possible to have a greater uncertainty in the values of
px and x, but it is not possible to know them with more

recision than allowed by the uncertainty principle.
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Uncertainty Principle

The Gaussian wave packet yields an equality, not an
inequality relation. It is the lowest limit of Heisenberg's
inequality. As a result, the Gaussian wave packet is called
the minimum uncertainty wave packet. All other wave packets
yield higher values for the product of the x and p

uncertainties:

Ap,Ax > g

We have now seen how the wave packet concept offers a
heuristic way of deriving Heisenberg’s uncertainty relations;
a more rigorous derivation is given later.
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Uncertainty Principle

Consider a particle for which the location is known within a
width of | along the x axis. The uncertainty principle
specifies that Ap is limited by

h h
A >
P2 5A. oAr ~ 1

the minimum value of the kinetic energy ,

2 2 2
Pmin > (Ap) > h
2m —  2m  — 2ml?

Note that this equation indicates that if we are uncertain

Emin —

as to the exact position of a particle, for example, an
electron somewhere inside an atom of diameter |, the
particle can't have zero kinetic energy.
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Electron Double-Slit Experiment

/1919

In 1989, a team led by Akira Tonomura at Hitachi performed
a double slit experiment. For this experiment, each single
electron passed through a single slit one at a time and

arrived at the screen of a detector as a single particle as a
\\dof.ll

Electron biprism

HITACHI

https://www.hitachi.com/rd/research/materials/quantum/doubleslit/index.html
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Electron Double-Slit Experiment (% ﬁﬂ P %7
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Electron Double-Slit Experiment §*
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Particle double-slit experiment

I =1L+ .

= NN
AY)

Only slit 1 is open

= ..

Only slit 2 is open

I=5L+1D

Both slits are open
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Only slit 1 is open

Only slit 2 is open

Both slits are open

2
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Electron Double-Slit Experiment &

The interference of waves The interference of electron
] : .-
] D) -
= Ny))) , -
- - ))) ))> > -
L : =
. >
L 3 =
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I
I=hL+D
S 7S el S &8 ........
— S — WS |
I i* :
Light source
Only slit 1 is open Only slit 2 is open Both slits are open

It is impossible to design an apparatus which allows us to
determine the slit that the electron went through without
disturbing the electron enough to destroy the interference
pattern.
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Electron Double-Slit Experiment

Consider the interference of classic waves, for a wave

entering slit 1, the mathematical function that describes such

a wave |Is: fl (r. t) = Alei(k1r—a)t—|—¢1)

where A; is the amplitude of the wave and o is the angular

frequency, kiis the wave vector. Similarly, the wave entering
through slit 2 can be described as:

fZ(ra t) — Azei(kzr—a)H—(,bz)
The corresponding intensities of the two waves are the
absolute squares of the above functions, and thus:
L=1AP  L=A7
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Electron Double-Slit Experiment

After entering slit 1 and slit 2, these two waves superpose

on each other:
f(r, t) — Alei(klr_wt+¢l) —|‘A2€i(k2r_a)t+¢2)

and as a result their intensities sum as follows:
Iy = |f(r, )|* = |A1]* + |A2)* +2A1A; cos 6

where
0= (ki — k) -r+(d; — Po)

Such that:
I #1511 + D

The total intensity reaches maxima of constructive
interference, when:
=0, +2xn, +4x, ......
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Electron Double-Slit Experiment

The wave function of an electron that has matter wave

associated with it is a complex function and very similar to
the function of classical wave

yy(r, 1) = Bye' ety

The above equation describes the wave function of the
electron entering through slit 1. Here B,is not the amplitude
of the intensity of the matter wave of the electron, but
rather is referred to as the “probability amplitude.”
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Probability and Wave Functions

We used a function ¥(r, t) named as wave function to

denote the superposition of many waves to describe the
wave packet. The quantity

Pi(r) = | w,(r, DI
is called the probability density and represents the
probability of finding the particle in a given unit volume at
a given instant of time

Postulate 1:
The wavefunction attempts to describe a quantum mechanical
entity through its spatial location and time dependence
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Probability and Wave Functions

The wave function for the electron entering through slit 2

iS: WZ(r7 t) _ Bzei(kzi’—a)t‘l'd)z)

where X
Py(r) = |y, (r, 1)|

is the corresponding probability density. The probability

densities of the electrons that have entered through slit 1

or slit 2 are:

w1 I> = 1B11%,  [yol* = Bl
The probability distribution, which is also called the
probability density of the electrons must be the sum of

these probability densities. Thus:

2 2
w|” + lyo|” = P2
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Probability and Wave Functions

However, if the probability densities add up in this way
then there will be no observation of the interference of
the probability distribution. In such a scenario, only two
spots would be observed on the screen with no interference
pattern. This is the same pattern that described above for
particles.

Since the specific slit through which the electron has
entered is not known, the wave function of the electron
entering through the double slit will be the sum of the
functions above. The superimposed wave function is:

P (r) =y (r) +w,(r)
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Probability and Wave Functions

and the probability densities of the electron add up in the
same manner as waves as defined by the following relation:

P()I* =y +ysl* = IBi1I” + |Ba|* + 2 |By]|Bz| cos 6

This equation describes the probability distribution of the
electron on the screen, and the third term is very similar
to the interference term of wave. This term causes
uncertainty about where the electron will arrive on the
screen. The probability distribution of the electrons has the

interference pattern of maxima and minima as a result of
this term.
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The Schrodinger Equation from wave

Consider the motion of a free particle along the x-axis with
momentum p. According to de Broglie’s hypothesis, a wave of
L=h/p is associated with the particle and hence we can

assume a wave function y(x,t) given by:

W(xa t) — A e(kx—a)t)

The hypotheses of Planck and de Broglie suggest that E =
hv=hwand p =h/A=hk . Therefore:

p(x, 1) = AenP=ED
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The Schrodinger Equation from wave

On partial differentiation of above equation with respect to
X and t, we obtain:

oy(x,t) ip d ip
= , 1 > — =0
ox h wx. 1) lax h] w1
oy(x,t) —iE 0 iF
= , + ,H)=0
Py P w(x, 1) Pl w(x, 1)
They suggest that
., 0 .0
p=—ih— E=ih—
0x ot

For a non-relativistic free particle, we get

n? Pw(x,t) , oW, 1)
— - l
2m  Ox2 ot

which is the Schrodinger equation for a free particle

moving along the x-axis.
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The Schrodinger Equation from wave

For a free particle moving along an arbitrary direction, the
Schrodinger equation can be generalized to:

h2[62 P

— + ] w(x, 1) = ih dAS)
2m

ot

+
ox2  ody? 072

h? ow(x, t
vy = in YD
2m ot

For a particle moving under the influence of a field
characterized by potential energy, V(r) , the Schrodinger
equation is

n o, L Oy, 1)
[—%V + V(r)] w(x,t) =ih Y
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The Schrodinger Equation from wave

The linear combination of the wave function will also be the
solution of Schrodinger equation

Therefore:

w(x,t) = JA(k)ei(kx‘“’t) ik

It means group of waves having different k-values. The
group of waves is known as a wave packet. Each k

corresponds to a wave and in principle, K can take any value
in between —and <.
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The Schrodinger Equation from action § J% %z £ %7

/1919

Hamilton-Jacobi equation

0S

with
Di: = aS/an, 1 = 1,...8,

and S is the action with variable endpoint

t

S(a.t) = [ Lia.d.0di
to

and the Hamiltonian can be written as

. OL .
H(q,p,t) = > i 5e, ~ L@ 41
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The Schrodinger Equation from action (% ,’ﬂ ]{', %7

For systems with constant energy E we can separate the
time t from the coordinates q in the action as

S(q,t) =W(q) — Et

The momentum vector
p=VS=VW

As a very simple example we solve here the problem for a
free particle in 1-D. The Hamilton-Jacobi equation in that

case is ,
1 (9S\>  0s
2m \ox )] Ot
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The Schrodinger Equation from action (% ,2{] ]:', %7

A separation ansatz with
S=W(x)— Et

gives
(W)2 — o = const
0x -
—29mE = o
with a constant « which (from the last equation) can
obviously be chosen to be the momentum p of the particle.

From the first equation we get

2

S =pr — L + const
2m
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The Schrodinger Equation from action

Without further proof we generalize the result to free
particles in 3 dimension. The action in this case is

S=p-r— Et
which is similar with the solution of classical wave

ei(E-fF’—wt)

Therefore, Schrodinger assume that the wave function of

matter wave is
S

v=ew|

and

2Me

=9
V@D—KQ(E—V)@D:O K — —ih
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The Schrodinger Wave

Postulate 2:

The time-dependent Schrodinger equation governs the time
evolution of a quantum mechanical system

The time-dependent Schrodinger equation, for a particle

moving under the influence of a field defined by potential
energy, V(r), is given

[—Zh—mvz + V(r)}\p(r,t) = i a"’g‘t" 2

In the Schrodinger representation of quantum mechanics,

the Hamiltonian, e ;2 V21 V()
m

Therefore, the Schrodinger equation can be written as

ih a"’a(:' D _ Fh(r, 1
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The Probability Density

Probability density is defined as

P=|y(r,t)
Then charge density is given by p=qP, where q is charge

2

on the particle. We have:
oP Ay 9

ot ot ot

N T
(ww)—atw+w -

The complex conjugation of Schrodinger equation is

i Bwa(tr,t) _Hy )

Therefore

%1; = ;_l[\v*(Hw)— (Hy) v |
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The Probability Density

If V(r) is real, we then get:

P _1] *hz(Vz )+yV(r) +hz(V2 Ny-yVay'
ot ih_WZm vy me LA ¥

= (v L ()
ih 2m

__ih
2m

VI wVy' —y'Vy |

which yields:

oP ik . B
o +2mV.[q}V\|f -y Vw]—O

:>8—P+V.S:O
ot
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The Probability Density

with
S=_ vy -v'Vy]
S is called probability current, describing the flow of
probability. This also implies:
op/0t+V.J=0
Here, we have defined current density J=S. This equation
is a well-known continuity equation.

To understand more about probability current, let us
consider a system completely confined to a volume V so
that nothing is going in and out at the surface.
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The Probability Density

27/09/2023 Jinniu AU



The Probability Density

On integrating both terms of the equation over the entire
volume, we get:

<ﬁ(ap+v.s)d3r ~0
ot

- aalt)d% _ —95V.Sd3r _ —95 S.ds

where, we used the Gauss theorem to convert volume
integration to surface integration.

In this case, because we confined to system completely in
the volume, there is nothing at the surface and therefore

(J)S.ds =0
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The Probability Density

On interchanging the order of the volume integral and the
time derivative over P, we write;

d
—PPdr=0
atcj5 '

CﬁPd?’r

is constant or a conserved quantity. Actually, S(r) and P(r)
are the current and density, respectively, of a conserved
quantity.

which states that

The definition of probability density allows us to calculate

expectation value of an observable (operator).
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Exercises

1. According to displacement law, the wavelength of
maximum thermal energy from a body at temperature "T” is
mathematically described as, 1. T = 2.898x10-3 m.K. For a

human body at a temperature of about 21 °C, the
wavelength of the thermal radiation emitted:
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Exercises

1. According to displacement law, the wavelength of
maximum thermal energy from a body at temperature "T” is
mathematically described as, A..T = 2.898x103 m.K. For a

human body at a temperature of about 21 °C, the
wavelength of the thermal radiation emitted:

L2898 107 m.K
e 294K

Amax = 10.0 x 107°m

Thus, the wavelength of thermal radiation emitted by
human body is about 10 microns.
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Exercises

2. A light with a wavelength of about 10-’m strikes a
potassium metal plate (whose work functions is 2.2 eV).
Determine the velocity of the photoelectrons released from
the plate.
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Exercises

2. A light with a wavelength of about 10-7m strikes a
potassium metal plate (whose work functions is 2.2 eV).
Determine the velocity of the photoelectrons released from
the plate.

2 6.63 x 3 x 1072 m.
= — ( kel mJ—2.2><1.6><10—19J)
0.91 x 10" kg 107" m

= Ve =19 x10°m/s
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Exercises

3. An X-ray photon of wavelength 0.0300 nm strikes a free,
stationary electron, and a scattered photon is deflected at
90° from the initial position. Determine the momentum of
the incident and scattered photon.
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Exercises % %z £ %7

3. An X-ray photon of wavelength 0.0300 nm strikes a free,
stationary electron, and a scattered photon is deflected at
90° from the initial position. Determine the momentum of
the incident and scattered photon.

For the incident photon:
_h 663 x107%)s
P T 0.0300x 10 7 m

The momentum o{; the deflected photon can be obtained
N—1= (1 — cos6)

Ne

=2.21 x 107*’kg.m/s

h  6.63 x107)s

—_ = _ 23
(1 = cos90) P = 7= 0030a x 100 m 204X 107 kem/s

h
A=A+
MmeC

6.63 x 107345
9.1 x 3 x (107°"*8)kg.m/s
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