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The quantum mechanical operator for L, is obtained by 
replacing r and p, with their respective operators, 

Chapter 6

Quantum Mechanical Theory of Orbital Angular
Momentum

6.1 The Angular Momentum Operators in Cartesian Coordinates

In classical mechanics, the angular momentum of a particle is given by!L =!r×!p, where
!r and !p are the position vector and momentum of the particle, respectively. The quantum
mechanical operator for!̂L, is obtained by replacing!r and !p, with their respective operators,
that is,

!̂L =!̂r× !̂p. (6.1.1)

Using the expressions for !̂r and !̂p in the Cartesian system of coordinates, we have !̂L =
îL̂x + ĵL̂y + k̂L̂z, where

L̂x = y p̂z− z p̂y = −ih̄
(

y
∂
∂ z
− z

∂
∂y

)
, (6.1.2)

L̂y = z p̂x− x p̂z = −ih̄
(

z
∂
∂x
− x

∂
∂y

)
, (6.1.3)

L̂z = x p̂y− y p̂x = −ih̄
(

x
∂
∂y
− y

∂
∂x

)
. (6.1.4)

It is easy to check that each of these operators is hermitian (see Example 6.2.1 below). The
operator corresponding to the square of the angular momentum is a scalar operator given
by

L̂2 = !̂L ·!̂L = L̂2
x + L̂2

y + L̂2
z . (6.1.5)
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6.2 Commutation Relations, Measurement and Uncertainty

The algebra of the angular momentum operators is given by their commutation relations,
which can be readily calculated with the help of the fundamental commutators [x̂ j, p̂k] =
ih̄ δ jk, [x̂ j, x̂k] = [ p̂ j, p̂k] = 0, j,k = 1,2,3, and the following properties of commutators

[Â± B̂,Ĉ] = [Â,Ĉ]± [B̂,Ĉ], (6.2.1)

[Â, B̂Ĉ] = B̂[Â,Ĉ]+ [Â, B̂]Ĉ, (6.2.2)

where Â, B̂, and Ĉ are arbitrary operators. For instance,

[L̂x, L̂y] = [y p̂z− z p̂y,z p̂x− x p̂z] = [y p̂z,z p̂x]− [z p̂y,z p̂x]− [y p̂z,x p̂z]+ [z p̂y,x p̂z].
(6.2.3)

Simplifying, we get

[y p̂z,z p̂x] = y [ p̂z,z p̂x]+ [y,z p̂x] p̂z = y z [ p̂z, p̂x]+ y [ p̂z,z] p̂x + z [y, p̂x] p̂z

+[y,z] p̂x p̂z = −ih̄ y p̂x, (6.2.4)

[z p̂y,z p̂x] = z [ p̂y,z p̂x]+ [z,z p̂x] p̂y = z2 [ p̂y, p̂x]+ z [ p̂y,z] p̂x + z [z, p̂x] p̂y

+[z,z] p̂x p̂y = 0, (6.2.5)

[y p̂z,x p̂z] = y [ p̂z,x p̂z]+ [y,x p̂z] p̂z = y x [ p̂z, p̂z]+ y [ p̂z,x] p̂z + x [y, p̂z] p̂z

+[y,x] p̂2
x = 0, (6.2.6)

[z p̂y,x p̂z] = z [ p̂y,x p̂z]+ [z,x p̂z] p̂y = z x [ p̂y, p̂z]+ z [ p̂y,x] p̂z + x [z, p̂z] p̂y

+[z,x] p̂z p̂y = ih̄ x p̂y. (6.2.7)

Hence, we get

[L̂x, L̂y] = ih̄ (x p̂y− y p̂x) = ih̄L̂z. (6.2.8)

The other two commutators are calculated in a similar manner. The net result is

[L̂x, L̂y] = ih̄L̂z, [L̂y, L̂z] = ih̄L̂x, [L̂z, L̂x] = ih̄L̂y. (6.2.9)

The commutation relations (6.2.9) can be combined together into a single vector equation

ih̄!̂L = !̂L×!̂L. (6.2.10)

Since 
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These commutation relations can be combined together into 
a single vector equation 
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Equivalently, they can also be written as
[
L̂ j, L̂k

]
= ih̄ ε jk! L̂!, (6.2.11)

where summation over the repeated index ! from 1 to 3 is understood. Here, in (6.2.11),
the symbol εi jk is called the Levi-Civita tensor density and it is defined as

εi jk =






1 if (i jk) is an even permutation of (1 2 3)

−1 if (i jk) is an odd permutation of (1 2 3)

0 otherwise.

(6.2.12)

Measurement and uncertainty relation: We have earlier shown (Chapter 3) that any two
hermitian and non-commuting operators, Â and B̂, satisfy the generalized uncertainty
relation

∆A ∆B≥ 1
2

√∣∣〈[Â, B̂]〉
∣∣2. (6.2.13)

Using this result for the angular momentum operators, L̂x, L̂y and L̂z, we conclude that they
must satisfy the following uncertainty relations

∆L j ∆Lk ≥
1
2

√∣∣〈[L̂ j, L̂k]〉
∣∣2 = h̄

2
|〈L!〉|, (6.2.14)

where ( jk!) are cyclic permutations of (123). It then follows that no two components
of the angular momentum can be measured simultaneously accurately. At first glance, it
might appear that only one of the three components of"L can be determined or specified to
characterize a given state of a particle. However, a careful analysis shows that, along with
one of the components of"L, the square of the total angular momentum (hence, the absolute
value of the angular momentum) can also be measured accurately in a given state of the
particle. This is because of the fact that L̂2 commutes with each of the components L̂x, L̂y
and L̂z. For instance, we have

[L̂2, L̂x] = [(L̂2
x + L̂2

y + L̂2
z ), L̂x] = [L̂2

y , L̂x]+ [L̂2
z , L̂x]

= L̂y[L̂y, L̂x]+ [L̂y, L̂x]L̂y + L̂z[L̂z, L̂x]+ [L̂z, L̂x]L̂z

= −ih̄L̂yL̂z− ih̄L̂zL̂y + ih̄L̂zL̂y + ih̄L̂yL̂z = 0. (6.2.15)

Similarly, we can prove that L̂y and L̂z also commute with L̂2. As a consequence, we can
write

[L̂2,"̂L] = 0. (6.2.16)
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The uncertainty relations of orbital angular momentum
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the symbol εi jk is called the Levi-Civita tensor density and it is defined as

εi jk =






1 if (i jk) is an even permutation of (1 2 3)

−1 if (i jk) is an odd permutation of (1 2 3)

0 otherwise.

(6.2.12)

Measurement and uncertainty relation: We have earlier shown (Chapter 3) that any two
hermitian and non-commuting operators, Â and B̂, satisfy the generalized uncertainty
relation

∆A ∆B≥ 1
2

√∣∣〈[Â, B̂]〉
∣∣2. (6.2.13)

Using this result for the angular momentum operators, L̂x, L̂y and L̂z, we conclude that they
must satisfy the following uncertainty relations

∆L j ∆Lk ≥
1
2

√∣∣〈[L̂ j, L̂k]〉
∣∣2 = h̄

2
|〈L!〉|, (6.2.14)

where ( jk!) are cyclic permutations of (123). It then follows that no two components
of the angular momentum can be measured simultaneously accurately. At first glance, it
might appear that only one of the three components of"L can be determined or specified to
characterize a given state of a particle. However, a careful analysis shows that, along with
one of the components of"L, the square of the total angular momentum (hence, the absolute
value of the angular momentum) can also be measured accurately in a given state of the
particle. This is because of the fact that L̂2 commutes with each of the components L̂x, L̂y
and L̂z. For instance, we have

[L̂2, L̂x] = [(L̂2
x + L̂2

y + L̂2
z ), L̂x] = [L̂2

y , L̂x]+ [L̂2
z , L̂x]

= L̂y[L̂y, L̂x]+ [L̂y, L̂x]L̂y + L̂z[L̂z, L̂x]+ [L̂z, L̂x]L̂z

= −ih̄L̂yL̂z− ih̄L̂zL̂y + ih̄L̂zL̂y + ih̄L̂yL̂z = 0. (6.2.15)

Similarly, we can prove that L̂y and L̂z also commute with L̂2. As a consequence, we can
write

[L̂2,"̂L] = 0. (6.2.16)

It then follows that no two components of the angular 
momentum can be measured simultaneously accurately. 
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6.3 The Eigenvalues of L̂2 and L̂z

We shall determine the possible eigenvalues of L̂2 and L̂z by algebraic means. In other
words, we shall determine their eigenvalues without solving the differential equations
representing the corresponding eigenvalue problems for these operators. Our discussion
will revolve around the commutation relations (6.2.9) and their consequences in the
framework of linear algebra. In such an approach, the angular momentum is simply an
observable represented by three hermitian operators L̂x, L̂y, L̂z that satisfy the
commutation relations (6.2.9). Since the entire discussion is based only on the
commutation relations (6.2.9) of the angular momentum operators, the consequences hold
good for any set of operators satisfying an identical set of commutation relations.

Since L̂2 and L̂z commute, they have a common set of eigenfunctions. Let ψλ µ(!r)
be a common eigenfunction of L̂2 and L̂z, corresponding to the eigenvalues h̄2λ , and h̄µ ,
respectively. That is,

L̂2ψ(!r) = h̄2λψλ µ(!r), (6.3.1)

L̂zψ(!r) = h̄µψλ µ(!r). (6.3.2)

Note that the dimensions of the angular momentum are those of h̄, owing to which we have
introduced the factors h̄2 and h̄ before λ and µ , respectively, so that they are dimensionless.

Analogous to the case of one-dimensional harmonic oscillator discussed earlier, let us
introduce the operators:

L̂± = L̂x ± iL̂y. (6.3.3)

Using the commutation relations (6.2.9), the commutator of L̂z with L̂± can be readily
computed as

[L̂z, L̂+] = [L̂z, L̂x]+ i[L̂z, L̂y] = ih̄L̂y + i (−i) h̄L̂x = h̄(L̂x + iL̂y) = h̄L̂+, (6.3.4)

[L̂z, L̂−] = [L̂z, L̂x]− i[L̂z, L̂y] = ih̄L̂y− h̄L̂x = −h̄(L̂x− iL̂y) = −h̄L̂−. (6.3.5)

Hence, the operators L̂± do not commute with L̂z. However, they do commute with L̂2:

[L̂2, L̂±] = [L̂2
x , L̂±]+ [L̂2

y , L̂±]+ [L̂2
z , L̂±] = [L̂2

x , L̂x ± iL̂y]

+ [L̂2
y , L̂x ± iL̂y]+ [L̂2

z , L̂x ± iL̂y] = ±i[L̂2
x , L̂y]+ [L̂2

y , L̂x]

+ [L̂2
z , L̂x]± i[L̂2

z , L̂y] = ∓h̄
(
L̂xL̂z + L̂zL̂x

)
− ih̄

(
L̂yL̂z + L̂zL̂y

)

+ ih̄
(
L̂yL̂z + L̂zL̂y

)
± h̄

(
L̂xL̂z + L̂zL̂x

)
= 0. (6.3.6)

� and � , respectively, are dimensionless. 
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will revolve around the commutation relations (6.2.9) and their consequences in the
framework of linear algebra. In such an approach, the angular momentum is simply an
observable represented by three hermitian operators L̂x, L̂y, L̂z that satisfy the
commutation relations (6.2.9). Since the entire discussion is based only on the
commutation relations (6.2.9) of the angular momentum operators, the consequences hold
good for any set of operators satisfying an identical set of commutation relations.

Since L̂2 and L̂z commute, they have a common set of eigenfunctions. Let ψλ µ(!r)
be a common eigenfunction of L̂2 and L̂z, corresponding to the eigenvalues h̄2λ , and h̄µ ,
respectively. That is,

L̂2ψ(!r) = h̄2λψλ µ(!r), (6.3.1)

L̂zψ(!r) = h̄µψλ µ(!r). (6.3.2)

Note that the dimensions of the angular momentum are those of h̄, owing to which we have
introduced the factors h̄2 and h̄ before λ and µ , respectively, so that they are dimensionless.

Analogous to the case of one-dimensional harmonic oscillator discussed earlier, let us
introduce the operators:

L̂± = L̂x ± iL̂y. (6.3.3)
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computed as
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[L̂z, L̂−] = [L̂z, L̂x]− i[L̂z, L̂y] = ih̄L̂y− h̄L̂x = −h̄(L̂x− iL̂y) = −h̄L̂−. (6.3.5)

Hence, the operators L̂± do not commute with L̂z. However, they do commute with L̂2:

[L̂2, L̂±] = [L̂2
x , L̂±]+ [L̂2

y , L̂±]+ [L̂2
z , L̂±] = [L̂2

x , L̂x ± iL̂y]

+ [L̂2
y , L̂x ± iL̂y]+ [L̂2

z , L̂x ± iL̂y] = ±i[L̂2
x , L̂y]+ [L̂2

y , L̂x]
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z , L̂x]± i[L̂2

z , L̂y] = ∓h̄
(
L̂xL̂z + L̂zL̂x

)
− ih̄

(
L̂yL̂z + L̂zL̂y

)

+ ih̄
(
L̂yL̂z + L̂zL̂y

)
± h̄

(
L̂xL̂z + L̂zL̂x

)
= 0. (6.3.6)

Using the commutation relations 
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respectively. That is,

L̂2ψ(!r) = h̄2λψλ µ(!r), (6.3.1)

L̂zψ(!r) = h̄µψλ µ(!r). (6.3.2)

Note that the dimensions of the angular momentum are those of h̄, owing to which we have
introduced the factors h̄2 and h̄ before λ and µ , respectively, so that they are dimensionless.

Analogous to the case of one-dimensional harmonic oscillator discussed earlier, let us
introduce the operators:

L̂± = L̂x ± iL̂y. (6.3.3)

Using the commutation relations (6.2.9), the commutator of L̂z with L̂± can be readily
computed as
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Hence, 
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Since L̂± do not commute with L̂z, the eigenfunctions of L̂z are not the eigenfunctions of
L̂±. However, we have the following results

L̂z
(
L̂+ψλ µ

)
= h̄ L̂+ψλ µ + L̂+(L̂zψλ µ) = h̄ (µ + 1)

(
L̂+ψλ µ

)
, (6.3.7)

L̂z
(
L̂−ψλ µ

)
= −h̄ L̂−ψλ µ + L̂−(L̂zψλ µ) = h̄ (µ−1)

(
L̂−ψλ µ

)
, (6.3.8)

which show that if ψλ µ is an eigenfunction of L̂z with eigenvalue h̄µ , then L̂+ψλ µ is also
an eigenfunction of L̂z but with an eigenvalue (h̄µ + h̄). That is, the operator L̂+, by acting
on the eigenfunction of L̂z with a given eigenvalue, converts it into an eigenfunction of L̂z
with an eigenvalue raised by one unit of h̄. Similarly, the operator L̂−, by acting on the
eigenfunction of L̂z with a given eigenvalue, converts it into an eigenfunction of L̂z with
an eigenvalue lowered by one unit of h̄. Therefore, the operators L̂+ and L̂− are called the
raising (creation) and the lowering (annihilation) operators, respectively.

As a result, for a given value of λ (i.e., for a given eigenvalue of the L̂2 operator),
we can construct a ladder of discrete eigenstates of L̂z by repeatedly acting on a given
eigenfunction of L̂z with the raising operator L̂+, in which any two neighbouring states
will differ in eigenvalue by one unit of h̄. Note that if, starting with an eigenstate of L̂z with
a given eigenvalue, this process is continued indefinitely, we shall land up with a state in
which the z component of the angular momentum will exceed the total angular momentum.
Therefore, we conclude that there must exist an eigenstate, ψλ µmax , of L̂z with the highest
possible eigenvalue, h̄µmax, such that

L̂2ψλ µmax = h̄2λψλ µmax , !̂Lzψλ µmax = h̄µmax ψλ µmax and L̂+ψλ µmax = 0. (6.3.9)

The next question is: How to find µmax? To answer this question we notice that

L̂±L̂∓ = (L̂x ± iL̂y)(L̂x∓ iL̂y) = L̂2
x + L̂2

y∓ i(L̂xL̂y− L̂yL̂x)

= L̂2− L̂2
z ∓ i(ih̄L̂z) = L̂2− L̂2

z ± h̄L̂z, (6.3.10)

and hence

L̂2 = L̂±L̂∓+ L̂2
z ∓ (h̄L̂z). (6.3.11)

That is, either L̂2 = L̂+L̂−+ L̂2
z − (h̄L̂z), or L̂2 = L̂−L̂++ L̂2

z +(h̄L̂z). Therefore, using the
lower sign in (6.3.11), we obtain

L̂2ψλ µmax = L̂−L̂+ψλ µmax + L̂2
z ψλ µmax +(h̄L̂z)ψλ µmax

= 0+ h̄2µ2
maxψλ µmax + h̄2µmaxψλ µmax = h̄2µmax(µmax + 1)ψλ µmax ,

(6.3.12)

That is, the operator L+ , by acting on the eigenfunction of 
Lz with a given eigenvalue, converts it into an eigenfunction 
of Lz with an eigenvalue raised by one unit of ℏ. 

Therefore, the operators L+ and L- are called the raising 
(creation) and the lowering (annihilation) operators, 
respectively. 
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which the z component of the angular momentum will exceed the total angular momentum.
Therefore, we conclude that there must exist an eigenstate, ψλ µmax , of L̂z with the highest
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(6.3.12)
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Since L̂± do not commute with L̂z, the eigenfunctions of L̂z are not the eigenfunctions of
L̂±. However, we have the following results

L̂z
(
L̂+ψλ µ

)
= h̄ L̂+ψλ µ + L̂+(L̂zψλ µ) = h̄ (µ + 1)

(
L̂+ψλ µ

)
, (6.3.7)

L̂z
(
L̂−ψλ µ

)
= −h̄ L̂−ψλ µ + L̂−(L̂zψλ µ) = h̄ (µ−1)

(
L̂−ψλ µ

)
, (6.3.8)

which show that if ψλ µ is an eigenfunction of L̂z with eigenvalue h̄µ , then L̂+ψλ µ is also
an eigenfunction of L̂z but with an eigenvalue (h̄µ + h̄). That is, the operator L̂+, by acting
on the eigenfunction of L̂z with a given eigenvalue, converts it into an eigenfunction of L̂z
with an eigenvalue raised by one unit of h̄. Similarly, the operator L̂−, by acting on the
eigenfunction of L̂z with a given eigenvalue, converts it into an eigenfunction of L̂z with
an eigenvalue lowered by one unit of h̄. Therefore, the operators L̂+ and L̂− are called the
raising (creation) and the lowering (annihilation) operators, respectively.

As a result, for a given value of λ (i.e., for a given eigenvalue of the L̂2 operator),
we can construct a ladder of discrete eigenstates of L̂z by repeatedly acting on a given
eigenfunction of L̂z with the raising operator L̂+, in which any two neighbouring states
will differ in eigenvalue by one unit of h̄. Note that if, starting with an eigenstate of L̂z with
a given eigenvalue, this process is continued indefinitely, we shall land up with a state in
which the z component of the angular momentum will exceed the total angular momentum.
Therefore, we conclude that there must exist an eigenstate, ψλ µmax , of L̂z with the highest
possible eigenvalue, h̄µmax, such that

L̂2ψλ µmax = h̄2λψλ µmax , !̂Lzψλ µmax = h̄µmax ψλ µmax and L̂+ψλ µmax = 0. (6.3.9)

The next question is: How to find µmax? To answer this question we notice that
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y∓ i(L̂xL̂y− L̂yL̂x)

= L̂2− L̂2
z ∓ i(ih̄L̂z) = L̂2− L̂2

z ± h̄L̂z, (6.3.10)

and hence

L̂2 = L̂±L̂∓+ L̂2
z ∓ (h̄L̂z). (6.3.11)

That is, either L̂2 = L̂+L̂−+ L̂2
z − (h̄L̂z), or L̂2 = L̂−L̂++ L̂2

z +(h̄L̂z). Therefore, using the
lower sign in (6.3.11), we obtain

L̂2ψλ µmax = L̂−L̂+ψλ µmax + L̂2
z ψλ µmax +(h̄L̂z)ψλ µmax

= 0+ h̄2µ2
maxψλ µmax + h̄2µmaxψλ µmax = h̄2µmax(µmax + 1)ψλ µmax ,

(6.3.12)
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Therefore, using the lower sign in above equation, we obtain
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on the eigenfunction of L̂z with a given eigenvalue, converts it into an eigenfunction of L̂z
with an eigenvalue raised by one unit of h̄. Similarly, the operator L̂−, by acting on the
eigenfunction of L̂z with a given eigenvalue, converts it into an eigenfunction of L̂z with
an eigenvalue lowered by one unit of h̄. Therefore, the operators L̂+ and L̂− are called the
raising (creation) and the lowering (annihilation) operators, respectively.

As a result, for a given value of λ (i.e., for a given eigenvalue of the L̂2 operator),
we can construct a ladder of discrete eigenstates of L̂z by repeatedly acting on a given
eigenfunction of L̂z with the raising operator L̂+, in which any two neighbouring states
will differ in eigenvalue by one unit of h̄. Note that if, starting with an eigenstate of L̂z with
a given eigenvalue, this process is continued indefinitely, we shall land up with a state in
which the z component of the angular momentum will exceed the total angular momentum.
Therefore, we conclude that there must exist an eigenstate, ψλ µmax , of L̂z with the highest
possible eigenvalue, h̄µmax, such that

L̂2ψλ µmax = h̄2λψλ µmax , !̂Lzψλ µmax = h̄µmax ψλ µmax and L̂+ψλ µmax = 0. (6.3.9)

The next question is: How to find µmax? To answer this question we notice that

L̂±L̂∓ = (L̂x ± iL̂y)(L̂x∓ iL̂y) = L̂2
x + L̂2

y∓ i(L̂xL̂y− L̂yL̂x)

= L̂2− L̂2
z ∓ i(ih̄L̂z) = L̂2− L̂2

z ± h̄L̂z, (6.3.10)

and hence

L̂2 = L̂±L̂∓+ L̂2
z ∓ (h̄L̂z). (6.3.11)

That is, either L̂2 = L̂+L̂−+ L̂2
z − (h̄L̂z), or L̂2 = L̂−L̂++ L̂2

z +(h̄L̂z). Therefore, using the
lower sign in (6.3.11), we obtain

L̂2ψλ µmax = L̂−L̂+ψλ µmax + L̂2
z ψλ µmax +(h̄L̂z)ψλ µmax
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and hence

λ = h̄2µmax(µmax + 1). (6.3.13)

This gives us the eigenvalues of the operator L̂2 in terms of the maximal eigenvalue of L̂z.
An argument similar to the one used in the case of L̂+, there must exist an

eigenstate,ψλ µmin , of L̂z with the lowest possible eigenvalue, µmin, such that

L̂2ψλ µmin = h̄2λψλ µmin , L̂zψµmin = h̄µmin ψλ µmin and L̂−ψλ µmin = 0. (6.3.14)

Using the upper sign in (6.3.11), we have

L̂2ψλ µmin = L̂+L̂−ψλ µmin + L̂2
z ψλ µmin− (h̄L̂z)ψλ µmin

= (0+ h̄2µ2
min− h̄2µmin)ψλ µmin = h̄2µmin(µmin−1)ψλ µmin . (6.3.15)

Therefore,

λ = h̄2µmin(µmin−1). (6.3.16)

From (6.3.13) and (6.3.16), we conclude

µmax(µmax + 1) = µmin(µmin−1). (6.3.17)

We get from (6.3.17) that either µmin = µmax + 1 or µmin = −µmax. The first solution is
unacceptable since, if so, the eigenvalue of the lowest eigenstate of L̂z will be greater than
the eigenvalue of the highest eigenstate. Thus, µmax = −µmax.

It is obvious now that if we start with ψλ µmax and apply L̂− to it N integer number of
times, we arrive at ψλ µmin . Therefore,

µmax = µmin +N. (6.3.18)

Taking into account that µmin = −µmax in (6.3.18), we arrive at

µmax =
N
2

. (6.3.19)

It is customary to denote µmax by ! and µ by m (or, m!). The numbers ! and m are called the
orbital quantum number and the magnetic quantum number, respectively. The eigenvalues
of L̂2 and L̂z can now be written as

λ! = h̄2 !(!+ 1), µm = h̄ m, (6.3.20)

where, for a given !, m takes (2!+ 1) values from −! to ! and ! must be an integer or a
half-integer depending on whether N is even or odd.

An argument similar to the one used in the case of L+, 
there must exist an eigenstate, �� �min , of Lz with the lowest 
possible eigenvalue, �min, such that 

Quantum Mechanical Theory of Orbital Angular Momentum 245

and hence
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This gives us the eigenvalues of the operator L̂2 in terms of the maximal eigenvalue of L̂z.
An argument similar to the one used in the case of L̂+, there must exist an
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Therefore,
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We get from (6.3.17) that either µmin = µmax + 1 or µmin = −µmax. The first solution is
unacceptable since, if so, the eigenvalue of the lowest eigenstate of L̂z will be greater than
the eigenvalue of the highest eigenstate. Thus, µmax = −µmax.

It is obvious now that if we start with ψλ µmax and apply L̂− to it N integer number of
times, we arrive at ψλ µmin . Therefore,

µmax = µmin +N. (6.3.18)

Taking into account that µmin = −µmax in (6.3.18), we arrive at

µmax =
N
2

. (6.3.19)

It is customary to denote µmax by ! and µ by m (or, m!). The numbers ! and m are called the
orbital quantum number and the magnetic quantum number, respectively. The eigenvalues
of L̂2 and L̂z can now be written as

λ! = h̄2 !(!+ 1), µm = h̄ m, (6.3.20)

where, for a given !, m takes (2!+ 1) values from −! to ! and ! must be an integer or a
half-integer depending on whether N is even or odd.
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Using the upper sign in the commutation relation, we have
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and hence

λ = h̄2µmax(µmax + 1). (6.3.13)

This gives us the eigenvalues of the operator L̂2 in terms of the maximal eigenvalue of L̂z.
An argument similar to the one used in the case of L̂+, there must exist an

eigenstate,ψλ µmin , of L̂z with the lowest possible eigenvalue, µmin, such that

L̂2ψλ µmin = h̄2λψλ µmin , L̂zψµmin = h̄µmin ψλ µmin and L̂−ψλ µmin = 0. (6.3.14)

Using the upper sign in (6.3.11), we have

L̂2ψλ µmin = L̂+L̂−ψλ µmin + L̂2
z ψλ µmin− (h̄L̂z)ψλ µmin

= (0+ h̄2µ2
min− h̄2µmin)ψλ µmin = h̄2µmin(µmin−1)ψλ µmin . (6.3.15)

Therefore,

λ = h̄2µmin(µmin−1). (6.3.16)

From (6.3.13) and (6.3.16), we conclude

µmax(µmax + 1) = µmin(µmin−1). (6.3.17)

We get from (6.3.17) that either µmin = µmax + 1 or µmin = −µmax. The first solution is
unacceptable since, if so, the eigenvalue of the lowest eigenstate of L̂z will be greater than
the eigenvalue of the highest eigenstate. Thus, µmax = −µmax.

It is obvious now that if we start with ψλ µmax and apply L̂− to it N integer number of
times, we arrive at ψλ µmin . Therefore,

µmax = µmin +N. (6.3.18)

Taking into account that µmin = −µmax in (6.3.18), we arrive at

µmax =
N
2

. (6.3.19)

It is customary to denote µmax by ! and µ by m (or, m!). The numbers ! and m are called the
orbital quantum number and the magnetic quantum number, respectively. The eigenvalues
of L̂2 and L̂z can now be written as

λ! = h̄2 !(!+ 1), µm = h̄ m, (6.3.20)

where, for a given !, m takes (2!+ 1) values from −! to ! and ! must be an integer or a
half-integer depending on whether N is even or odd.

Therefore,
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and hence

λ = h̄2µmax(µmax + 1). (6.3.13)

This gives us the eigenvalues of the operator L̂2 in terms of the maximal eigenvalue of L̂z.
An argument similar to the one used in the case of L̂+, there must exist an

eigenstate,ψλ µmin , of L̂z with the lowest possible eigenvalue, µmin, such that

L̂2ψλ µmin = h̄2λψλ µmin , L̂zψµmin = h̄µmin ψλ µmin and L̂−ψλ µmin = 0. (6.3.14)
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L̂2ψλ µmin = L̂+L̂−ψλ µmin + L̂2
z ψλ µmin− (h̄L̂z)ψλ µmin

= (0+ h̄2µ2
min− h̄2µmin)ψλ µmin = h̄2µmin(µmin−1)ψλ µmin . (6.3.15)

Therefore,
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From (6.3.13) and (6.3.16), we conclude

µmax(µmax + 1) = µmin(µmin−1). (6.3.17)

We get from (6.3.17) that either µmin = µmax + 1 or µmin = −µmax. The first solution is
unacceptable since, if so, the eigenvalue of the lowest eigenstate of L̂z will be greater than
the eigenvalue of the highest eigenstate. Thus, µmax = −µmax.

It is obvious now that if we start with ψλ µmax and apply L̂− to it N integer number of
times, we arrive at ψλ µmin . Therefore,

µmax = µmin +N. (6.3.18)

Taking into account that µmin = −µmax in (6.3.18), we arrive at

µmax =
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. (6.3.19)

It is customary to denote µmax by ! and µ by m (or, m!). The numbers ! and m are called the
orbital quantum number and the magnetic quantum number, respectively. The eigenvalues
of L̂2 and L̂z can now be written as

λ! = h̄2 !(!+ 1), µm = h̄ m, (6.3.20)
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and hence
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It is customary to denote µmax by ! and µ by m (or, m!). The numbers ! and m are called the
orbital quantum number and the magnetic quantum number, respectively. The eigenvalues
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We get from this equation that either 
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and hence
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From (6.3.13) and (6.3.16), we conclude

µmax(µmax + 1) = µmin(µmin−1). (6.3.17)
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It is customary to denote µmax by ! and µ by m (or, m!). The numbers ! and m are called the
orbital quantum number and the magnetic quantum number, respectively. The eigenvalues
of L̂2 and L̂z can now be written as

λ! = h̄2 !(!+ 1), µm = h̄ m, (6.3.20)

where, for a given !, m takes (2!+ 1) values from −! to ! and ! must be an integer or a
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The first solution is unacceptable since, if so, the eigenvalue 
of the lowest eigenstate of Lz will be greater than the 
eigenvalue of the highest eigenstate. Thus, 
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and hence

λ = h̄2µmax(µmax + 1). (6.3.13)

This gives us the eigenvalues of the operator L̂2 in terms of the maximal eigenvalue of L̂z.
An argument similar to the one used in the case of L̂+, there must exist an

eigenstate,ψλ µmin , of L̂z with the lowest possible eigenvalue, µmin, such that

L̂2ψλ µmin = h̄2λψλ µmin , L̂zψµmin = h̄µmin ψλ µmin and L̂−ψλ µmin = 0. (6.3.14)

Using the upper sign in (6.3.11), we have

L̂2ψλ µmin = L̂+L̂−ψλ µmin + L̂2
z ψλ µmin− (h̄L̂z)ψλ µmin

= (0+ h̄2µ2
min− h̄2µmin)ψλ µmin = h̄2µmin(µmin−1)ψλ µmin . (6.3.15)

Therefore,

λ = h̄2µmin(µmin−1). (6.3.16)

From (6.3.13) and (6.3.16), we conclude

µmax(µmax + 1) = µmin(µmin−1). (6.3.17)

We get from (6.3.17) that either µmin = µmax + 1 or µmin = −µmax. The first solution is
unacceptable since, if so, the eigenvalue of the lowest eigenstate of L̂z will be greater than
the eigenvalue of the highest eigenstate. Thus, µmax = −µmax.

It is obvious now that if we start with ψλ µmax and apply L̂− to it N integer number of
times, we arrive at ψλ µmin . Therefore,

µmax = µmin +N. (6.3.18)

Taking into account that µmin = −µmax in (6.3.18), we arrive at

µmax =
N
2

. (6.3.19)

It is customary to denote µmax by ! and µ by m (or, m!). The numbers ! and m are called the
orbital quantum number and the magnetic quantum number, respectively. The eigenvalues
of L̂2 and L̂z can now be written as

λ! = h̄2 !(!+ 1), µm = h̄ m, (6.3.20)

where, for a given !, m takes (2!+ 1) values from −! to ! and ! must be an integer or a
half-integer depending on whether N is even or odd.

It is customary to denote �max by l and � by m (or, ml). The 
numbers l and m are called the orbital quantum number 
and the magnetic quantum number, respectively. 

The eigenvalues of L2and Lz can now be written as 
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and hence
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An argument similar to the one used in the case of L̂+, there must exist an

eigenstate,ψλ µmin , of L̂z with the lowest possible eigenvalue, µmin, such that

L̂2ψλ µmin = h̄2λψλ µmin , L̂zψµmin = h̄µmin ψλ µmin and L̂−ψλ µmin = 0. (6.3.14)
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We get from (6.3.17) that either µmin = µmax + 1 or µmin = −µmax. The first solution is
unacceptable since, if so, the eigenvalue of the lowest eigenstate of L̂z will be greater than
the eigenvalue of the highest eigenstate. Thus, µmax = −µmax.

It is obvious now that if we start with ψλ µmax and apply L̂− to it N integer number of
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It is customary to denote µmax by ! and µ by m (or, m!). The numbers ! and m are called the
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where, for a given l, m takes (2l+1) values from −l to l and 
l must be an integer 
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The eigenvalue equations for L2and Lz, respectively, are 
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where l = 0, 1, 2, 3,... and m = -l,−l+1,−l+2,−l+3,…,0,1,2,3,

...,l−1,l. 

For the given purpose it is convenient to go over to the 
spherical system of coordinates. Using the chain rule for 
differentiation and the transformation equations, we obtain 
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Thus, the joint eigenfunctions of L̂2 and L̂z are characterized by two quantum numbers
! and m, where ! can take integer as well as half-integer values and, for a given !, m can
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The operators Lz , ;L2, L�, whose Cartesian components are listed in Eqs (5.3) to (5.5), can be
expressed in terms of spherical coordinates (Appendix B) as follows:

Lz � �i �h
"

"	
� (5.132)

;L2 � ��h2
v
1
sin A

"

"A

t
sin A

"

"A

u
� 1
sin2 A

"2

"	2

w
� (5.133)

L� � Lx � i Ly � ��he�i	
v
"

"A
� i cos A

sin A
"

"	

w
� (5.134)

Since the operators Lz and ;L depend only on the angles A and 	, their eigenstates depend only
on A and 	. Denoting their joint eigenstates by

NA	 � l� mO � Ylm�A� 	�� (5.135)

where1 Ylm�A� 	� are continuous functions of A and 	, we can rewrite the eigenvalue equations
(5.130) and (5.131) as follows:

;L2Ylm�A� 	� � �h2l�l � 1�Ylm�A� 	�� (5.136)

LzYlm�A� 	� � m �hYlm�A� 	�� (5.137)

Since Lz depends only on 	, as shown in (5.132), the previous two equations suggest that the
eigenfunctions Ylm�A� 	� are separable:

Ylm�A� 	� � �lm�A��m�	�� (5.138)

We ascertain that

L�Ylm�A� 	� � �h
S
l�l � 1�� m�m � 1� Yl m�1�A� 	�� (5.139)

5.7.1 Eigenfunctions and Eigenvalues of Lz
Inserting (5.138) into (5.137) we obtain Lz�lm�A��m�	� � m �h�lm�A��m�	�. Now since
Lz � �i �h"�"	, we have

�i �h�lm�A�
"�m�	�

"	
� m �h�lm�A��m�	�� (5.140)

which reduces to
�i "�m�	�

"	
� m�m�	�� (5.141)

The normalized solutions of this equation are given by

�m�	� �
1T
2H
eim	� (5.142)

1For notational consistency throughout this text, we will insert a comma between l and m in Ylm�A� 	� whenever m
is negative.
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For the raised operator
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The expression for L̂2 is obtained by first writing the operators L̂+ and L̂− in spherical
coordinates and then using any one of the two expressions for L̂2, in terms of L̂+ and L̂−
and L̂z, given in (6.3.11). Hence, we start with the operator L̂+. We have

L̂+ = L̂x + iL̂y = h̄
[

iz
∂
∂y

+ z
∂
∂x
− (x+ iy)

∂
∂ z

]
(6.4.6)

Taking into account that z = r cosθ and

x± iy = r sinθ (cosϕ ± i sinϕ) = r e± iϕ sinθ , (6.4.7)

we get

L̂+ = h̄eiϕ
(

i r e−iϕ cosθ ∂
∂y

+ r e−iϕ cosθ ∂
∂x
− r sinθ ∂

∂ z

)

= h̄ eiϕ
[

i (x− iy) cotθ ∂
∂x

+(x− iy) cotθ ∂
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− r sinθ ∂

∂ z

]

= h̄ eiϕ
[

cotθ
(

x
∂
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+ y
∂
∂y

)
− tanθ z

∂
∂ z

+ i cotθ
(

x
∂
∂y
− y

∂
∂x

)]
. (6.4.8)

With the help of (6.4.1) and (6.4.2), we arrive at

L̂+ = h̄eiϕ
(

∂
∂θ

+ icotθ ∂
∂ϕ

)
. (6.4.9)

A similar calculation leads to

L̂− = −h̄e−iϕ
(

∂
∂θ
− icotθ ∂

∂ϕ

)
. (6.4.10)

Using now

L̂+L̂− = −h̄2eiϕ
(

∂
∂θ

+ icotθ ∂
∂ϕ

){
e−iϕ

(
∂

∂θ
− icotθ ∂

∂ϕ

)}

= −h̄2
(

∂ 2

∂θ 2 + cotθ ∂
∂θ

+ cot2 θ ∂ 2

∂ϕ2 + i
∂

∂ϕ

)
, (6.4.11)

and

L̂2 = L̂+L̂−+ L̂2
z − h̄L̂z, (6.4.12)
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and

L̂2 = L̂+L̂−+ L̂2
z − h̄L̂z, (6.4.12)
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6.5 The Eigenfunctions of L̂2 and L̂z

We start with the eigenfunctions of L̂z. To find it, we must solve the following eigenvalue
equation for L̂z:

−ih̄
∂ Φ(ϕ)

∂ϕ
= αΦ(ϕ), (6.5.1)

where Φ(ϕ) is the eigenfunction and α is the corresponding eigenvalue. In addition, we
must require the fulfillment of the standard conditions of continuity, single-valuedness and
boundedness by the resulting solutions. The solution is readily obtained as

Φ(ϕ) = Φ0e
i
h̄ αϕ , (6.5.2)

where Φ0 is a constant to be determined by the normalization condition. Clearly, these
solutions are continuous and bounded in the entire range of variation of ϕ(0 ≤ ϕ ≤ 2π).
To check whether the solutions (6.5.2) are single-valued or not, we notice that the variable
ϕ is cyclic and, hence, the solutions will be single-valued only if

e
i
h̄ αϕ = e

i
h̄ α(ϕ+2π) ⇒ e

i
h̄ 2πα = 1. (6.5.3)

This is possible only if

α = ±m h̄, (6.5.4)

where m is an integer including zero. Thus, αm = mh̄,m = 0,±1,±2,±3, ... are the
eigenvalues of L̂z, which rightly happen to be the same as obtained earlier by algebraic
means. However, there is an important difference: the boundary conditions have
eliminated the half-integer values for m. It means that, if we measure Lz, we must get
only those values which are integral multiples of h̄. Once again, the characteristic number
m is called the orbital magnetic quantum number.

Finally, using the normalization condition

|Φ0|2
∫ 2π

0
dϕei(m−m′)ϕ = 1 (6.5.5)
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The operators Lz , ;L2, L�, whose Cartesian components are listed in Eqs (5.3) to (5.5), can be
expressed in terms of spherical coordinates (Appendix B) as follows:

Lz � �i �h
"

"	
� (5.132)

;L2 � ��h2
v
1
sin A

"

"A

t
sin A

"

"A

u
� 1
sin2 A

"2

"	2

w
� (5.133)

L� � Lx � i Ly � ��he�i	
v
"

"A
� i cos A

sin A
"

"	

w
� (5.134)

Since the operators Lz and ;L depend only on the angles A and 	, their eigenstates depend only
on A and 	. Denoting their joint eigenstates by

NA	 � l� mO � Ylm�A� 	�� (5.135)

where1 Ylm�A� 	� are continuous functions of A and 	, we can rewrite the eigenvalue equations
(5.130) and (5.131) as follows:

;L2Ylm�A� 	� � �h2l�l � 1�Ylm�A� 	�� (5.136)

LzYlm�A� 	� � m �hYlm�A� 	�� (5.137)

Since Lz depends only on 	, as shown in (5.132), the previous two equations suggest that the
eigenfunctions Ylm�A� 	� are separable:

Ylm�A� 	� � �lm�A��m�	�� (5.138)

We ascertain that

L�Ylm�A� 	� � �h
S
l�l � 1�� m�m � 1� Yl m�1�A� 	�� (5.139)

5.7.1 Eigenfunctions and Eigenvalues of Lz
Inserting (5.138) into (5.137) we obtain Lz�lm�A��m�	� � m �h�lm�A��m�	�. Now since
Lz � �i �h"�"	, we have

�i �h�lm�A�
"�m�	�

"	
� m �h�lm�A��m�	�� (5.140)

which reduces to
�i "�m�	�

"	
� m�m�	�� (5.141)

The normalized solutions of this equation are given by

�m�	� �
1T
2H
eim	� (5.142)

1For notational consistency throughout this text, we will insert a comma between l and m in Ylm�A� 	� whenever m
is negative.
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Thus, the values of m vary from -l to l: 
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where 1�
T
2H is the normalization constant,

= 2H

0
d	 �`m)�	��m�	� � =m)�m � (5.143)

For�m�	� to be single-valued, it must be periodic in 	 with period 2H ,�m�	�2H� � �m�	�;
hence

eim�	�2H� � eim	� (5.144)

This relation shows that the expectation value of Lz , lz � Nl� m � Lz � l mO, is restricted to a
discrete set of values

lz � m �h� m � 0��1��2��3� � � � � (5.145)

Thus, the values of m vary from �l to l:

m � �l���l � 1����l � 2�� � � � � 0� 1� 2� � � � � l � 2� l � 1� l� (5.146)

Hence the quantum number l must also be an integer. This is expected since the orbital angular
momentum must have integer values.

5.7.2 Eigenfunctions of ;L2

Let us now focus on determining the eigenfunctions �lm�A� of ;L2. We are going to follow
two methods. The first method involves differential equations and gives�lm�A� in terms of the
well-known associated Legendre functions. The second method is algebraic; it deals with the
operators L� and enables an explicit construction of Ylm�A� 	�, the spherical harmonics.

5.7.2.1 First Method for Determining the Eigenfunctions of ;L2

We begin by applying ;L2 of (5.133) to the eigenfunctions

Ylm�A� 	� �
1T
2H
�lm�A�eim	� (5.147)

This gives
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��h2T
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"
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t
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"A

u
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sin2 A

"2

"	2

w
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� �h2l�l � 1�T
2H

�lm�A�eim	� (5.148)

which, after eliminating the 	-dependence, reduces to

1
sin A

d
dA

t
sin A

d�lm�A�
dA

u
�
v
l�l � 1�� m2

sin2 A

w
�lm�A� � 0� (5.149)

This equation is known as the Legendre differential equation. Its solutions can be expressed in
terms of the associated Legendre functions Pml �cos A�:

�lm�A� � Clm Pml �cos A�� (5.150)
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discrete set of values

lz � m �h� m � 0��1��2��3� � � � � (5.145)

Thus, the values of m vary from �l to l:

m � �l���l � 1����l � 2�� � � � � 0� 1� 2� � � � � l � 2� l � 1� l� (5.146)

Hence the quantum number l must also be an integer. This is expected since the orbital angular
momentum must have integer values.

5.7.2 Eigenfunctions of ;L2

Let us now focus on determining the eigenfunctions �lm�A� of ;L2. We are going to follow
two methods. The first method involves differential equations and gives�lm�A� in terms of the
well-known associated Legendre functions. The second method is algebraic; it deals with the
operators L� and enables an explicit construction of Ylm�A� 	�, the spherical harmonics.

5.7.2.1 First Method for Determining the Eigenfunctions of ;L2

We begin by applying ;L2 of (5.133) to the eigenfunctions
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�lm�A�eim	� (5.147)

This gives
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which, after eliminating the 	-dependence, reduces to
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d
dA

t
sin A

d�lm�A�
dA

u
�
v
l�l � 1�� m2

sin2 A

w
�lm�A� � 0� (5.149)

This equation is known as the Legendre differential equation. Its solutions can be expressed in
terms of the associated Legendre functions Pml �cos A�:

�lm�A� � Clm Pml �cos A�� (5.150)
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which are defined by

Pml �x� � �1� x2��m��2
d �m�

dx �m�
Pl�x�� (5.151)

This shows that
P�ml �x� � Pml �x�� (5.152)

where Pl�x� is the lth Legendre polynomial which is defined by the Rodrigues formula

Pl�x� �
1
2l l!

dl

dxl
�x2 � 1�l � (5.153)

We can obtain at once the first few Legendre polynomials:

P0�x� � 1� P1�x� �
1
2
d�x2 � 1�
dx

� x� (5.154)

P2�x� �
1
8
d2�x2 � 1�2

dx2
� 1
2
�3x2 � 1�� P3�x� �

1
48
d3�x2 � 1�3

dx3
� 1
2
�5x3 � 3x��

(5.155)

P4�x� �
1
8
�35x4 � 30x2 � 3�� P5�x� �

1
8
�63x5 � 70x3 � 15x�� (5.156)

The Legendre polynomials satisfy the following closure or completeness relation:

1
2

*;

l�0
�2l � 1�Pl�x )�Pl�x� � =�x � x )�� (5.157)

From (5.153) we can infer at once

Pl��x� � ��1�l Pl�x�� (5.158)

A similar calculation leads to the first few associated Legendre functions:

P11 �x� �
S
1� x2� (5.159)

P12 �x� � 3x
S
1� x2� P22 �x� � 3�1� x2�� (5.160)

P13 �x� �
3
2
�5x2 � 1�

S
1� x2� P23 �x� � 15x�1� x2�� P33 �x� � 15�1� x2�3�2� (5.161)

where P0l �x� � Pl�x�, with l � 0� 1� 2� 3� � � �. The first few expressions for the associated
Legendre functions and the Legendre polynomials are listed in Table 5.1. Note that

Pml ��x� � ��1�l�m Pml �x�� (5.162)

The constant Clm of (5.150) can be determined from the orthonormalization condition

Nl )� m) � l� mO �
= 2H

0
d	
= H

0
dA sin ANl )�m)�A 	ONA	 � l� mO � =l )� l=m)�m� (5.163)

which can be written as
= 2H

0
d	
= H

0
dA sin A Y `l )m)�A� 	�Ylm�A� 	� � =l )� l=m)�m � (5.164)
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for the associated Legendre polynomials in (6.5.20), we arrive at

Cm
! = (−1)m

√
(2!+ 1)

2
(!−m)!
(!+m)!

(m≥ 0). (6.5.22)

The expression for ϑ m
! now reads

ϑ m
! = (−1)m

√
(2!+ 1)

2
(!−m)!
(!+m)!

Pm
! (cosθ ). (6.5.23)

The full normalized eigenfunctions of L̂2 are now given by

ψm
! (θ ,ϕ) = ε

√
(2!+ 1)(!−m)!

4π(!+m)!
Pm
! (cosθ ) eimϕ , (6.5.24)

where ε = (−1)m for m ≥ 0 and ε = 1 for m < 0. Note that it is straightforward to
check that ψm

! (θ ,ϕ) are also eigenfunctions of L̂z with eigenvalues mh̄, where m = 0,±1,
±2,±3, and so on. If we refer to the theory of spherical functions, we recognize that the
functions given by (6.5.24) are nothing but the normalized spherical harmonics, Y m

! (θ ,ϕ).
Thus, the complete set of spherical harmonics, Y m

! (θ ,ϕ), constitutes the set of common
eigenfunctions of L̂2 and L̂z:

L̂2Y m
! (θ ,ϕ) = !(!+ 1) h̄2 Y m

! (θ ,ϕ), (6.5.25)

L̂z Y m
! (θ ,ϕ) = mh̄Y m

! (θ ,ϕ), (6.5.26)
∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y m′

!′ (θ ,ϕ)Y m
! (θ ,ϕ) = δ!′!δm′m, (6.5.27)

where != 0,1,2,3, ... and m = −!,−!+ 1, . . . ,!−1,!.
For later references it is useful to have analytical expressions for a few of the frequently

used associated Legendre functions and spherical harmonics. We have presented them in
Tables 6.1 and 6.2, respectively.

Comments: 1. Since the magnitude of the angular momentum, for a given !, is given by√
!(!+ 1) h̄, different values of ! correspond to the states with correspondingly different

values of the angular momentum. In atomic physics, these states are denoted by the letters
s, p,d, f , ... according to the following scheme:

!= 0 1 2 3 ...

state s p d f ...

Plm is the associated Legendre functions 
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Table 5.1 First few Legendre polynomials and associated Legendre functions.

Legendre polynomials Associated Legendre functions
P0�cos A� � 1 P11 �cos A� � sin A
P1�cos A� � cos A P12 �cos A� � 3 cos A sin A
P2�cos A� � 1

2 �3 cos
2 A � 1� P22 �cos A� � 3 sin2 A

P3�cos A� � 1
2 �5 cos

3 A � 3 cos A� P13 �cos A� � 3
2 sin A�5 cos

2 A � 1�
P4�cos A� � 1

8 �35 cos
4 A � 30 cos2 A � 3� P23 �cos A� � 15 sin2 A cos A

P5�cos A� � 1
8 �63 cos

5 A � 70 cos3 A � 15 cos A� P33 �cos A� � 15 sin3 A

This relation is known as the normalization condition of spherical harmonics. Using the form
(5.147) for Ylm�A� 	�, we obtain
= 2H

0
d	
= H

0
dA sin A �Ylm�A� 	��2 �

�Clm �2
2H

= 2H

0
d	
= H

0
dA sin A �Pml �cos A��2 � 1� (5.165)

From the theory of associated Legendre functions, we have
= H

0
dA sin APml �cos A�P

m
l ) �cos A� �

2
2l � 1

�l �m�!
�l �m�!=l� l ) � (5.166)

which is known as the normalization condition of associated Legendre functions. A combina-
tion of the previous two relations leads to an expression for the coefficient Clm :

Clm � ��1�m
Vt

2l � 1
2

u
�l �m�!
�l �m�! �m o 0�� (5.167)

Inserting this equation into (5.150), we obtain the eigenfunctions of ;L2:

�lm�A� � ��1�m
Vt

2l � 1
2

u
�l �m�!
�l �m�! P

m
l �cos A�� (5.168)

Finally, the joint eigenfunctions, Ylm�A� 	�, of ;L2 and Jz can be obtained by substituting (5.142)
and (5.168) into (5.138):

Ylm�A� 	� � ��1�m
Vt

2l � 1
4H

u
�l � m�!
�l � m�! P

m
l �cos A�e

im	 �m o 0�� (5.169)

These are called the normalized spherical harmonics.

5.7.2.2 Second Method for Determining the Eigenfunctions of ;L2

The second method deals with a direct construction of Ylm�A� 	�; it starts with the case m � l
(this is the maximum value of m). By analogy with the general angular momentum algebra
developed in the previous section, the action of L� on Yll gives zero,
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The completeness relation of Spherical Harmonics is
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5.7.3 Properties of the Spherical Harmonics

Since the spherical harmonics Ylm�A� 	� are joint eigenfunctions of ;L2 and Lz and are ortho-
normal (5.164), they constitute an orthonormal basis in the Hilbert space of square-integrable
functions of A and 	. The completeness relation is given by

l;

m��l
� l� mONl� m �� 1 (5.181)

or
;

m
NA	 � l� mONl� m � A )	)O �

;

m
Y `l m�A

)� 	)�Ylm�A� 	� � =�cos A � cos A )�=�	 � 	)�

� =�A � A )�
sin A

=�	 � 	)�� (5.182)

Let us mention some essential properties of the spherical harmonics. First, the spherical har-
monics are complex functions; their complex conjugate is given by

[Ylm�A� 	�]` � ��1�mYl��m�A� 	�� (5.183)

We can verify that Ylm�A� 	� is an eigenstate of the parity operator P with an eigenvalue ��1�l :
PYlm�A� 	� � Ylm�H � A� 	 � H� � ��1�lYlm�A� 	�� (5.184)

since a spatial reflection about the origin, ;r ) � �;r , corresponds to r ) � r , A ) � H � A , and
	) � H � 	, which leads to Pml �cos A )� � Pml �� cos A� � ��1�l�m Pml �cos A� and eim	

) �
eimHeim	 � ��1�meim	 .
We can establish a connection between the spherical harmonics and the Legendre polyno-

mials by simply taking m � 0. Then equation (5.180) yields

Yl0�A� 	� �
��1�l
2l l!

U
2l � 1
4H

dl

d�cos A�l
�sin A�2l �

U
2l � 1
4H

Pl�cos A�� (5.185)

with

Pl�cos A� �
1
2l l!

dl

d�cos A�l
�cos2 A � 1�l � (5.186)

From the expression of Ylm , we can verify that

Ylm�0� 	� �
U
2l � 1
4H

=m� 0� (5.187)

The expressions for the spherical harmonics corresponding to l � 0� l � 1, and l � 2 are listed
in Table 5.2.

Spherical harmonics in Cartesian coordinates
Note that Ylm�A� 	� can also be expressed in terms of the Cartesian coordinates. For this, we
need only to substitute

sin A cos	 � x
r
� sin A sin	 � y

r
� cos A � z

r
(5.188)
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The spherical harmonics are complex functions; their 
complex conjugate is given by 
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We can verify that Yl m is an eigenstate of the parity 
operator P with an eigenvalue (-1)l : 
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We can establish a connection between the spherical 
harmonics and the Legendre polynomials by simply taking 
m=0. 
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Note that Ylm can also be expressed in terms of the 
Cartesian coordinates. For this, we need only to substitute 
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Note that Ylm�A� 	� can also be expressed in terms of the Cartesian coordinates. For this, we
need only to substitute

sin A cos	 � x
r
� sin A sin	 � y

r
� cos A � z

r
(5.188)
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Table 5.2 Spherical harmonics and their expressions in Cartesian coordinates.

Ylm�A� 	� Ylm�x� y� z�

Y00�A� 	� � 1T
4H

Y00�x� y� z� � 1T
4H

Y10�A� 	� �
T

3
4H cos A Y10�x� y� z� �

T
3
4H

z
r

Y1��1�A� 	� � b
T

3
8H e

�i	 sin A Y1��1�x� y� z� � b
T

3
8H

x�iy
r

Y20�A� 	� �
T

5
16H �3 cos

2 A � 1� Y20�x� y� z� �
T

5
16H

3z2�r2
r2

Y2��1�A� 	� � b
T
15
8H e

�i	 sin A cos A Y2��1�x� y� z� � b
T
15
8H

�x�iy�z
r2

Y2��2�A� 	� �
T

15
32H e

�2i	 sin2 A Y2��2�x� y� z� �
T

15
32H

x2�y2�2i xy
r2

in the expression for Ylm�A� 	�.
As an illustration, let us show how to derive the Cartesian expressions for Y10 and Y1��1.

Substituting cos A � z�r into Y10�A� 	� �
T
3�4H cos A Y10, we have

Y10�x� y� z� �
U
3
4H
z
r
�
U
3
4H

z
S
x2 � y2 � z2

� (5.189)

Using sin A cos	 � x�r and sin A sin	 � y�r , we obtain
x � iy
r

� sin A cos	 � i sin A sin	 � sin A e�i	� (5.190)

which, when substituted into Y1�1�A� 	� � b
T
3�8H sin A e�i	 , leads to

Y1��1�x� y� z� � b
U
3
8H
x � iy
r

� (5.191)

Following the same procedure, we can derive the Cartesian expressions of the remaining har-
monics; for a listing, see Table 5.2.

Example 5.5 (Application of ladder operators to spherical harmonics)
(a) Use the relation Yl0�A� 	� �

T
�2l � 1��4H Pl�cos A� to find the expression of Y30�A� 	�.

(b) Find the expression of Y30 in Cartesian coordinates.
(c) Use the expression of Y30�A� 	� to infer those of Y3��1�A� 	�.

Solution
(a) From Table 5.1 we have P3�cos A� � 1

2 �5 cos
3 A � 3 cos A�; hence

Y30�A� 	� �
U
7
4H
P3�cos A� �

U
7
16H

�5 cos3 A � 3 cos A�� (5.192)
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It is convenient to take the complete set of spherical 
harmonics {Ylm(�,�), which happens to be the common set of 
eigenfunctions of L2 and Lz, as the basis set in the Hilbert 
space. 
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6.7 Matrix Representation of Angular Momentum Operators

We know that L̂2 and L̂z commute. Therefore, it is convenient to take the complete set of
spherical harmonics {Y m

! (θ ,ϕ), which happens to be the common set of eigenfunctions of
L̂2 and L̂z, as the basis set in the Hilbert space.

Obviously, L̂2 and L̂z are diagonal in this basis

∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y m′

!′ L̂2Y m
! = h̄2!(!+ 1)δ!′!δm′m, (6.7.1)

∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y m′

!′ L̂zY m
! = mh̄δ!′!δm′m. (6.7.2)

The diagonal elements of the corresponding matrices L2 and Lz are h̄2!(!+ 1) and mh̄,
respectively. The operators L̂+ and L̂− do not commute with L̂z. Therefore, they are
represented by non-diagonal matrices in this basis. In order to determine these matrices,
we shall have to first find the result of the action of the operators L̂+ and L̂− on the basis
functions {Y m

! (θ ,ϕ)}.
What we know is that the operators L̂+ and L̂−, while acting on the eigenfunction of

L̂z, change the value of m by unity. Therefore, we have

L̂±Y m
! =C±

!m Y m±1
! , (6.7.3)

where C±
!m are constants. They can be determined by requiring that the functions Y m±1

! be
orthonormal. It is easy to check that L̂+ and L̂− are hermitian conjugates of L̂− and L̂+,
respectively. So, we have

∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗m′

!′ (L̂†
±L̂±)Y m

! =
∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗m′

!′ (L̂∓L̂±)Y m
! . (6.7.4)

Alternatively,

∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗m′

!′ (L̂†
±L̂±)Y m

! = |C±
!m|

2
∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗ (m

′±1)
!′ Y m±1

! . (6.7.5)

Therefore, on one hand, if the functions Y m±1
! are to be orthonormal, we have

∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗m′

!′ (L̂†
±L̂±)Y m

! = |C±
!m|

2, (6.7.6)

On the other hand, using the relations

L̂∓L̂± = L̂2− L̂2
z ∓ h̄L̂z, (6.7.7)

The operators L+ and L- do not commute with Lz. Therefore, 
they are represented by non-diagonal matrices in this basis. 
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Using the relations 
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Therefore, on one hand, if the functions Y m±1
! are to be orthonormal, we have
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L̂2Y m
! = !(!+ 1) h̄2 Y m

! , (6.7.8)

L̂z Y m
! = mh̄Y m

! , (6.7.9)

we obtain
∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗m′

!′ (L̂†
±L̂±)Y m

! =
∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗m′

!′ (L̂2− L̂2
z ∓ h̄L̂z)Y m

!

=
[
h̄2!(!+ 1)− h̄2m2∓ h̄2m

]∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗ (m

′±1)
!′ Y m±1

!

= h̄2 (l∓m)(l ±m+ 1), (6.7.10)

where, besides (6.7.1) and (6.7.2), we have used the orthonormality of the spherical
harmonics given by (6.5.27). If we now compare (6.7.6) and (6.7.10) we get

C±
!m = h̄

√
(l∓m)(l ±m+ 1). (6.7.11)

As a consequence, we have

L̂+Y m
! = h̄

√
(l−m)(l +m+ 1)Y m+1

! , (6.7.12)

L̂−Y m
! = h̄

√
(l +m)(l−m+ 1)Y m−1

! . (6.7.13)

Since L̂x = (L̂++ L̂−)/2 and L̂y = (L̂+− L̂−)/2i, we get

L̂x Y m
! =

1
2
[L̂++ L̂−]Y m

!

=
h̄
2

[√
(l−m)(l +m+ 1) Y m+1

! +
√
(l +m)(l−m+ 1) Y m−1

!

]
(6.7.14)

L̂yY m
! =

1
2i
[L̂++ L̂−]Y m

!

=
h̄
2i

[√
(l−m)(l +m+ 1) Y m+1

! −
√
(l +m)(l−m+ 1) Y m−1

!

]
. (6.7.15)

From (6.7.9), (6.7.12), (6.7.13) and the orthonormality condition for the spherical
harmonics, (6.5.27), we find the matrix elements of L̂+, L̂− and L̂z as

we obtain 
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∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗m′
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!
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]∫ 2π

0
dϕ
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!
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where, besides (6.7.1) and (6.7.2), we have used the orthonormality of the spherical
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As a consequence, we have
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! =

1
2
[L̂++ L̂−]Y m

!

=
h̄
2

[√
(l−m)(l +m+ 1) Y m+1

! +
√
(l +m)(l−m+ 1) Y m−1

!

]
(6.7.14)

L̂yY m
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1
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!

=
h̄
2i
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√
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!

]
. (6.7.15)

From (6.7.9), (6.7.12), (6.7.13) and the orthonormality condition for the spherical
harmonics, (6.5.27), we find the matrix elements of L̂+, L̂− and L̂z as
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∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗m′

!′ (L̂+Y m
! ) = h̄

√
(l−m)(l +m+ 1)δ!′!δm′,m+1, (6.7.16)

∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗m′

!′ (L̂−Y m
! ) = h̄

√
(l +m)(l−m+ 1)δ!′!δm′,m−1, (6.7.17)

∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗m′

!′ (L̂zY m
! ) = mh̄ δ!′!δm′m. (6.7.18)

With the help of the aforementioned calculated matrix elements, we can easily compute
the matrices corresponding to the operators L̂2, L̂z, L̂±, L̂x and L̂y in a state with a definite
value of the angular momentum,that is, for a given value of !.

Example 6.7.1: Consider a particle in a superposition state with the wave function

|ψ(θ ,ϕ)〉=
√

1
5

Y−1
1 (θ ,ϕ)+AY 0

1 +

√
1
5

Y 1
1 (θ ,ϕ), (6.7.19)

where A is an arbitrary constant and Y m
! are the spherical harmonics. (a) Find A so that ψ is

normalized. (b) What is the probability that a measurement of Lz will yield a value Lz = 0?
(c) Find the expectation values of L̂2 and L+ in this state.

Solution:

(a) For the normalized wave function, we must have

〈ψ|ψ〉=
∫ 2π

0
dϕ

∫ π

0
dθ ψ∗(θ ,ϕ)ψ(θ ,ϕ) sinθdθ = 1. (6.7.20)

Using the orthonormality condition for the spherical harmonics, we get

〈ψ|ψ〉= 2
5
+A2 = 1,⇒ A =

√
3
5

. (6.7.21)

(b) The normalized wave function is now given by

ψ(θ ,ϕ) =
√

1
5

Y−1
1 (θ ,ϕ)+

√
3
5

Y 0
1 +

√
1
5

Y 1
1 (θ ,ϕ), (6.7.22)

and therefore the probability of finding the value Lz = 0 is

P =

∣∣〈Y 0
1 |ψ

〉∣∣2

〈ψ|ψ〉 =
3
5

. (6.7.23)

Consider the case in which l = 1. For l = 1, we have m = −1, 
0, 1 and the joint eigenfunctions of L2 and Lz are: 
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(c) From (6.7.8), we have

L̂2|ψ(θ ,ϕ)〉= L̂2

[√
1
5

Y−1
1 (θ ,ϕ)+

√
3
5

Y 0
1 +

√
1
5

Y 1
1 (θ ,ϕ)

]
= 2h̄2|ψ(θ ,ϕ)〉.

(6.7.24)

The expectation value of L̂2 will be

〈
L̂2〉=

〈
ψ|L̂2|ψ

〉

〈ψ|ψ〉 = 2h̄2 〈ψ|ψ〉
〈ψ|ψ〉 = 2h̄2. (6.7.25)

Using (6.7.12), we get

L̂+|ψ(θ ,ϕ)〉=
√

6
5

Y 0
1 +

√
6
5

Y 1
1 . (6.7.26)

Therefore, the expectation value of L̂+ is given by

〈
L̂+

〉
=

〈
ψ|L̂+|ψ

〉

〈ψ|ψ〉 =

√
6

5
h̄+

√
6

5
h̄ =

2
√

3
5

h̄. (6.7.27)

Example 6.7.2: Consider the case in which ! = 1. Find the matrices representing the
operators L̂2, L̂z, L̂±, L̂x and L̂y. Show that the matrices Lx and Ly do not commute. Find
their commutator.

Solution: For ! = 1, we have m = −1,0,1 and the joint eigenfunctions of L̂2 and L̂z are:[
Y 1

1 ,Y 0
1 ,Y−1

1
]
. Therefore, the matrix representing L̂2 is given by

L2 =





〈Y 1
1 , L̂2Y 1

1 〉 〈Y 1
1 , L̂2Y 0

1 〉 〈Y 1
1 , L̂2Y−1

1 〉

〈Y 0
1 , L̂2Y 1

1 〉 〈Y 0
1 , L̂2Y 0

1 〉 〈Y 0
1 , L̂2Y−1

1 〉

〈Y−1
1 , L̂2Y 1

1 〉 〈Y−1
1 , L̂2Y 0

1 〉 〈Y−1
1 , L̂2Y−1

1 〉




= 2h̄2





1 0 0

0 1 0

0 0 1



 , (6.7.28)

where we have used (6.5.25) and (6.5.27) to get

〈Y k
l , L̂2Y m

n 〉= h̄2n(n+ 1)
∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗ k

l Y m
n ) = h̄2n(n+ 1)δ!nδkm. (6.7.29)
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Therefore, the matrix representing L2 is given by 
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(c) From (6.7.8), we have

L̂2|ψ(θ ,ϕ)〉= L̂2

[√
1
5
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√
3
5

Y 0
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√
1
5

Y 1
1 (θ ,ϕ)
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(6.7.24)

The expectation value of L̂2 will be

〈
L̂2〉=

〈
ψ|L̂2|ψ

〉

〈ψ|ψ〉 = 2h̄2 〈ψ|ψ〉
〈ψ|ψ〉 = 2h̄2. (6.7.25)

Using (6.7.12), we get

L̂+|ψ(θ ,ϕ)〉=
√

6
5

Y 0
1 +

√
6
5

Y 1
1 . (6.7.26)

Therefore, the expectation value of L̂+ is given by

〈
L̂+

〉
=

〈
ψ|L̂+|ψ

〉

〈ψ|ψ〉 =

√
6

5
h̄+

√
6

5
h̄ =

2
√

3
5

h̄. (6.7.27)

Example 6.7.2: Consider the case in which ! = 1. Find the matrices representing the
operators L̂2, L̂z, L̂±, L̂x and L̂y. Show that the matrices Lx and Ly do not commute. Find
their commutator.

Solution: For ! = 1, we have m = −1,0,1 and the joint eigenfunctions of L̂2 and L̂z are:[
Y 1

1 ,Y 0
1 ,Y−1

1
]
. Therefore, the matrix representing L̂2 is given by

L2 =





〈Y 1
1 , L̂2Y 1

1 〉 〈Y 1
1 , L̂2Y 0

1 〉 〈Y 1
1 , L̂2Y−1

1 〉

〈Y 0
1 , L̂2Y 1

1 〉 〈Y 0
1 , L̂2Y 0

1 〉 〈Y 0
1 , L̂2Y−1

1 〉

〈Y−1
1 , L̂2Y 1

1 〉 〈Y−1
1 , L̂2Y 0

1 〉 〈Y−1
1 , L̂2Y−1

1 〉




= 2h̄2





1 0 0

0 1 0

0 0 1



 , (6.7.28)

where we have used (6.5.25) and (6.5.27) to get

〈Y k
l , L̂2Y m

n 〉= h̄2n(n+ 1)
∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗ k

l Y m
n ) = h̄2n(n+ 1)δ!nδkm. (6.7.29)

We obtain the matrix representing Lz in this basis
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Similarly, by making use of (6.5.26) and (6.5.27), we obtain the matrix representing L̂z in
this basis:

Lz =





〈Y 1
1 , L̂zY 1

1 〉 〈Y 1
1 , L̂zY 0

1 〉 〈Y 1
1 , L̂zY−1

1 〉

〈Y 0
1 , L̂zY 1

1 〉 〈Y 0
1 , L̂zY 0

1 〉 〈Y 0
1 , L̂zY−1

1 〉

〈Y−1
1 , L̂zY 1

1 〉 〈Y−1
1 , L̂zY 0

1 〉 〈Y−1
1 , L̂zY−1

1 〉



= h̄




1 0 0
0 0 0
0 0 −1



 . (6.7.30)

The matrices, corresponding to L̂+ and L̂− in this basis, are calculated to be

L+ =
√

2h̄




0 1 0
0 0 1
0 0 0



 , L− =
√

2h̄




0 0 0
1 0 0
0 1 0



 . (6.7.31)

Taking into account that L̂x = (L̂++ L̂−)/2 and L̂y = (L̂+− L̂−)/2i, we get

Lx =
h̄√
2




0 1 0
1 0 1
0 1 0



 , Ly =
h̄√
2




0 −i 0
i 0 −i
0 i 0



 . (6.7.32)

Now, we have to check whether Lx and Ly commute or not. We have

LxLy =
h̄2

2




0 1 0
1 0 1
0 1 0








0 −i 0
i 0 −i
0 i 0



=
h̄2

2




i 0 −i
0 0 0
i 0 −i



 . (6.7.33)

On the other hand,

LyLx =
h̄2

2




0 −i 0
i 0 −i
0 i 0








0 1 0
1 0 1
0 1 0



=
h̄2

2




−i 0 −i

0 0 0
i 0 i



 . (6.7.34)

Clearly, LxLy %= LyLx and hence the matrices Lx and Ly do not commute.
Their commutator is given by

LxLy−LyLx =
h̄2

2




i 0 −i
0 0 0
i 0 −i



−




−i 0 −i

0 0 0
i 0 i





= ih̄2




1 0 0
0 0 0
0 0 −1



= ih̄L̂z, (6.7.35)

as it should be.
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The matrices, corresponding to L+ and L- in this basis, are 
calculated to be 
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Space quantization is essentially the quantization of the 
direction of the orbital angular momentum L in space with 
respect to the z-axis. 
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For instance, consider the state with ! = 1. The magnitude of"L in this state is
√

2h̄. The
values that m can have in this state are −1,0 and +1. Correspondingly, the angular
momentum vector"L can be inclined to the z-axis only at three discrete angles θ :

θ1 = cos−1
(

1√
2

)
, θ2 = cos−1(0), θ3 = −cos−1

(
1√
2

)
. (6.6.2)

In other words, the direction of "L in space is quantized. This can be graphically
demonstrated as shown in Fig. 6.1.

Lx

Lz

Ly

L
L h=z

L = 0z O

L h= –z

→

Figure 6.1 Graphical representation of the quantization of the direction of"L for != 1,
where the radius of the sphere is equal to L =

√
2h̄.

Note that in the Bohr theory of hydrogen atom too the angular momentum is quantized.
However, the situation in quantum mechanics is radically different from the quantization
of angular momentum in the Bohr theory. In the Bohr theory, all the three components
of the angular momentum, "L, are strictly determined and hence, we can talk about the
direction of "L in space. In quantum mechanics, however, only one component, Lz, of "L
is determined, and hence, we can talk of the orientation of the angular momentum vector
only with respect to a chosen axis; its overall orientation in space remains undefined.

In order to further clarify the concept of space quantization, consider once again the
state with != 1, that is, the p state. There are three eigenfunctions

ψ+ = sinθeiφ , ψ0 = cosθ , ψ− = sinθe−iφ (6.6.3)

Space quantization



16/10/2023 Jinniu Hu

Space quantization
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Figure 5.2 Graphical representation of the angular momentum j � 2 for the state � 2� mO with
m � �2��1� 0� 1� 2. The radius of the circle is �h

T
2�2� 1� �

T
6�h.

In classical terms, we can think of ;J as representable graphically by a vector, whose endpoint
lies on a circle of radius �h

T
j � j � 1�, rotating along the surface of a cone of half-angle

A � cos�1
t

mT
j � j � 1�

u
� (5.86)

such that its projection along the z-axis is always m �h. Notice that, as the values of the quantum
number m are limited to m � � j , � j � 1, � � �, j � 1, j , the angle A is quantized; the only
possible values of A consist of a discrete set of 2 j � 1 values:

A � cos�1
t � jT

j � j � 1�

u
� cos�1

t � j � 1T
j � j � 1�

u
� � � � � cos�1

t
j � 1T
j � j � 1�

u
�

cos�1
t

jT
j � j � 1�

u
� (5.87)

Since all orientations of ;J on the surface of the cone are equally likely, the projection of ;J
on both the x and y axes average out to zero:

N Jx O � N JyO � 0� (5.88)

where N Jx O stands for N j� m � Jx � j� mO.
As an example, Figure 5.2 shows the graphical representation for the j � 2 case. As

specified in (5.87), A takes only a discrete set of values. In this case where j � 2, the angle A
takes only five values corresponding respectively to m � �2� �1� 0� 1� 2; they are given by

A � �35�26i� �65�91i� 90i� 65�91i� 35�26i� (5.89)

Graphical representation of the angular momentum l=2 

θ = cos−1 ( m
l(l + 1) )
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Magnetic moment

From the classical theory of electromagnetism, an orbital 
magnetic dipole moment is generated with the orbital motion of 
a particle of charge q: 
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Figure 5.4 (a) Orbital magnetic dipole moment of a positive charge q. (b) When an external
magnetic field is applied, the orbital magnetic moment precesses about it.

its spatial degrees of freedom. The spin, an intrinsic degree of freedom, is a purely quantum
mechanical concept with no classical analog. Unlike the orbital angular momentum, the spin
cannot be described by a differential operator.
From the classical theory of electromagnetism, an orbital magnetic dipole moment is gen-

erated with the orbital motion of a particle of charge q:

;EL �
q
2mc

;L� (5.90)

where ;L is the orbital angular momentum of the particle, m is its mass, and c is the speed
of light. As shown in Figure 5.4a, if the charge q is positive, ;EL and ;L will be in the same
direction; for a negative charge such as an electron (q � �e), the magnetic dipole moment
;EL � �e ;L��2mec� and the orbital angular momentum will be in opposite directions. Similarly,
if we follow a classical analysis and picture the electron as a spinning spherical charge, then
we obtain an intrinsic or spin magnetic dipole moment ;ES � �e ;S��2mec�. This classical
derivation of ;ES is quite erroneous, since the electron cannot be viewed as a spinning sphere;
in fact, it turns out that the electron’s spin magnetic moment is twice its classical expression.
Although the spin magnetic moment cannot be derived classically, as we did for the orbital
magnetic moment, it can still be postulated by analogy with (5.90):

;ES � �gs
e

2mec
;S� (5.91)

where gs is called the Landé factor or the gyromagnetic ratio of the electron; its experimental
value is gs  2 (this factor can be calculated using Dirac’s relativistic theory of the electron).
When the electron is placed in a magnetic field ;B and if the field is inhomogeneous, a force

will be exerted on the electron’s intrinsic dipole moment; the direction and magnitude of the
force depend on the relative orientation of the field and the dipole. This force tends to align ;ES
along ;B, producing a precessional motion of ;ES around ;B (Figure 5.4b). For instance, if ;ES is
parallel to ;B, the electron will move in the direction in which the field increases; conversely, if
;ES is antiparallel to ;B, the electron will move in the direction in which the field decreases. For
hydrogen-like atoms (such as silver) that are in the ground state, the orbital angular momentum
will be zero; hence the dipole moment of the atomwill be entirely due to the spin of the electron.
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When the electron is placed in a magnetic field ;B and if the field is inhomogeneous, a force

will be exerted on the electron’s intrinsic dipole moment; the direction and magnitude of the
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along ;B, producing a precessional motion of ;ES around ;B (Figure 5.4b). For instance, if ;ES is
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For electron 
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in fact, it turns out that the electron’s spin magnetic moment is twice its classical expression.
Although the spin magnetic moment cannot be derived classically, as we did for the orbital
magnetic moment, it can still be postulated by analogy with (5.90):

;ES � �gs
e

2mec
;S� (5.91)

where gs is called the Landé factor or the gyromagnetic ratio of the electron; its experimental
value is gs  2 (this factor can be calculated using Dirac’s relativistic theory of the electron).
When the electron is placed in a magnetic field ;B and if the field is inhomogeneous, a force

will be exerted on the electron’s intrinsic dipole moment; the direction and magnitude of the
force depend on the relative orientation of the field and the dipole. This force tends to align ;ES
along ;B, producing a precessional motion of ;ES around ;B (Figure 5.4b). For instance, if ;ES is
parallel to ;B, the electron will move in the direction in which the field increases; conversely, if
;ES is antiparallel to ;B, the electron will move in the direction in which the field decreases. For
hydrogen-like atoms (such as silver) that are in the ground state, the orbital angular momentum
will be zero; hence the dipole moment of the atomwill be entirely due to the spin of the electron.
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Magnetic moment
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Stern–Gerlach experiment 
 Schematic diagram of the Stern Gerlach apparatus.
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Classical prediction is all values of !z between −|!⃗| and |!⃗| would be observed.
Sommerfeld predicts only z components associated with m = ±1 will be observed.
After 1 year of refining apparatus Stern & Gerlach observed beam splitting into 2 distinct lines.

P. J. Grandinetti Chapter 19: Magnetism, Angular Momentum, and Spin
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සৃ，Ⴙ多ิད到గၜ改ႀ

କბ๏的ઃ๘ম出ํᄓ้，స海

常ࣷ不ጲਥ地浮၄出ᅃ个观

敞的ํᄓ和ᅃಕ大ଋ的昂贵

ბᅏഗ的ৠၡ。但，แ༬恩

—格ઙ赫ํᄓ的ጎዃ，ྜඇ不ኄ

࣮๚。แ༬恩ศൎණ๎到，ლ൱当

മፌए本ბ࿚༶的ඓ答，必

Ⴗཚ过ჹरຍဦব，ႜ工অ/工

ᅝ๕න复ᅃන的操ፕ。 1分ጱ

ຐ方法ํᄓጎዃ๖ᅪ：从高࿒ഹ
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第二ု缝(SP2)的ਐሀྺ

3 cm，非ሌ电磁ཎ(M)的
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૱ಎ。ᄺ৽ຫ，ኝ个ᅏ

ഗ关॰部分ৈሀ 12 cm，

ᅃኻᇶዩ笔的长度。ස
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电磁ཎళ北ଇटኮक़的

ᆩक़大ၭ。 2ᅃቧ

૦๏ቷೌ，从ቷೌዐแ༬

恩的ว材，ᅜ对比出ᅏ

ഗጎዃ的大概尺寸3)。
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ᆛᆶ磁Ⴀ，带ᆶ磁ਈ( Ĕ )，்ံ
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( ĔB )，न Ĕ Ќ ĔB，ᅜႜူ௬估
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Z)方ၠ的磁૰ FZ = ĔZ �(φHZ /φZ) Ї
ĔB � (φHZ /φZ)。ሞแ格ଇට的ํᄓ

ዐ，非ሌ磁场༱度ሀྺ φHZ /φZ Ќ

10 T/cm 4 )。ᅺ此，ᆀᇱጱ的ೝ

(्ย X)方ၠ动ଉ ( 0X )ሀྺ 49 a.u.
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的垂方ၠೋᅎ。ᅜ，垂ᇑ

ೝ动ଉ分ଉ的比ኵ，ईᆀᇱጱຐୟ

০ฉೋईူೋ的ঙ度ྺ 0Z /0X Ќ
±0.006，ኄᅃ个非常ྲၭ的变
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ೝႜമ，才ీ沉ओሞૐౡ玻૱ಎ

ฉ。ᆯᇀᆀᇱጱຐ度低，ᆀᇱጱ

ೝጲᆯ程大ᇀ电磁ཎ长度，ᅺ此

ํᄓ测ଉᄲྼ持࿘定ब个ၭ้ᅜ

ฉ，沉ओ处的ᆀᇱጱຕଉ才ፁ够ሞ

၂ᆖࢫ，从光ბ၂ྲူ分辨出ୟ

০的ᆖၟ构，否呈၄出සঢ়典

ஃᇨ测的Ⴤොጒ，ईසଉ

ጱஃᇨ测的ມዘ(多ዘ)分ଛ。不

ৈස此，ेඤ到1000℃ᅜฉ的高࿒

ഹ、ု缝 1、ု缝 2，和 (ᆯ干冰、

丙ཛྷईᅂༀഘ)ૐඐ的ૐౡ玻૱ಎ

ඇ部都ᄲ安ጎሞມ层玻૱ኈዐ

(10-5 torr)，ᅺ此Ⴔᄲ很好的ኈर

ຍ，并ሞ持Ⴤຕၭ้ᅜฉ的ํᄓ

过程ዐ，玻૱ኈ、থ点ई封

处都不ీභࣅ、೦ଛईഘ。࣏ᆶ
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3)ᆯᇀํᄓ不断的改和，各ፇॲ的尺度ᅜत次的ํᄓยऺ和参ຕ，都ీᆶဦྲႪኟई调ኝ，本࿔不

ຎ。ူ段ৈፔຕଉप估ऺ，ᆩᅪሞᇀ၂၄แ༬恩—格ઙ赫ํᄓേ、ဦ႐和ఱ႐等रຍᇑ工ᅝ༬ዊ。
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1 แ༬恩—格ઙ赫ํᄓጎዃ๖ᅪ。O代表高࿒ഹ，SP1तSP2代表ု缝1和2，M

代表非ሌ电磁ཎ，P代表ᆯ干冰ईᅂༀഘૐౡ的玻૱沉ओಎ。ሞࢫ的ํᄓዐ，

ု缝的长度ྺ800 μm，度ྺ30 μm (ೌൽጲhttps://www.mediatheque.lindau-nobel.

org/research-profile/laureate-stern)

 2 แ༬恩ፔํᄓ，ಆฝᇀ汉堡大ბ้

(1923—1933)。แ༬恩ፔํᄓ้，ঢ়常დ൏不

੨。ᆶᅃ个故๚ຫ，当ํᄓຐ，格ઙ赫ధ出

ૐౡ玻૱ಎ้，แ༬恩ᅃ持ಎౡ，ଷᅃ

ధጣდ൏，৩ੂ到କᆀᇱጱ沉ओ；ᇱઠᅺ(ଝ

ዊ)დ൏ዐ含ᆶ多ଉ的଼，ᆀ被ჶზ，反ᆌ成

黑的଼ࣅᆀ(AgS)(ೌਠጲྪஏ)
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Otto Stern was and Nobel laureate in 
physics. He was the second most 
nominated person for a Nobel Prize 
with 82 nominations in the years 
1925–1945, ultimately winning in 1943. 
It was awarded to Stern alone, "for 
his contribution to the development of 
the molecular ray method and his 
discovery of the magnetic moment of 
the proton" (not for the Stern–Gerlach 
experiment). 


 


Otto Stern
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Walther Gerlach was a 
German physicist who co-discovered, 
through laboratory experiment, spin 
quantization in a magnetic field, 
the Stern–Gerlach effect. The 
experiment was conceived by Otto 
Stern in 1921 and first successfully 
conducted by Gerlach in early 1922.

 


Walther Gerlach
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Stern–Gerlach experiment 
 
It is important to note that a silver atom has 47 electrons 
out of which 46 constitute the spherically symmetric charge 
distribution around the nucleus: they fill all the sub-shells 
for n = 1, n = 2, and n = 3, and the 4d sub-shell and 
contribute nothing to the orbital angular momentum of the 
atom. 

The 47th electron is in the 5s state and it 
cannot have any orbital angular momentum 
too. Thus, a silver atom in its ground state 
does not have any orbital angular momentum 
and hence there is no magnetic moment 
associated with it.
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Stern–Gerlach experiment 
 

H. Schmidt-Böcking et al.: The Stern-Gerlach experiment revisited 337

Fig. 3. Scheme of the original SGE (Gerlach and Stern 1924, p. 677). The silver is heated in
the furnace which is electrically heated by a wire W with electric leads Z. The oven is cooled
by a cooler K, Sp1 and Sp2 are collimators, M is the magnet and P a cooled detection plate
(Picture from Stern’s private slide collection, Gy-UBFAZ).

Fig. 4. Observed pattern on the detector plate: left without magnetic field, middle with
magnetic field and right beam spot geometry near the edge of the magnet. Since the magnetic
field strength is fast decreasing with distance from the edge of the magnet (perpendicular
to the direction of the B-Field) the beam components merge. (Images from Stern’s private
slide collection, Gy-UBFAZ, see also (Gerlach and Stern 1922b, pp. 350, 351))

magnetic field. If all three directions were possible in nature, one would see a triplet
splitting with an undeflected central beam. Bohr, on the other hand, had postulated
that a quantization with the angular momentum orthogonal to the field was dynam-
ically impossible. He therefore predicted a doublet splitting. Arnold Sommerfeld’s
position at the time is unclear but he probably (Sommerfeld 1920a,b; Sommerfeld
1921, p. 541) had predicted a triplet splitting assuming a magnetic moment of one
magneton and a splitting into one component up, one down and one perpendicular
like in the normal Zeeman effect (triplett structure).

Since a clear doublet splitting was observed (Fig. 4), it was believed that Niels
Bohr was right and nobody debated his explanation. Gerlach immediately sent him a
postcard with a photo of the result on February 8th stating stating that Bohr’s theory
had been confirmed (Friedrich and Herschbach 2003; Gerlach 1969a,b). Although in
a recent doctoral thesis, it is argued that the immediate reception of the SGE did
not play a major role for the development of quantum theory (Pié i Valls 2015),
there is some evidence that the SGE results did have some impact on the physics
community13.

In the fourth edition of Atombau und Spektrallinien, Arnold Sommerfeld
acknowledged:

By their bold experimental design, Stern and Gerlach not only demonstrated
ad oculos the spatial quantization of atoms in a magnetic field but they also

13 See the references in footnote 7 and (Gerlach 1969a).

Observed pattern on the detector plate: left without 
magnetic field, middle with magnetic field and right beam 
spot geometry near the edge of the magnet. Since the 
magnetic field strength is fast decreasing with distance 
from the edge of the magnet (perpendicular to the 
direction of the B-Field) the beam components merge. 
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“Attached is the experimental proof of directional
quantization. We congratulate you on the
confirmation of your theory.”

— Postcard from Stern & Gerlach to Neils Bohr,
February 8, 1922.

P. J. Grandinetti Chapter 19: Magnetism, Angular Momentum, and Spin

“Attached is the experimental 
proof of directional quantization. 
We congratulate you on the 
confirmation of your theory.” 


— Postcard from Stern & Gerlach 
to Neils Bohr, February 8, 1922. 
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a congratulatory message, showing a
photograph of the clearly resolved
splitting (see figure 4). 

After further experimental re-
finements and careful analysis, Ger-
lach and Stern were even able to de-
termine, within an accuracy of about
10%, that the magnetic moment of
the silver atom was indeed one Bohr
magneton. This direct demonstration
of spatial quantization was immedi-
ately accepted as among the most
compelling evidence for quantum
theory (see the box at right). Yet the
discovery was double-edged. Einstein
and Paul Ehrenfest, among others,
struggled to understand how the
atomic magnets could take up defi-
nite, preordained orientations in the
field. Because the interaction energy
of atoms with the field differs with
their orientation, it remained a mys-
tery how splitting could occur when
atoms entered the field with random
orientations and their density in the
beam was so low that collisions did
not occur to exchange energy. Like-
wise, the lack of magnetic birefrin-
gence became a more insistent puz-
zle. Gerlach came to Rostock later in
1922 and tried in vain to observe it in
sodium vapor; similar efforts by oth-
ers had the same outcome.5

Those and other puzzles, such as
the anomalous Zeeman effect, could
not be cleared up until several years
later, after the development of quan-
tum mechanics and the inclusion of
electron spin in the theory. Those ad-
vances made the Bohr model obsolete
but enhanced the scope and signifi-
cance of space quantization. The
gratifying agreement of the Stern–
Gerlach splitting with the old theory proved to be a lucky
coincidence. The orbital angular momentum of the silver
atom is actually zero, not h/2p as presumed in the Bohr
model. The magnetic moment is due solely to a half unit
of spin angular momentum, which accounts for the twofold
splitting. The magnetic moment is nonetheless very nearly
one Bohr magneton, by virtue of the Thomas factor of two,
not recognized until 1926. Nature thus was duplicitous in
an uncanny way. 

A curious historical puzzle remains. In view of the in-
terest aroused by the SGE in 1922, we would expect that
the postulation of electron spin in 1925 should very soon
have led to a reinterpretation of the SGE splitting as re-
ally due to spin. However, the earliest attribution of the
splitting to spin that we have found did not appear until
1927, when Ronald Fraser noted that the ground-state or-
bital angular momentum and associated magnetic mo-
ments of silver, hydrogen, and sodium are zero.12 Practi-
cally all current textbooks describe the Stern–Gerlach
splitting as demonstrating electron spin, without pointing
out that the intrepid experimenters had no idea it was spin
that they had discovered. 

Yet another cigar
The late Edwin Land, when told the cigar story many years
ago, immediately responded: “I don’t believe it!” Therefore,

for the Frankfurt dedication in February 2002, we reen-
acted the 80-year old event. In the original SGE, the beam
image deposited on the collector plate comprised only
about a monolayer of silver atoms (roughly 1016

atoms/cm2). By heating a wire in vacuum, we evaporated
a comparable amount of silver onto three glass slides.
Then one of us (Friedrich), in the role of Gerlach, vented
the chamber with dry nitrogen, removed the slides, and
masked portions of them into the shape of the magnet pole
pieces. Meanwhile, the other (Herschbach), in the role of
Stern, had been puffing on a cheap cigar, to prepare
tainted breath. One slide was then exposed at short range
to that sulfurous breath; the second to puffs of smoke; the
third only to the laboratory air a few meters distant. We
looked for contrast between the masked and unmasked
portions of the slides (see figure 5). 

In accord with Land’s skepticism, merely exhaling sul-
furous breath on a slide, even vigorously, turned out to
have no discernible effect. But exposure to cigar smoke
quickly blackened the regions of the slide outside the
mask, within a few seconds to a few minutes depending on
whether the dose of smoke was profuse or mild. We think
it likely that Stern did have a cigar in hand and baptized
the detector plate with smoke, whereas Gerlach, busy
venting the apparatus and removing the plate, was with-
out his typical cigar. The fact that smoke did the trick,
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Reactions to the Stern–Gerlach Experiment

The following quotes from James Franck, Niels Bohr, and Wolfgang Pauli are
among the messages that Walther Gerlach received in immediate response to

postcards (like the one shown in figure 4) he had sent;10 the quote from Arnold
Sommerfeld appeared in the 1922 edition of his classic book;17 that from Albert
Einstein is in a March 1922 letter to Born;18 that from I. I. Rabi is from reference 8,
page 119. (See also Rabi’s obituary for Otto Stern in PHYSICS TODAY, October 1969,
page 103.) 

Through their clever experimental arrangement Stern and Gerlach not only
demonstrated ad oculos [for the eyes] the space quantization of atoms in a mag-
netic field, but they also proved the quantum origin of electricity and its connec-
tion with atomic structure.

—Arnold Sommerfeld (1868–1951)

The most interesting achievement at this point is the experiment of Stern and Ger-
lach. The alignment of the atoms without collisions via radiative [exchange] is not
comprehensible based on the current [theoretical] methods; it should take more
than 100 years for the atoms to align. I have done a little calculation about this
with [Paul] Ehrenfest. [Heinrich] Rubens considers the experimental result to be
absolutely certain. 

—Albert Einstein (1879–1955) 

More important is whether this proves the existence of space quantization. Please
add a few words of explanation to your puzzle, such as what’s really going on.

—James Franck (1882–1951) 

I would be very grateful if you or Stern could let me know, in a few lines, whether
you interpret your experimental results in this way that the atoms are oriented only
parallel or opposed, but not normal to the field, as one could provide theoretical
reasons for the latter assertion.

—Niels Bohr (1885–1962)

This should convert even the nonbeliever Stern.
—Wolfgang Pauli (1900–58)

As a beginning graduate student back in 1923, I . . . hoped with ingenuity and in-
ventiveness I could find ways to fit the atomic phenomena into some kind of me-
chanical system. . . . My hope to [do that] died when I read about the Stern–Gerlach
experiment. . . . The results were astounding, although they were hinted at by quan-
tum theory. . . . This convinced me once and for all that an ingenious classical mech-
anism was out and that we had to face the fact that the quantum phenomena required
a completely new orientation.  

—Isidor I. Rabi (1898–1988)

Reactions to the Stern–Gerlach Experiment 
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Spin angular momentum or simply spin is a fundamental 
property of all particles, irrespective of whether they are 
elementary or composite. 


It belongs to an internal degree of freedom (completely 
independent of the spatial degrees of freedom) and 
manifests itself as some intrinsic angular momentum of the 
particle. 


The spinning motion of an electron, proposed by Uhlenbeck 
and Goudsmit, was highly questionable in view of the fact 
that an electron was a point particle and the classical 
notion of angular momentum of a rigid body did not apply. 


Spin 
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Now it is being told that Uhlenbeck got frightened, went to 
Ehrenfest and said: "Don't send it off, because it probably 
is wrong; it is impossible, one cannot have an electron that 
rotates at such high speed and has the right moment". And 
Ehrenfest replied: "It is too late, I have sent it off 
already". But I do not remember the event, I never had 
the idea that is was wrong because I did not know enough. 
The one thing I remember is that Ehrenfest said to me: 
"Well, that is a nice idea, though it may be wrong. But you 
don't yet have a reputation, so you have nothing to lose". 
That is the only thing I remember. 
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Leiden 1924. From left to right: Dieke, Goudsmit, Tinbergen, Ehrenfest, Kronig, Fermi. Note:
Tinbergen later changed from physics to economy and became the first Nobel laureate in
economy (1969).

So Uhlenbeck knew nothing about the new physics, but yet he did an important thing for the
modern physics that was to come. Ehrenfest had written him a letter in which he said: "I have
read an article by a young man, it looks nice and one ought to try and see him". Well, in those
days, when your professor wrote you, you did it. And George Uhlenbeck went to see that young
man; the young man just came back from Germany and was totally discouraged. He had spent a
semester in Göttingen and there they had given him a treatment: "Well that man cannot know
anything, besides being too small he never studied anyplace worthwhile". So the young man
really got discouraged and meant to give up physics. But Uhlenbeck said: "Don't do that before
you first talk to Ehrenfest; come and see Ehrenfest." And the man came to Leiden and stayed for
two or three months with Ehrenfest, of which I can show a picture. A well-known picture that
you may have seen before: there is that young man, Enrico Fermi. And under Ehrenfest's
encouragement it dawned on him that he really was a competent physicist. And if you look at
Fermi's career ....... those are the days in which he really became a great physicist.

In any case, Uhlenbeck came to the Hague - where I lived and he lived there too. I had promised
to write a short article for "Physica", then in Dutch, and I did it together with him, which was
really great. Because he knew nothing, but was so good; he asked all those questions I had never
asked, and from that collaboration to make things clear emerged a few, as we now know,
important results. One of the first results that came out was a new interpretation of the spectrum
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Diagram from L. H. Thomas's February 1926
Nature paper explaining the extra factor of 2
in the formula for fine-structure splitting in
hydrogen-like spectra as derived from a
semiclassical treatment of spin precession.
Thomas's relativistically correct calculation
reduced the angular velocity of the electron
(as seen by the nucleus) by the needed factor
of 2. The dotted lines represent the levels
calculated without spin. (From Nature 117,
514, 1926.)

structure of atomic spectra, had grasped the meaning of
relativistic doublets, and just after we had arrived at the
correct interpretation of the hydrogen atom."9 Uhlenbeck
recalled: "It was then that it occurred to me that, since (as
I had learned) each quantum number corresponds to a
degree of freedom of the electron, the fourth quantum
number must mean that the electron had an additional
degree of freedom—in other words the electron must be
rotating!"10

Everything fell into place. The electron had spin V2.
Lande's g = 2 does not apply to the core but to the electron
itself!

Sem asked whether this g value could be given a
physical meaning.10 Following a hint by Ehrenfest,
George found in an old article by Max Abraham13 that an
electron considered as a rigid sphere with only surface
charge does have g = 2. All this was written up in a short
note14 that includes the Abraham model, but with a
caveat: If that model were the explanation of g = 2, then
the peripheral rotational velocity should be much larger
than the velocity of light, assuming the electron to be an
extended object with "classical radius" e2/mc2.

That last comment is quite important. It makes clear
that the discovery of spin, made after Heisenberg had
already published the first paper on quantum mechanics,
is an advance in the spirit of the old quantum theory, that
wonderfully bizarre mixture of classical reasoning supple-
mented by ad hoc quantum rules.

The discovery note was published with Uhlenbeck as
first author and Goudsmit second because (George told me)
Ehrenfest suggested that this order would avoid the
impression that George was only Sem's student, while Sem
himself preferred to come second because it was George
who had first thought of spin.

The discovery note is dated 17 October 1925. One day
earlier Ehrenfest had written to Lorentz asking him for an
opportunity to have "his judgment and advice on a very

witty idea of Uhlenbeck about spectra."15 Lorentz lis-
tened attentively when George went out to see him soon
thereafter, and then raised an objection. The spinning
electron should have a magnetic energy on the order of
fi2/r3, where y. is its magnetic moment and r its radius.
Equate this energy to me2. Then r would be on the order of
10 12 cm, too big to make sense. (The weak point in this
argument was to be revealed years later by the positron
theory.) George, upset, went to Ehrenfest to suggest that
the paper be withdrawn. Ehrenfest replied that he had
already sent off their note, and he added that its authors
were young enough to be able to afford a stupidity.10 Some
time later Lorentz handed Uhlenbeck a sheaf of papers
with calculations of spinning electrons orbiting a nucleus.
This work was to become the last paper16 by the grand
master of the classical electron theory. It was presented to
the Como conference in September 1927.

No sooner had George and Sem's note appeared when
Goudsmit received a letter from Heisenberg congratulat-
ing him on his "mutige Note [brave note]" and inquiring
"wie Sie den Faktor 2 losgeworden sind [how you have got
rid of the factor 2]" in the formula for the fine-structure
splitting in hydrogen as derived from a semiclassical
treatment of spin precession.17 The young Leideners had
not even thought of calculating this splitting. After some
struggle they found that Heisenberg was right: The fine
structure came out too large by a factor of 2. That puzzle
was still unresolved when, in December 1925, Niels Bohr
arrived in Leiden to attend the festivities for the golden ju-
bilee of Lorentz's doctorate. Late one evening in 1946,
Bohr told me in his home in Gamle Carlsberg what
happened to him on that trip.

Bohr's train trip
Bohr's train to Leiden made a stop in Hamburg, where he
was met by Wolfgang Pauli and Otto Stern, who had come
to the station to ask him what he thought about spin. Bohr
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Since the beam split into two, it follows from the theory 
discussed in the previous section that 


284 Fundamentals of Quantum Mechanics

It was argued that the splitting of the beam could take place only if silver atoms had
some magnetic moment subject to a force from the applied magnetic field whose direction
depended on the relative orientation of the magnetic field and the magnetic moment of the
atom. In this context, it is important to note that a silver atom has 47 electrons out of which
46 constitute the spherically symmetric charge distribution around the nucleus: they fill all
the sub-shells for n = 1,n = 2, and n = 3, and the 4d sub-shell and contribute nothing to
the orbital angular momentum of the atom. The 47th electron is in the 5s state and it cannot
have any orbital angular momentum too. Thus, a silver atom in its ground state does not
have any orbital angular momentum and hence there is no magnetic moment associated
with it, which can lead to the splitting of the atomic beam during passage through an
inhomogeneous magnetic field. Therefore, it was argued that the splitting of the beam into
two could happen only if silver atoms had some kind of an intrinsic angular momentum
(not at all related to orbital motion) and a magnetic moment associated with it. But then,
this intrinsic angular momentum had to be attributed to the valence electron in the 5s sub-
shell because of the reasons stated earlier. We shall keep this fact in mind while discussing
the consequences of the Stern–Gerlach experiment.

Source of silver atoms

z

x

y

Spin-up

Spin-down
Inhomogeneous magnetic field

along the directionz‐

Magnet

Figure 8.1 Schematic representation of the Stern–Gerlach experiment.

Since the beam split into two, it follows from the theory discussed in the previous section
that

2s+ 1 = 1 ⇒ s =
1
2

. (8.3.1)

Therefore, for an electron, the spin quantum number s = 1
2 and the spin magnetic quantum

number ms can take only two values: + 1
2 and −1

2 . It means that the eigenvalue of Ŝ2 is
equal to (3/4) h̄2, and the projection of spin on the z-axis can have two values +h̄/2 and
−h̄/2. Given these facts, we shall now try to construct the quantum mechanical theory of
an electron by taking into account its spin properties.

Since the state of an electron is characterized by two 
values of the projection of its spin on the z-axis, the wave 
function of the electron must consist of two components 
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We know by now that spin is a purely quantum mechanical property of a particle with no
classical analogue at all. Also, the spin degree of freedom is completely independent of the
spatial degrees of freedom. Therefore, new concepts and mathematical tools are required
to incorporate this novel aspect of motion into the formalism of quantum mechanics. Let
us see how it can be accomplished.

Since the state of an electron is characterized by two values, +h̄/2 and −h̄/2, of the
projection of its spin on the z-axis, the wave function of the electron must consist of two
components: ψ+(!r, t), corresponding to Sz = +h̄/2, and ψ−(!r, t)corresponding to Sz =
−h̄/2. It is convenient to write it as a column vector:

ψ(!r, t) =
( ψ+(!r, t)

ψ−(!r, t)

)
. (8.3.2)

Note that if only ψ+(!r, t) is non-zero, it corresponds to the case when the projection of
electron’s spin is along the positive z-direction, and if only ψ−(!r, t) is non-zero, the
projection of the electron’s spin is along the negative z-direction. A general state, ψ , is a
superposition of these two states.

After defining the state of an electron with spin, we must now determine the operator !̂S
corresponding to the dynamical variable !S. Since, !̂S acts on vectors belonging to a
two-dimensional Euclidean space, it must be represented by a 2×2 matrix. Evidently, its
Cartesian components, Ŝx, Ŝx, and Ŝz will also be a 2×2 matrix.

Following Pauli, let us introduce a new vector matrix !̂σ ≡ σ̂x î + σ̂y ĵ + σ̂z k̂ by the
formula

!S =
h̄
2
!̂σ . (8.3.3)

Replacing the Cartesian components of!S in the commutation relations (8.1.1)–(8.1.3) with
the corresponding Cartesian components of !̂σ , we get the commutation relations satisfied
by the σ matrices:

[σ̂x, σ̂y] = 2iσ̂z, (8.3.4)

[σ̂y, σ̂z] = 2iσ̂x, (8.3.5)

[σ̂z, σ̂x] = 2iσ̂y. (8.3.6)

Let the axis for the projection of spin be the z-axis in an arbitrarily oriented Cartesian
system of coordinates. Then the eigenvalues of Sz will be +h̄/2 and −h̄/2. Therefore, the
eigenvalues of σ̂z will be +1 and −1. It means that the operator σ̂z must be represented by
a diagonal matrix with diagonal elements +1 and −1, that is,

σ̂z =

(
1 0
0 –1

)
(8.3.7)

Spin acts on vectors belonging to a two-dimensional 
Euclidean space, it must be represented by a 2 × 2 matrix. 
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Spin is denoted by a vector S. As required by the rules of 
quantum mechanics, it is represented by an operator S with 
Cartesian components Sx, Sy and Sz. 


Same commutation relations that is satisfied by the 
Cartesian components of the orbital angular momentum.


Spin 
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It is worth mentioning here that, conceptually, the spinning motion of an electron,
proposed by Uhlenbeck and Goudsmit, was highly questionable in view of the fact that an
electron was a point particle and the classical notion of angular momentum of a rigid
body did not apply. However, as we know now, the theory constructed on the basis of such
an ad hoc assumption did succeed in explaining the experimental results to a great degree
of accuracy.

8.2 Spin Operators and their Commutation Relations

Spin is denoted by a vector !S. As required by the rules of quantum mechanics, it is
represented by an operator !̂S with Cartesian components Ŝx, Ŝy and Ŝz. Since it is a kind of
angular momentum, the operators Ŝx, Ŝy and Ŝz must satisfy the same set of commutation
relations that is satisfied by the Cartesian components of the orbital angular momentum.
Consequently, we have

[Ŝx, Ŝy] = ih̄Ŝz, (8.2.1)

[Ŝy, Ŝz] = ih̄Ŝx, (8.2.2)

[Ŝz, Ŝx] = ih̄Ŝy. (8.2.3)

Given the commutation relations (8.2.1)–(8.2.3), it is straightforward to check that Ŝ2

commutes with each of the operators Ŝx, Ŝy and Ŝz, that is,

[Ŝ2, Ŝx] = 0, [Ŝ2, Ŝy] = 0, [Ŝ2, Ŝz] = 0. (8.2.4)

From (8.2.1)–(8.2.4), it follows that only S2, and hence the magnitude of the total spin,
and the projection of spin on a given axis, say Sz, can be specified simultaneously in a
given state of the particle. The other two components Sx and Sy of !S cannot be specified at
all. Thus, the orientation of spin in space, in general, cannot be defined. It can be defined
only with respect to a chosen axis. Also, similar to the case of orbital angular momentum,
the direction of spin in space is quantized and we have the second example of space
quantization.

Further, since [Ŝ2, Ŝz] = 0, the operators Ŝ2 and Ŝz can have a common set of
eigenvectors, |s,ms〉, characterized by two quantum numbers s and ms. The quantum
number s is called the spin quantum number and takes integers as well as half-integer
values. On the other hand, the quantum number ms is called the spin magnetic quantum
number and takes (2s + 1) values from −s to s. Similar to the case of orbital angular
momentum, the eigenvectors |s,ms〉 satisfy

Ŝ2|s,ms〉= h̄2 s(s+ 1)|s,ms〉, (8.2.5)

Ŝz|s,ms〉= h̄ms|s,ms〉, (8.2.6)

S2 commutes with each of the operators Sx, Sy and Sz, that 
is,
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The operators S2and Sz can have a common set of 
eigenvectors, |s, ms⟩, characterized by two quantum numbers 
s and ms. 


The quantum number s is called the spin quantum number 
and takes integers as well as half-integer values. 


On the other hand, the quantum number ms is called the 
spin magnetic quantum number and takes (2s + 1) values 
from −s to s. 


Spin 
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[Ŝx, Ŝy] = ih̄Ŝz, (8.2.1)
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and

Ŝ±|s,ms〉= h̄
√

s(s+ 1)−ms(ms ±1)|s,ms〉, (8.2.7)

where Ŝ± = Ŝx ± iŜy are the raising and lowering operators for spin. Also, in a given state
with quantum number s, the magnitude of spin is given by S =

√
s(s+ 1)h̄. The z

component of spin is quantized, Sz = msh̄, and takes (2s+ 1) different values.
Now, the magnetic dipole moment associated with spin is given by

!µs = −
e

me
!S, (8.2.8)

where e is the magnitude of the electronic charge and me is the mass of the electron. As
a consequence, the Hamiltonian for an electron, with spin, in an external magnetic field !B
along the positive z direction, will have a potential energy term

∆W = −!µs ·!B =
eB
me

Sz =
eh̄ B
me

ms. (8.2.9)

As a consequence, the original energy levels will be shifted by (eh̄ B/me) ms. Since ms
takes (2s+ 1) values, the original degenerate energy level will split into (2s+ 1) distinct
levels.

Note that unlike the case of orbital angular momentum where the boundary conditions
on the eigenfunctions allowed one to exclude the half-integer values of ", for the spin
angular momentum, there is no such restriction and s can take both the integer and the
half-integer values in the units of h̄. We shall see in the next chapter that nature supports
both kinds of particles: particles with integer spin, called bosons, and particles with half-
integer spin, called fermions. For instance, photons (s = 1), π-mesons (s = 0), gravitons
(s = 2) and so on are bosons, while electrons (s = 1

2 ), protons (s = 1
2 ), neutrons (s = 1

2 ),
delta particles (s = 3

2 ) and so on are fermions.

8.3 Spin and Pauli Matrices

Let us consider the famous Stern–Gerlach experiment (schematically shown in Figure 8.1)
in which a beam of silver atoms in their ground state was made to pass through a region
of inhomogeneous magnetic field in the direction perpendicular to the direction of the
field. At the exit from this region, the beam was collected on a screen. The results of the
experiment showed that the original beam split into two after passing through the region of
the inhomogeneous magnetic field. It was evident from the pair of spots that appeared on
the screen, symmetrically placed on either side of the central spot that would have occurred
in the absence of the magnetic field.

Also, in a given state with quantum number s, the 
magnitude of spin is given by 
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where e is the magnitude of the electronic charge and me is the mass of the electron. As
a consequence, the Hamiltonian for an electron, with spin, in an external magnetic field !B
along the positive z direction, will have a potential energy term

∆W = −!µs ·!B =
eB
me

Sz =
eh̄ B
me

ms. (8.2.9)

As a consequence, the original energy levels will be shifted by (eh̄ B/me) ms. Since ms
takes (2s+ 1) values, the original degenerate energy level will split into (2s+ 1) distinct
levels.

Note that unlike the case of orbital angular momentum where the boundary conditions
on the eigenfunctions allowed one to exclude the half-integer values of ", for the spin
angular momentum, there is no such restriction and s can take both the integer and the
half-integer values in the units of h̄. We shall see in the next chapter that nature supports
both kinds of particles: particles with integer spin, called bosons, and particles with half-
integer spin, called fermions. For instance, photons (s = 1), π-mesons (s = 0), gravitons
(s = 2) and so on are bosons, while electrons (s = 1

2 ), protons (s = 1
2 ), neutrons (s = 1

2 ),
delta particles (s = 3

2 ) and so on are fermions.

8.3 Spin and Pauli Matrices

Let us consider the famous Stern–Gerlach experiment (schematically shown in Figure 8.1)
in which a beam of silver atoms in their ground state was made to pass through a region
of inhomogeneous magnetic field in the direction perpendicular to the direction of the
field. At the exit from this region, the beam was collected on a screen. The results of the
experiment showed that the original beam split into two after passing through the region of
the inhomogeneous magnetic field. It was evident from the pair of spots that appeared on
the screen, symmetrically placed on either side of the central spot that would have occurred
in the absence of the magnetic field.

The z component of spin is quantized, Sz = msℏ, and takes 
(2s+1) different values. 


̂S± |s, mS⟩ = ℏ s(s + 1) − ms(ms ± 1) |s, ms ± 1⟩
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Spin matrices 
 
Let the axis for the projection of spin be the z-axis in an 
arbitrarily oriented Cartesian system of coordinates. The 
operator �z must be represented by a diagonal matrix with 
diagonal elements +1 and −1, that is, 

This is usually called the Sz-representation for the sigma 
matrices. It then follows from the isotropy of space 
(equivalence of all the directions in space) that the matrices 
at x and y directionwill also be 2 × 2 unit matrices with 
eigenvalues 1, that is 
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We know by now that spin is a purely quantum mechanical property of a particle with no
classical analogue at all. Also, the spin degree of freedom is completely independent of the
spatial degrees of freedom. Therefore, new concepts and mathematical tools are required
to incorporate this novel aspect of motion into the formalism of quantum mechanics. Let
us see how it can be accomplished.

Since the state of an electron is characterized by two values, +h̄/2 and −h̄/2, of the
projection of its spin on the z-axis, the wave function of the electron must consist of two
components: ψ+(!r, t), corresponding to Sz = +h̄/2, and ψ−(!r, t)corresponding to Sz =
−h̄/2. It is convenient to write it as a column vector:

ψ(!r, t) =
( ψ+(!r, t)

ψ−(!r, t)

)
. (8.3.2)

Note that if only ψ+(!r, t) is non-zero, it corresponds to the case when the projection of
electron’s spin is along the positive z-direction, and if only ψ−(!r, t) is non-zero, the
projection of the electron’s spin is along the negative z-direction. A general state, ψ , is a
superposition of these two states.

After defining the state of an electron with spin, we must now determine the operator !̂S
corresponding to the dynamical variable !S. Since, !̂S acts on vectors belonging to a
two-dimensional Euclidean space, it must be represented by a 2×2 matrix. Evidently, its
Cartesian components, Ŝx, Ŝx, and Ŝz will also be a 2×2 matrix.

Following Pauli, let us introduce a new vector matrix !̂σ ≡ σ̂x î + σ̂y ĵ + σ̂z k̂ by the
formula

!S =
h̄
2
!̂σ . (8.3.3)

Replacing the Cartesian components of!S in the commutation relations (8.1.1)–(8.1.3) with
the corresponding Cartesian components of !̂σ , we get the commutation relations satisfied
by the σ matrices:

[σ̂x, σ̂y] = 2iσ̂z, (8.3.4)

[σ̂y, σ̂z] = 2iσ̂x, (8.3.5)

[σ̂z, σ̂x] = 2iσ̂y. (8.3.6)

Let the axis for the projection of spin be the z-axis in an arbitrarily oriented Cartesian
system of coordinates. Then the eigenvalues of Sz will be +h̄/2 and −h̄/2. Therefore, the
eigenvalues of σ̂z will be +1 and −1. It means that the operator σ̂z must be represented by
a diagonal matrix with diagonal elements +1 and −1, that is,

σ̂z =

(
1 0
0 –1

)
(8.3.7)
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and σ̂2
z will be a 2× 2 unit matrix. This is usually called the Sz-representation for the

sigma matrices. It then follows from the isotropy of space (equivalence of all the directions
in space) that the matrices σ̂2

x and σ̂2
y will also be 2× 2 unit matrices with eigenvalues 1,

that is,

σ̂2
x = σ̂2

y = σ̂2
z = I =

(
1 0
0 1

)
. (8.3.8)

Since σ̂2
y commutes with σ̂z, we have

σ̂2
y σ̂z− σ̂zσ̂2

y = σ̂yσ̂yσ̂z− σ̂yσ̂zσ̂y + σ̂yσ̂zσ̂y− σ̂zσ̂yσ̂y

= σ̂y(σ̂yσ̂z− σ̂zσ̂y)+ (σ̂yσ̂z− σ̂zσ̂y)σ̂y = 0. (8.3.9)

Taking into account the commutation relations of σ -matrices, we obtain

2i(σ̂yσ̂x + σ̂xσ̂y) = 0. ⇒ σ̂xσ̂y + σ̂yσ̂x = 0. (8.3.10)

This means that the matrices σ̂x and σ̂y anti-commute. Similarly, one can prove that all
the σ -matrices anti-commute with each other. This property along with the commutation
relations leads to the following useful formulae

σ̂xσ̂y = −σ̂yσ̂x = iσ̂z, (8.3.11)

σ̂yσ̂z = −σ̂zσ̂y = iσ̂x, (8.3.12)

σ̂zσ̂x = −σ̂xσ̂z = iσ̂y. (8.3.13)

If we multiply the first of the aforementioned relations by σ̂z from the right, we arrive at
the identity

σ̂xσ̂yσ̂z = iI (8.3.14)

which will be useful later.

Let us determine the concrete expressions for the sigma matrices. The general form of
σ̂x can be written as

σ̂x =

(
a1 a2
a3 a4

)
, (8.3.15)

where the matrix elements a1,a2,a3 and a4 are, in general, complex and have to be
determined using the basic properties of the sigma matrices.

First of all, σ̂x must be hermitian, that is, σ̂x = σ̂†
x . It gives a∗1 = a1,a∗4 = a4 and a∗2 =

a3,a∗3 = a2. That is, the diagonal elements are real and the off-diagonal elements are
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Spin matrices 
 where the matrix elements a1, a2, a3 and a4  are, in general, 
complex and have to be determined using the basic 
properties of the sigma matrices. 

Since �x and �z anti-commute, that is, �x�z = −�z�x, we have 
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complex conjugate to each other. Since σ̂x and σ̂z anti-commute, that is, σ̂xσ̂z = −σ̂zσ̂x,
we have

(
a1 −a2
a3 −a4

)
=

(
−a1 −a2

a3 a4

)
. (8.3.16)

Therefore, a1 = 0 and a4 = 0. Using the property that σ̂2
x = I, we get

(
a2a3 0

0 a3a2

)
=

(
1 0
0 1

)
⇒ a2a3 = a3a2 = 1. (8.3.17)

Since a2 = a†
3 and a3 = a†

2, we conclude that |a2|2 = |a3|2 = 1. Therefore, a2 = eiα and
a3 = e−iα , where α is an arbitrary real constant. Since, without any loss of generality, we
can put α equal to zero, we have

σ̂x =

(
0 1
1 0

)
. (8.3.18)

Now using the relation iσ̂x = σ̂zσ̂x, we obtain

σ̂y =

(
0 −i
i 0

)
. (8.3.19)

The matrices

σ̂x =

(
0 1
1 0

)
, σ̂y =

(
0 −i
i 0

)
, σ̂z =

(
1 0
0 –1

)
, (8.3.20)

are called Pauli matrices in the Sz representation and along with the unit matrix

I =
(

1 0
0 1

)
(8.3.21)

form the basis in the space of 2×2 matrices. Any 2×2 matrix can be expanded as a linear
combination of these matrices.

Now consider σ̂z. Its eigenvalues are ±1. In the state corresponding to the eigenvalue
+1, the spin of the electron points along the +z-axis and we call it spin-up state. Similarly,
in the state corresponding to the eigenvalue −1, the spin of the electron points along the
−z direction and it is called the spin-down state. The eigenfunctions of σ̂z with eigenvalues
+1 and −1, respectively, are readily computed as

χ+
z =

(
1
0

)
, χ−z =

(
0
1

)
, (8.3.22)
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Spin matrices 
 

form the basis in the space of 2 × 2 matrices. Any 2 × 2 
matrix can be expanded as a linear combination of these 
matrices. 

In the state corresponding to the eigenvalue +1, the spin of 
the electron points along the +z-axis and we call it spin-up 
state. Similarly, in the state corresponding to the eigenvalue 
−1, the spin of the electron points along the −z direction 
and it is called the spin-down state.
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combination of these matrices.

Now consider σ̂z. Its eigenvalues are ±1. In the state corresponding to the eigenvalue
+1, the spin of the electron points along the +z-axis and we call it spin-up state. Similarly,
in the state corresponding to the eigenvalue −1, the spin of the electron points along the
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Let us check whether these spin functions are eigenfunctions 
of �x and �y or not. We have  
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Let us check whether these spin functions are eigenfunctions of σ̂x and σ̂y or not. We have

σ̂xχ+
z =

(
0 1
1 0

)(
1
0

)
=

(
0
1

)
= χ−z , (8.3.23)

σ̂xχ−z =

(
0 1
1 0

)(
0
1

)
=

(
1
0

)
= χ+

z , (8.3.24)

σ̂yχ+
z =

(
0 −i
i 0

)(
1
0

)
=

(
0
i

)
= iχ−z , (8.3.25)

σ̂yχ−z =

(
0 −i
i 0

)(
0
1

)
=

(
-i
0

)
= −iχ+

z (8.3.26)

These results tell us that, in the states described by the eigenfunctions χ+
z and χ−z of σ̂z,

only Sz has definite values equal to ±h̄/2. The projections of spin on the x-and y-axes are
completely unknown. This is nothing but the consequence of the fact that the matrices σ̂x,
σ̂y and σ̂z and hence the spin matrices, Sx, Sy and Sz do not commute with each other.

Example 8.3.1: (i) Find the eigenvalues and the eigenvectors (eigenfunctions) of the
matrices σ̂x and σ̂y. (ii) Show that irrespective of the direction of a chosen axis, the
projection of spin on the axis can take only two values equal to ±h̄/2.

Solution:

(i) The characteristic equation for σ̂x reads
∣∣∣∣

0−λ 1
1 0−λ

∣∣∣∣= λ 2−1 = 0. (8.3.27)

Therefore, the eigenvalues of σ̂x are λ = ±1. Let
(

a
b

)
(8.3.28)

be the eigenvector of σ̂x. Then for λ1 = ±1, we have
(

0 1
1 0

)(
a
b

)
= ±

(
a
b

)
⇒ b = ±a. (8.3.29)

Thus, the eigenvectors of σ̂x corresponding to the eigenvalues λ1 = +1 and λ2 = −1
are

χ+
x =

1√
2

(
1
1

)
, χ−x =

1√
2

(
1
−1

)
, (8.3.30)
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Addition of Angular Momenta 
 
In many problems of interest it is necessary to add angular 
momenta. For instance, one is required to add the orbital 
angular momentum, L, and the spin angular momentum, S, 
while studying spin-orbit coupling in atoms. 

Therefore, it is important to discuss the procedure of 
addition of angular momenta in quantum mechanics.


We shall write the eigenfunctions of L2 in the bra–ket 
notation as: |l,m⟩. Thus, |l,m⟩ is an eigenvector (or eigenket) 
of L2 with two quantum numbers l and m. 
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Let us, without specifying the nature, consider the addition 
of two angular momenta L1 and L2


Individually, L1 and L2 satisfy the following quantum 
mechanical commutation relations 


Chapter 9

Addition of Angular Momenta

9.1 General Theory and the Clebsch–Gordan Coefficients

In many problems of interest it is necessary to add angular momenta. For instance, one is
required to add the orbital angular momentum, !̂L, and the spin angular momentum, !̂S,
while studying spin-orbit coupling in atoms. Then, there are problems related to the
studies of multi-electron atoms where one has to add two or more orbital angular
momenta. Therefore, it is important to discuss the procedure of addition of angular
momenta in quantum mechanics. In view of this, in what follows, we shall discuss the
general algebraic method for the addition of any two angular momenta.

Note that, in this Chapter, we shall write the eigenfunctions of L̂2 in the bra–ket
notation as: |",m〉. Thus, |",m〉 is an eigenvector (or eigenket) of L̂2 with two quantum
numbers " and m. If !̂L happens to be orbital angular momentum, then " represents the
orbital quantum number and m stands for the orbital magnetic quantum number. On the
other hand, if !̂L happens to be the spin angular momentum (!̂L = !̂S), then " is spin quantum
number i.e., "= s and m equals the spin magnetic quantum number i.e., m = ms.

Let us, without specifying the nature, consider the addition of two angular momenta !̂L1

and !̂L2: !̂J = !̂L1 +!̂L2. Individually, !̂L1 and !̂L2 satisfy the following quantum mechanical
commutation relations (see Chapter 6):

[L̂1i, L̂1 j] = ih̄ ∑
k

εi jkL̂1k, (9.1.1)

[L̂2i, L̂2 j] = ih̄ ∑
k

εi jkL̂2k, (9.1.2)

where the indices i, j and k take values from 1 to 3. Note that, it is assumed here that !̂L1

and !̂L2 either correspond to different degrees of freedom, or correspond to the same degree
of freedom but belong to different particles.
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In many problems of interest it is necessary to add angular momenta. For instance, one is
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 In view of the preceding assumption, the operator L1 and L2 
act in different vector spaces: L1  acts in the (2l1 +1) 
dimensional space spanned by the kets {|l1,m1⟩}, while L2  

acts in the (2l2 +1) dimensional space spanned by the kets {|
l2,m2⟩},


Hence, they commute and can have a common set of 
eigenvectors. Let us write these common eigenvectors as 
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In view of the preceding assumption, the operators !̂L1 and !̂L2 act in different vector
spaces: !̂L1 acts in the (2"1 + 1) dimensional space spanned by the kets {|"1,m1〉}, while
!̂L2 acts in the (2"2 + 1) dimensional space spanned by the kets {|"2,m2〉}). Hence, they
commute and can have a common set of eigenvectors. Let us write these common
eigenvectors as

|"1,m1;"2,m2〉= |"1,m1〉⊗ |"2,m2〉, (9.1.3)

where "i, i = 1,2 and mi, i = 1,2 are the individual quantum numbers and ⊗ stands for the
direct (tensorial) product. Then according to the earlier discussions

!̂L2
1|"1,m1;"2,m2〉= h̄2"1("1 + 1)|"1,m1;"2,m2〉, (9.1.4)

L̂1z|"1,m1;"2,m2〉= h̄m1|"1,m1;"2,m2〉 (9.1.5)

!̂L2
2|"1,m1;"2,m2〉= h̄2"2("2 + 1)|"1,m1;"2,m2〉, (9.1.6)

L̂2z|"1,m1;"2,m2〉= h̄m2|"1,m1;"2,m2〉 (9.1.7)

Let us show that the total angular momentum operators Ĵi = L̂1i + L̂2i, (i = 1,2,3) also
obey the usual angular momentum commutation relations, i.e.,

[Ĵi, Ĵ j] = ih̄ ∑
k

εi jkĴk, (9.1.8)

where, once again, each of the indices i, j and k takes three values 1, 2 and 3. We have

[Ĵi, Ĵ j] = [L̂1i + L̂2i, L̂1 j + L̂2 j] = [L̂1i, L̂1 j]+ [L̂1i, L̂2 j]+ [L̂2i, L̂1 j]+ [L̂2i, L̂2 j]

= ih̄ ∑
k

εi jkL̂1k + ih̄ ∑
r

εi jkL̂2k

= ih̄ ∑
k

εi jk(L̂1k + L̂2k)

= ih̄ ∑
k

εi jkĴk, (9.1.9)

where we have taken into account that [L̂1i, L̂2 j] = 0 and [L̂2i, L̂2 j] = 0.

Our main task is the following. Given the values of the individual angular momenta |!L1|
and |!L2| (i.e., the quantum numbers "1 and "2), find the values that the total angular
momentum |!J| (i.e., the quantum number j corresponding to it) can take and given the
values of the individual magnetic quantum numbers m1 and m2 find the values that the
total magnetic quantum number m j of the combined system can take. To accomplish this
programme, we proceed as follows.

where li,i = 1,2 and mi,i = 1,2 are the individual quantum 
numbers and ⊗ stands direct (tensorial) product. Then 
according to the earlier discussions
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Let us show that the total angular momentum operators Ji = 
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where we have taken into account that [L̂1i, L̂2 j] = 0 and [L̂2i, L̂2 j] = 0.

Our main task is the following. Given the values of the individual angular momenta |!L1|
and |!L2| (i.e., the quantum numbers "1 and "2), find the values that the total angular
momentum |!J| (i.e., the quantum number j corresponding to it) can take and given the
values of the individual magnetic quantum numbers m1 and m2 find the values that the
total magnetic quantum number m j of the combined system can take. To accomplish this
programme, we proceed as follows.
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Given the values of the individual angular momenta |L1| and 
|L1| (i.e., the quantum numbers l1 and l2), find the values 
that the total angular momentum |J| (i.e., the quantum 
number j corresponding to it).
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Since the total angular momentum operators Ĵi, (i = 1,2,3), satisfy the usual angular
momentum commutation relations, using the results of the earlier chapters, we can easily
show that

[Ĵ2, Ĵz] = 0, [Ĵ2, Ĵ±] = 0, , [Ĵ+, Ĵ−] = 2h̄Ĵz, , [Ĵz, Ĵ±] = ±h̄Ĵ±, (9.1.10)

where Ĵ+ = (Ĵx + iĴy)/2 and Ĵ− = (Ĵx− iĴy)/2i are the total angular momentum raising
and lowering operators, respectively. Further,the Hilbert space in which the total angular
momentum operator Ĵ2 acts is the product space H = H1⊗H2, spanned by the kets
|!1,!2,m1,m2〉 = |!1,m1〉⊗ |!2,m2〉. Since the kets {| j1,m1〉} and {| j2,m2〉} individually
form a complete orthonormal basis (being the eigenvectors of hermitian operators), the
kets {|!1,!2,m1,m2〉} also form a complete and orthonormal basis:

〈!1,!2;m1,m2|!′1,!′2,m′1,m′2〉= 〈!1,m1|!′1,m′1〉〈!2,m2|!′2,m′2〉

= δ!1!
′
1

δ!2!
′
2

δm1m′1
δm2m′2

, (9.1.11)

∑
m1m2

|!1,!2;m1,m2〉〈!1,!2;m1,m2|

=

(
!1

∑
m1=−!1

|!1,m1〉〈!1,m1|
)(

!2

∑
m2=−!2

|!2,m2〉〈!2,m2|
)
= Î2 = Î. (9.1.12)

It is straightforward to prove that [Ĵ2, L̂2
1] = 0, [Ĵ2, L̂2

2] = 0, [Ĵz, L̂2
1] = 0, [Ĵz, L̂2

2] = 0, but
[Ĵ2, L̂1z] &= 0,and [Ĵ2, L̂2z] &= 0. Therefore, the maximal set of commuting operators for
the system is given by Ĵ2, Ĵz, L̂2

1 and L̂2
2,. They can be simultaneously diagonalized and

their joint eigenfunctions are characterized by four quantum numbers j (quantum number
representing the total angular momentum), m j (magnetic quantum number characterizing
the projection of the total angular momentum on z-axis), !1 (orbital angular momentum of
particle 1) and !2 (orbital angular momentum of particle 2).

Let |!1,!2, j,m〉 be the simultaneous eigenfunctions of Ĵ2 and Ĵz. Since !1 and !2 are
fixed, we shall write these vectors as | j,m〉. Clearly, for every j, the number m has (2 j+1)
allowed values:m = − j,− j + 1, ..., j− 1, j. The above completeness and orthonormality
conditions can now be re-written as

∑
j

j

∑
m=− j

| j,m〉〈 j,m|= Î, (9.1.13)

〈 j′,m′| j,m〉= δ j j′δmm′ . (9.1.14)

Also, it is not difficult to show that

Ĵ2| j,m〉= j( j+ 1)h̄2| j,m〉, (9.1.15)

where 


are the total angular momentum raising and lowering 
operators, respectively.  Further, the Hilbert space in which 
the total angular momentum operator J2 acts is the product 
space spanned by the kets |l1,l2,m1,m2⟩ = |l1,m1⟩⊗|l2,m2⟩. 

̂J+ = ̂Jx + i ̂Jy, ̂J− = ̂Jx − i ̂Jy
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Therefore, the maximal set of commuting operators for the 
system is given by J2, Jz, L12 and L22. They can be 
simultaneously diagonalized and their joint eigenfunctions 
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=
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1 and L̂2
2,. They can be simultaneously diagonalized and

their joint eigenfunctions are characterized by four quantum numbers j (quantum number
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conditions can now be re-written as
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Ĵ2| j,m〉= j( j+ 1)h̄2| j,m〉, (9.1.15)
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Ĵz| j,m〉= mh̄| j,m〉, (9.1.16)

Ĵ+| j,m〉=
√
( j−m)( j+m+ 1)h̄ | j,m+ 1〉, (9.1.17)

Ĵ−| j,m〉=
√
( j+m)( j−m+ 1)h̄ | j,m−1〉, (9.1.18)

Ĵz| j,m〉= mh̄ | j,m〉, (9.1.19)

Ĵ+| j,m = j〉= 0, Ĵ−| j,m = − j〉= 0. (9.1.20)

Since Ĵ2 and Ĵz are hermitian, the vectors | j,m〉 also constitute an orthonormal and
complete basis in H .

In order to achieve the goal, stated above, we have to find the linear combination of
|!1,!2;m1,m2〉, with fixed !1 and !2, which are eigenfunctions of Ĵz = Ĵ1z + Ĵ2z with
eigenvalues m and also eigenstates of and Ĵ2 = ("̂L1 +"̂L2)2 with eigenvalues j( j + 1). It
then follows from linear algebra that this goal can be achieved, if we succeed in finding a
unitary matrix that relates the bases {|!1,!2;m1,m2〉} and {| j,m〉}. For this purpose let us
expand the besis vector | j,m〉 in terms of the basis {|!1,!2;m1,m2〉} as

| j,m〉=
!1

∑
m1=−!1

!2

∑
m2=−!2

Cm1 m2 m
!1 !2 j |!1,!2;m1,m2〉, (9.1.21)

where the coefficients of expansion

Cm1 m2 m
!1 !2 j = 〈!1,!2;m1,m2| j,m〉 (9.1.22)

are called the Clebsch-Gordan (CG) coefficients. Therefore, the solution of the problem of
addition of two angular momenta reduces to the determination of the Clebsch-Gordan
coefficients which are nothing but the elements of the unitary matrix that effects the
transition from the basis {|!1,!2;m1,m2〉} to the basis {| j,m〉}.

By convention, Clebsch-Gordan coefficients are taken to be real, i.e.,

〈!1,!2;m1,m2| j,m〉= 〈!1,!2;m1,m2| j,m〉† = 〈 j,m|!1,!2;m1,m2〉. (9.1.23)

Also, using (9.1.12), we get

∑
m1m2

〈 j′,m′|!1,!2;m1,m2〉〈!1,!2;m1,m2| j,m〉= δ j′ jδm′m. (9.1.24)

Since the Clebsch-Gordan coefficients are real, we can write this equation as

∑
m1m2

〈!1,!2;m1,m2| j′,m′〉〈!1,!2;m1,m2| j,m〉= δ j′ jδm′m. (9.1.25)

let us expand the besis vector |j,m⟩ in terms of the basis {|
l1,l2;m1,m2⟩} as 
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Ĵz| j,m〉= mh̄| j,m〉, (9.1.16)
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Since Ĵ2 and Ĵz are hermitian, the vectors | j,m〉 also constitute an orthonormal and
complete basis in H .

In order to achieve the goal, stated above, we have to find the linear combination of
|!1,!2;m1,m2〉, with fixed !1 and !2, which are eigenfunctions of Ĵz = Ĵ1z + Ĵ2z with
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The last equation leads to

∑
m1m2

〈!1,!2;m1,m2| j,m〉2 = 1. (9.1.26)

Similarly, we can derive the following relation

∑
j

j

∑
m=− j

〈!1,!2,m′1,m′2| j,m〉〈!1,!2;m1,m2| j,m〉= δm′1m1
δm′2m2

, (9.1.27)

which yields

∑
j

j

∑
m=− j

〈 j1, j2,m1,m2| j,m〉2 = 1. (9.1.28)

Our next step is to find the eigenvalues of the operator "̂J2 in terms of the eigenvalues of
the operators L̂2

1 and L̂2
2 and the eigenvalues of the operator Ĵz in terms of the eigenvalues

of the operators L̂1z and L̂2z so that we could express j in terms of !1 and !2 and m in
terms of m1 and m2.

Constraints on the indices of CG coefficients: (A) Since Ĵz = L̂1z + L̂2z, we have

〈!1,!2;m1,m2|Ĵz− L̂1z− L̂2z| j,m〉= 0. (9.1.29)
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Ĵz| j,m〉= mh̄ | j,m〉, (9.1.30)
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Therefore, for 〈!1,!2;m1,m2| j,m〉 to be nonzero, we must have m = m1 +m2. This is the
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(B) Further, the maximum values of m1 and m2 are !1 and !2, respectively, and hence the
maximum value of m is mmax = !1 + !2. However, |m|≤ j, and therefore, jmax = !1 + !2.

We have to now find jmin, i.e., the minimum possible value of j. Since the dimension of
the product space is N = (2!1 +1)× (2!2 +1), there are (2!1 +1)× (2!2 +1) number of
basis vectors | j,m〉 in this space. On the other hand, for each value of j there are (2 j+ 1)
basis vectors | j,m〉, and hence

Similarly, we can derive the following relation 
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we obtain 


Therefore, for ⟨l1,l2;m1,m2|j,m⟩ to be nonzero, we must have


This is the first constraint for the Clebsch-Gordan 
coefficients. 
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〈!1,!2;m1,m2|Ĵz− L̂1z− L̂2z| j,m〉= 0. (9.1.29)

Using the following relations
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Since the dimension of the product space is N = (2l1 +1)×(2l2 

+1), there are (2l1 +1)×(2l2 +1) number of basis vectors |j, m⟩ 

in this space. On the other hand, for each value of j there 
are (2j + 1) basis vectors |j, m⟩, and hence 
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jmax

∑
j= jmin

(2 j+ 1) = (2!1 + 1)(2!2 + 1). (9.1.34)

Since jmax = !1 + !2, the left hand-side of (9.1.34) has jmax− jmin +1 = !1 + !2 +1− jmin
terms. Therefore, we have

S≡
jmax

∑
jmin

(2 j+ 1) = (2 jmin + 1)+ (2 jmin + 3)+ (2 jmin + 5)+ ...+(2(!1 + !2)+ 1).

(9.1.35)

We can write the above series in two equivalent ways

S = (2 jmin + 1)+ 2( jmin + 3)+ (2 jmin + 5)+ ...+(2(!1 + !2)+ 1),

S = (2(!1 + !2)+ 1)+ (2(!1 + !2)−1)+ (2(!1 + !2)−3)+ ...+(2 jmin + 1).
(9.1.36)

Adding up the aforementioned two equations term by term, we obtain

S = ([(!1 + !2 + 1)+ jmin]+ [(!1 + !2 + 1)+ jmin]+ [(!1 + !2 + 1)+ jmin]

+ ... +[(!1 + !2 + 1)+ jmin]) . (9.1.37)

Since S in (9.1.37) contains ( jmax− jmin +1) = (!1 + !2 +1− jmin) terms, using (9.1.34),
we arrive at

(!1 + !2 + 1− jmin)[(!1 + !2 + 1)+ jmin] = (2!1 + 1)(2!2 + 1). (9.1.38)

Or,

j2
min = (!1− !2)

2. (9.1.39)

Hence jmin = |!1− !2| and we have the following range of variation of j:

|!1− !2|≤ j ≤ (!1 + !2). (9.1.40)

So, j changes from |!1− !2| to (!1 + !2) in integer steps:

j = |!1− !2|, |!1− !2|+ 1, |!1− !2|+ 2, ..., (!1 + !2). (9.1.41)

Thus the second constraints for the Clebsch-Gordan coefficients is that, simultaneously
with m = m1 +m2, we must also have | j1− j2| ≤ j ≤ ( j1 + j2). Note that m takes values
from − j to + j.

Finally, we can obtain
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we obtain

(m−m1−m2)〈!1,!2;m1,m2| j,m〉= 0. (9.1.33)

Therefore, for 〈!1,!2;m1,m2| j,m〉 to be nonzero, we must have m = m1 +m2. This is the
first constraint for the Clebsch-Gordan coefficients.

(B) Further, the maximum values of m1 and m2 are !1 and !2, respectively, and hence the
maximum value of m is mmax = !1 + !2. However, |m|≤ j, and therefore, jmax = !1 + !2.

We have to now find jmin, i.e., the minimum possible value of j. Since the dimension of
the product space is N = (2!1 +1)× (2!2 +1), there are (2!1 +1)× (2!2 +1) number of
basis vectors | j,m〉 in this space. On the other hand, for each value of j there are (2 j+ 1)
basis vectors | j,m〉, and hence
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(2 j+ 1) = (2 jmin + 1)+ (2 jmin + 3)+ (2 jmin + 5)+ ...+(2(!1 + !2)+ 1).
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+ ... +[(!1 + !2 + 1)+ jmin]) . (9.1.37)

Since S in (9.1.37) contains ( jmax− jmin +1) = (!1 + !2 +1− jmin) terms, using (9.1.34),
we arrive at

(!1 + !2 + 1− jmin)[(!1 + !2 + 1)+ jmin] = (2!1 + 1)(2!2 + 1). (9.1.38)

Or,

j2
min = (!1− !2)

2. (9.1.39)

Hence jmin = |!1− !2| and we have the following range of variation of j:
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Thus the second constraints for the Clebsch-Gordan coefficients is that, simultaneously
with m = m1 +m2, we must also have | j1− j2| ≤ j ≤ ( j1 + j2). Note that m takes values
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For instance, it can be shown that the CG coefficients 
corresponding to two limiting cases {m1 = l1, m2 = l2, j=l1 +l2,

m = (l1 +l2)} and {m1 = −l1, m2 =−l2, j=l1 +l2, m = −(l1 +l2)} are 
equal to 1. That is 
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9.2 Calculation of Clebsch–Gordan Coefficients

The computation of Clebsch-Gordan coefficients from first principles is somewhat
cumbersome. For practical use, however, they have been tabulated in the literature and
can be readily obtained. In some simple cases, these coefficients can be determined in a
straightforward manner. For instance, it can be shown that the CG coefficients
corresponding to two limiting cases {m1 = !1,m2 = !2, j = !1 + !2,m = (!1 + !2)} and
{m1 = −!1,m2 = −!2, j = !1 + !2,m = −(!1 + !2)} are equal to 1. That is

〈!1,!2,!1,!2|(!1 + !2), (!1 + !2)〉= 1, (9.2.1)

〈!1,!2,−!1,−!2|(!1 + !2),−(!1 + !2)〉= 1. (9.2.2)

In general, to calculate CG coefficients, other than the aforementioned simple cases, one
uses either the recursion relations between the CG coefficients or the ladder operator
method. Below, we shall demonstrate these methods of calculation by taking up a
concrete problem.

Recursion relations between CG Coefficients: To determine the recursion relations it is
required to evaluate the matrix elements,

〈!1,!2;m1,m2|Ĵ±| j,m〉,

in two different ways and equate the results. Let us do it. Firstly, using (9.1.17) and (9.1.18),
we have

〈!1,!2;m1,m2|Ĵ±| j,m〉= h̄
√
( j∓m)( j±m+ 1) 〈!1,!2;m1,m2| j,m±1〉. (9.2.3)

Secondly, replacing Ĵ± by Ĵ1±+ Ĵ2±, where

Ĵk± =
1
2
(L̂kx ± iL̂ky), k = 1,2, (9.2.4)

and acting on the bra 〈!1,!2;m1,m2|, we obtain

〈!1,!2;m1,m2|Ĵ±| j,m〉 = h̄
√
(!1 ±m1)(!1∓m1 + 1) 〈!1,!2;m1∓1,m2| j,m〉

+ h̄
√
(!2 ±m2)(!2∓m2 + 1) 〈!1,!2;m1,m2∓1| j,m〉. (9.2.5)

From (9.2.3) and (9.2.5), we arrive at the first recursion relation between CG coefficients
√
( j∓m)( j±m+ 1) 〈!1,!2;m1,m2| j,m±1〉

To calculate CG coefficients, other than the aforementioned 
simple cases, one uses either the recursion relations 
between the CG coefficients or the ladder operator method. 
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in two different ways and equate the results. Let us do it. Firstly, using (9.1.17) and (9.1.18),
we have

〈!1,!2;m1,m2|Ĵ±| j,m〉= h̄
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√
( j∓m)( j±m+ 1) 〈!1,!2;m1,m2| j,m±1〉 Addition of Angular Momenta 305

=
√
(!1 ±m1)(!1∓m1 + 1) 〈!1,!2;m1∓1,m2| j,m〉

+
√
(!2 ±m2)(!2∓m2 + 1) 〈!1,!2;m1,m2∓1| j,m〉. (9.2.6)

Now, considering the matrix elements

〈!1,!2;m1,m2|Ĵ±| j,m∓1〉,

and repeating the same steps that led to (9.2.6), we obtain the second recursion relation
√
( j±m)( j∓m+ 1) 〈!1,!2;m1,m2| j,m〉

=
√
(!1 ±m1)(!1∓m1 + 1) 〈!1,!2;m1∓1,m2| j,m∓1〉

+
√
(!2 ±m2)(!2∓m2 + 1) 〈!1,!2;m1,m2∓1| j,m∓1〉. (9.2.7)

The recursion relations (9.2.6) and (9.2.7) along with the orthonormality conditions
(9.1.25) and (9.1.27) enable one to calculate all the CG coefficients, except for the sign,
for given values of !1, !2 and j.

The sign is determined by the so-called phase convention (Wigner’s convention),
according to which the coefficient

〈!1,!2,!1, ( j− !1)| j, j〉, (9.2.8)

is considered to be real and positive. Since all the CG coefficients are obtained from
this single coefficient by repeated applications of the recursion relations, and since this
coefficient is taken to be real, all other CG coefficients must be real.

Example 9.2.1: Find the ClebschGordan coefficients associated with the coupling of the
spins of two spin 1/2 particles with zero orbital angular momentum.

Solution: We wish to solve this problem by both the methods mentioned above.

I. The recursion relation method1: Since !1 = s1 = 1
2 , !2 = s2 = 1

2 , and j = s= 1,0. When
s = 0, we have m = ms = 0 and there is a spin singlet state |0,0〉. When s = 1, m = ms can
take three values −1, 0, and 1. Correspondingly, there is a triplet of spin states: |1,−1〉,
|1,0〉 and |1,1〉.

Let us expand these states in terms of the states |s1,s2;m1,m2〉, where m1 = ms1 and
m2 = ms2 , such that m = m1 +m2:

1N. Zettili, Quantum Mechanics: Concepts and Applications, John Wiley, 2009.

and
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Let us consider the addition of the orbital angular 
momentum and the spin angular momentum, i.e., 


of a spin half particle (say, of an electron). In the given 
case l1 =l(an integer) m1 =ml (takes values from −l to l), l2 

=s=1/2, and m2 =ms =±1/2. 
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If we now compare (9.3.25), (9.2.28), (9.2.31), and (9.2.37) with the respective
expressions in the system (9.2.9)-(9.2.12), we obtain the following results for the CG
coefficients
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We see that the same values for the CG coefficients are the same as obtained earlier by
recursion relation method. Thus, both the methods yield identical results as it should be.

Thus we conclude that addition of the spins of two spin half particles, leads to two
possible spin states of the composite system: (i) |1,1〉triplet = {|1,1〉, |1,0〉, |1,−1〉, which is
symmetric with respect to the interchange of the spin ”up” state with the spin ”down” state
and vice versa, and (ii) |0,0〉singlet, which is anti-symmetric with respect to the interchange
of the spin ”up” state with the spin ”down” state and vice versa.

9.3 Algebraic Addition of the Orbital and the Spin Angular
Momenta

Let us consider the addition of the orbital angular momentum and the spin angular
momentum, i.e., !̂J = !̂L+ !̂S, of a spin half particle (say, of an electron). In the given case
"1 = " (an integer) m1 = m" (takes values from −" to "), "2 = s = 1

2 , and m2 = ms = ±1
2 .

The value of j in this case is restricted in the interval
∣∣∣∣"−

1
2

∣∣∣∣≤ j ≤
∣∣∣∣"+

1
2

∣∣∣∣ . (9.3.1)

Clearly, j can have two limiting values jmax = "+ 1
2 and jmin = −"+ 1

2 .

The maximal set of commuting observables in this case is given by: {Ĵ2, L̂2, Ŝ2, Ĵz}. The
joint eigenvectors of these operators are:|",s,m",ms〉. The eigenvectors of Ĵ2 are: | j,m〉 ≡
|",s; j,m〉; " and s being fixed. Obviously, the following hold:

Ĵ2 | j,m〉= h̄2 j( j+ 1) | j,m〉 , (9.3.2)

L̂2 | j,m〉= h̄2 "("+ 1) | j,m〉 , (9.3.3)

The value of j in this case is restricted in the interval 
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If we now compare (9.3.25), (9.2.28), (9.2.31), and (9.2.37) with the respective
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The joint eigenvectors of these operators are: 


The state with maximal total angular momentum j = l+1/2 
and mmax =l+1/2
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We see that the same values for the CG coefficients are the same as obtained earlier by
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of the spin ”up” state with the spin ”down” state and vice versa.
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The maximal set of commuting observables in this case is given by: {Ĵ2, L̂2, Ŝ2, Ĵz}. The
joint eigenvectors of these operators are:|",s,m",ms〉. The eigenvectors of Ĵ2 are: | j,m〉 ≡
|",s; j,m〉; " and s being fixed. Obviously, the following hold:

Ĵ2 | j,m〉= h̄2 j( j+ 1) | j,m〉 , (9.3.2)

L̂2 | j,m〉= h̄2 "("+ 1) | j,m〉 , (9.3.3)
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Ĵ−

∣∣∣∣!+
1
2

,!− 1
2

〉
= h̄

√
2!×2

∣∣∣∣!+
1
2

,!− 3
2

〉
. (9.3.11)

Addition of Angular Momenta 311
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Similarly, we have

312 Fundamentals of Quantum Mechanics
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All these states are with j = !+ 1
2 . The states with j = !− 1
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The other ︎︎states are given by 
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All these states are with j = !+ 1
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If we do the calculations the same way as earlier and take into account the phase
convention, we obtain
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Calculations similar to those leading to (9.3.14) yield
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where
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The required CG coefficients are readily read off from (9.3.14), (9.3.15) and (9.3.17)-
(9.3.20).

Example 9.3.1: Consider the case of ! = 1 and s = 1
2 . Find all the states and the

corresponding CG coefficients.

Solution: In this case, for the states
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Exercise
 1. Find the value of the commutators 
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Hence, in terms of the angular momentum of a particle, its quantum state can be
characterized by the magnitude of the total angular momentum and any one of the
Cartesian components of the angular momentum. Because of the isotropy of space, this
component is always taken to be Lz. Consequently, the wave functions of the particle are
characterized by two quantum numbers, the orbital quantum number, ! and the magnetic
quantum number, m! or simply m. The meaning of these quantum numbers and their
relationship with the eigenvalues of the operator L̂2 will follow from our later analysis.

Example 6.2.1: Show that the operator L̂x, is hermitian.

Solution: For the hermiticity of L̂x we must have L̂†
x = L̂x. Recalling that x̂†

k = xk, p̂†
k =

p̂k, k = 1,2,3, we get

L̂†
x = (y p̂z− z p̂y)

† = (y p̂z)
†− (z p̂y)

† = p̂†
z y†− p̂†

y ẑ† = p̂z y− p̂y z. (6.2.17)

Using now that [x̂ j, p̂k] = 0, if j "= k, we arrive at the required result

L̂†
x = (y p̂z− z p̂y)

† = y p̂z− z p̂y = L̂x. (6.2.18)

Example 6.2.2: Find the value of the commutators (a) [x̂, L̂x], (b) [x̂, L̂y], and [ p̂x, L̂y].

Solution:

(a) Using the expression for L̂x in terms of the position and momentum operators, we have

[x̂, L̂x] = [x̂, (ŷ p̂z− ẑ p̂y] = [x̂, ŷ p̂z]− [x̂, ẑ p̂y]

= [x̂, ŷ] p̂z + ŷ [x̂, p̂z]− [x̂, ẑ] p̂y− ẑ [x̂, p̂z]. (6.2.19)

Since [x̂ j, x̂k] = 0, for all values of j and k from 1 to 3 and [x̂ j, p̂k] = 0 for j "= k,
[x̂, L̂x] = 0.

(b) Similarly,

[x̂, L̂y] = [x̂, (ẑ p̂x− x̂ p̂z] = [x̂, ẑ p̂x]− [x̂, x̂ p̂z]

= [x̂, ẑ] p̂x + ẑ [x̂, p̂x]− [x̂, x̂] p̂z− x̂ [x̂, p̂z]. (6.2.20)

Using [x̂ j, x̂k] = 0, and [x̂ j, p̂k] = ih̄ δ jk, we get that [x̂, L̂y] = ih̄ ẑ = ih̄ z.
(c) In this case, we have

[ p̂x, L̂y] = [ p̂x, (ẑ p̂x− x̂ p̂z] = [ p̂x, ẑ p̂x]− [ p̂x, x̂ p̂z]

= [ p̂x, ẑ] p̂x + ẑ [ p̂x, p̂x]− [ p̂x, x̂] p̂z− x̂ [ p̂x, p̂z]. (6.2.21)

Using [ p̂ j, p̂k] = 0, for all values of j and k from 1 to 3 and [x̂ j, p̂k] = ih̄ δ jk, we get that
[ p̂x, L̂y] = ih̄ ẑ = ih̄ p̂z.
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Hence, in terms of the angular momentum of a particle, its quantum state can be
characterized by the magnitude of the total angular momentum and any one of the
Cartesian components of the angular momentum. Because of the isotropy of space, this
component is always taken to be Lz. Consequently, the wave functions of the particle are
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quantum number, m! or simply m. The meaning of these quantum numbers and their
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Cartesian components of the angular momentum. Because of the isotropy of space, this
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Example 6.2.1: Show that the operator L̂x, is hermitian.

Solution: For the hermiticity of L̂x we must have L̂†
x = L̂x. Recalling that x̂†

k = xk, p̂†
k =

p̂k, k = 1,2,3, we get

L̂†
x = (y p̂z− z p̂y)
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= [x̂, ẑ] p̂x + ẑ [x̂, p̂x]− [x̂, x̂] p̂z− x̂ [x̂, p̂z]. (6.2.20)

Using [x̂ j, x̂k] = 0, and [x̂ j, p̂k] = ih̄ δ jk, we get that [x̂, L̂y] = ih̄ ẑ = ih̄ z.
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16/10/2023 Jinniu Hu

Exercise
 2.Consider a particle in a superposition state with the wave 
function 
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∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗m′

!′ (L̂+Y m
! ) = h̄

√
(l−m)(l +m+ 1)δ!′!δm′,m+1, (6.7.16)

∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗m′

!′ (L̂−Y m
! ) = h̄

√
(l +m)(l−m+ 1)δ!′!δm′,m−1, (6.7.17)

∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗m′

!′ (L̂zY m
! ) = mh̄ δ!′!δm′m. (6.7.18)

With the help of the aforementioned calculated matrix elements, we can easily compute
the matrices corresponding to the operators L̂2, L̂z, L̂±, L̂x and L̂y in a state with a definite
value of the angular momentum,that is, for a given value of !.

Example 6.7.1: Consider a particle in a superposition state with the wave function

|ψ(θ ,ϕ)〉=
√

1
5

Y−1
1 (θ ,ϕ)+AY 0

1 +

√
1
5

Y 1
1 (θ ,ϕ), (6.7.19)

where A is an arbitrary constant and Y m
! are the spherical harmonics. (a) Find A so that ψ is

normalized. (b) What is the probability that a measurement of Lz will yield a value Lz = 0?
(c) Find the expectation values of L̂2 and L+ in this state.

Solution:

(a) For the normalized wave function, we must have

〈ψ|ψ〉=
∫ 2π

0
dϕ

∫ π

0
dθ ψ∗(θ ,ϕ)ψ(θ ,ϕ) sinθdθ = 1. (6.7.20)

Using the orthonormality condition for the spherical harmonics, we get

〈ψ|ψ〉= 2
5
+A2 = 1,⇒ A =

√
3
5

. (6.7.21)

(b) The normalized wave function is now given by

ψ(θ ,ϕ) =
√

1
5

Y−1
1 (θ ,ϕ)+

√
3
5

Y 0
1 +

√
1
5

Y 1
1 (θ ,ϕ), (6.7.22)

and therefore the probability of finding the value Lz = 0 is

P =

∣∣〈Y 0
1 |ψ

〉∣∣2

〈ψ|ψ〉 =
3
5

. (6.7.23)

where A is an arbitrary constant and Yl
m are the spherical 

harmonics. (a) Find A so that � is normalized. (b) What is 
the probability that a measurement of Lz will yield a value 
Lz = 0? (c) Find the expectation values of L2 and L+ in this 
state. 
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5
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(b) The normalized wave function is now given by 
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5
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(b) The normalized wave function is now given by
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1 +
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1 |ψ
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〈ψ|ψ〉 =
3
5
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(c) We have 
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(c) From (6.7.8), we have

L̂2|ψ(θ ,ϕ)〉= L̂2

[√
1
5

Y−1
1 (θ ,ϕ)+

√
3
5

Y 0
1 +

√
1
5

Y 1
1 (θ ,ϕ)

]
= 2h̄2|ψ(θ ,ϕ)〉.

(6.7.24)

The expectation value of L̂2 will be

〈
L̂2〉=

〈
ψ|L̂2|ψ

〉

〈ψ|ψ〉 = 2h̄2 〈ψ|ψ〉
〈ψ|ψ〉 = 2h̄2. (6.7.25)

Using (6.7.12), we get

L̂+|ψ(θ ,ϕ)〉=
√

6
5

Y 0
1 +

√
6
5

Y 1
1 . (6.7.26)

Therefore, the expectation value of L̂+ is given by

〈
L̂+

〉
=

〈
ψ|L̂+|ψ

〉

〈ψ|ψ〉 =

√
6

5
h̄+

√
6

5
h̄ =

2
√

3
5

h̄. (6.7.27)

Example 6.7.2: Consider the case in which ! = 1. Find the matrices representing the
operators L̂2, L̂z, L̂±, L̂x and L̂y. Show that the matrices Lx and Ly do not commute. Find
their commutator.

Solution: For ! = 1, we have m = −1,0,1 and the joint eigenfunctions of L̂2 and L̂z are:[
Y 1

1 ,Y 0
1 ,Y−1

1
]
. Therefore, the matrix representing L̂2 is given by

L2 =





〈Y 1
1 , L̂2Y 1

1 〉 〈Y 1
1 , L̂2Y 0

1 〉 〈Y 1
1 , L̂2Y−1

1 〉

〈Y 0
1 , L̂2Y 1

1 〉 〈Y 0
1 , L̂2Y 0

1 〉 〈Y 0
1 , L̂2Y−1

1 〉

〈Y−1
1 , L̂2Y 1

1 〉 〈Y−1
1 , L̂2Y 0

1 〉 〈Y−1
1 , L̂2Y−1

1 〉




= 2h̄2





1 0 0

0 1 0

0 0 1



 , (6.7.28)

where we have used (6.5.25) and (6.5.27) to get

〈Y k
l , L̂2Y m

n 〉= h̄2n(n+ 1)
∫ 2π

0
dϕ

∫ π

0
dθ sinθ Y ∗ k

l Y m
n ) = h̄2n(n+ 1)δ!nδkm. (6.7.29)
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Exercise
 
The expectation value of L2 will be 


We get


Therefore, the expectation value of L+ is given by 
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where we have used (6.5.25) and (6.5.27) to get

〈Y k
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0
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∫ π

0
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l Y m
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L̂+ψ(θ, φ) = 2
5 Y0

1 + 6
5 Y1

1

⟨L̂+⟩ = ⟨ψL̂+ψ(⟩ = 2 6
5 ℏ
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Exercise
 3. Find the eigenvalues and eigenstates of the spin operator 
S of an electron in the direction of a unit vector n that lies 
in the xy plane making an angle � with the x-axis. 
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Solution: The projection of the spin operator S on n will be 
Sn= ℏ/2#n, where
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respectively. Similarly, the eigenvalues of σ̂y are λ = ±1 and the corresponding
normalized eigenvectors are given by

χ+
y =

1√
2

(
1
i

)
, χ−y =

1√
2

(
1
−i

)
. (8.3.31)

(ii) Since !̂σ = îσ̂x + ĵσ̂y + k̂σ̂z, the projection of !̂σ on an arbitrarily oriented axis with
directional cosines, ",m and n, is given by the matrix M = "σx +mσy + nσz, or

M =

(
n "− im

"+ im −n

)
. (8.3.32)

The characteristic equation for the eigenvalues λ of M reads
∣∣∣∣

n−λ "− im
"+ im −(n+λ )

∣∣∣∣= λ 2− ("2 +m2 + n2) = λ 2−1 = 0, (8.3.33)

where we have used the property of the directional cosines, namely, "2 +m2 + n2 = 1.
From (8.2.33), we get the eigenvalues of M to be ±1. It means that the eigenvalues of
the operator corresponding to the projection of spin !S on this axis will be
S"mn = ±h̄/2. Thus, irrespective of the direction of the chosen axis, the projection of
spin on that axis can take only two values ±h̄/2. Thus, we see that Pauli matrices
(σx,σy,σz) and the related spin matrices (Sx,Sy,Sz) satisfy all the requirements of
quantum mechanics and are consistent with the experimental results.

Example 8.3.2: Find the eigenvalues and eigenstates of the spin operator !̂S of an electron in
the direction of a unit vector n̂ that lies in the xy plane making an angle θ with the x-axis.

Solution: The projection of the spin operator !̂S on n̂ will be Sn = h̄
2 σ̂n, where

σ̂n =

(
0 cosθ

cosθ 0

)
+

(
0 −isinθ

isinθ 0

)
=

(
0 e−iθ

eiθ 0

)
. (8.3.34)

The requirement of non-trivial solutions to the eigenvalue equation for σ̂n yields
∣∣∣∣
−λ e−iθ

eiθ −λ

∣∣∣∣= 0, ⇒ λ = ±1. (8.3.35)

Hence, the eigenvalues of the operator Sn are ± h̄
2 .

For the eigenvectors of Sn, We have

(
0 e−iθ
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)(
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)
=

(
be−iθ
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)
= ±

(
a
b

)
⇒ a = e−iθ /2, b = ±eiθ /2,

(8.3.36)

The requirement of non-trivial solutions to the eigenvalue 
equation for #n yields 
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respectively. Similarly, the eigenvalues of σ̂y are λ = ±1 and the corresponding
normalized eigenvectors are given by

χ+
y =

1√
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(
1
i

)
, χ−y =
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(
1
−i

)
. (8.3.31)

(ii) Since !̂σ = îσ̂x + ĵσ̂y + k̂σ̂z, the projection of !̂σ on an arbitrarily oriented axis with
directional cosines, ",m and n, is given by the matrix M = "σx +mσy + nσz, or

M =

(
n "− im

"+ im −n

)
. (8.3.32)

The characteristic equation for the eigenvalues λ of M reads
∣∣∣∣

n−λ "− im
"+ im −(n+λ )

∣∣∣∣= λ 2− ("2 +m2 + n2) = λ 2−1 = 0, (8.3.33)

where we have used the property of the directional cosines, namely, "2 +m2 + n2 = 1.
From (8.2.33), we get the eigenvalues of M to be ±1. It means that the eigenvalues of
the operator corresponding to the projection of spin !S on this axis will be
S"mn = ±h̄/2. Thus, irrespective of the direction of the chosen axis, the projection of
spin on that axis can take only two values ±h̄/2. Thus, we see that Pauli matrices
(σx,σy,σz) and the related spin matrices (Sx,Sy,Sz) satisfy all the requirements of
quantum mechanics and are consistent with the experimental results.

Example 8.3.2: Find the eigenvalues and eigenstates of the spin operator !̂S of an electron in
the direction of a unit vector n̂ that lies in the xy plane making an angle θ with the x-axis.

Solution: The projection of the spin operator !̂S on n̂ will be Sn = h̄
2 σ̂n, where

σ̂n =

(
0 cosθ
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)
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Hence, the eigenvalues of the operator Sn are ± h̄
2 .

For the eigenvectors of Sn, We have

(
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eiθ 0

)(
a
b

)
=

(
be−iθ

aeiθ

)
= ±

(
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b

)
⇒ a = e−iθ /2, b = ±eiθ /2,

(8.3.36)

Hence, the eigenvalues of the operator Sn are ±ℏ/2 
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spin on that axis can take only two values ±h̄/2. Thus, we see that Pauli matrices
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quantum mechanics and are consistent with the experimental results.
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Solution: The projection of the spin operator !̂S on n̂ will be Sn = h̄
2 σ̂n, where

σ̂n =

(
0 cosθ
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)
+

(
0 −isinθ

isinθ 0

)
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(
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The requirement of non-trivial solutions to the eigenvalue equation for σ̂n yields
∣∣∣∣
−λ e−iθ

eiθ −λ

∣∣∣∣= 0, ⇒ λ = ±1. (8.3.35)

Hence, the eigenvalues of the operator Sn are ± h̄
2 .

For the eigenvectors of Sn, We have

(
0 e−iθ

eiθ 0

)(
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)
=

(
be−iθ

aeiθ

)
= ±

(
a
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)
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The normalized eigenvectors of Sn, corresponding to the 
eigenvalues ±ℏ/2, are 
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where the ± signs in b correspond to ±h̄/2, respectively. The normalized eigenvectors of
Sn, corresponding to the eigenvalues ±h̄/2, are

χ+
n =

1√
2

(
e−iθ /2

eiθ /2

)
, χ−n =

1√
2

(
e−iθ /2

−eiθ /2

)
. (8.3.37)

Before proceeding further, let us summarize the basic properties of sigma matrices and
write down some useful formulae that are easily derived from them. We have

I. σ†
k = σ̂k, Tr(σ̂k) = 0, det(σ̂k) = −1 (k = x,y,z), (8.3.38)

II. σ̂2
k = Î, (k = x,y,z), (8.3.39)

III. σ̂ jσ̂k = i ε jk!σ̂! ( j #= k), (8.3.40)

IV . σ̂ jσ̂k + σ̂kσ̂ j = 0 ( j #= k), (8.3.41)

V . [σ̂ j, σ̂k] = 2iε jklσ̂l ( j,k, l = x,y,z), (8.3.42)

where Î the 2×2 unit matrix, ε jkl is the Levi-Civita tensor density and the summation from
1 to 3 over the repeated index, !, is implied. The properties in (8.2.39) and (8.2.41) can be
combined together as

[σ̂ j, σ̂k]+ = 2Îδ jk, (8.3.43)

where [σ̂ j, σ̂k]+ stands for the anti-commutator of σ̂ j and σ̂k and δ jk is the Kronecker delta.
On the other hand, the properties in (8.2.39) and (8.2.40) can be combined together into a
single formula

σ̂ jσ̂k = δ jk + i ε jk!σ̂!. (8.3.44)

where once again summation from 1 to 3 over ! is implied.
Because the spin and spatial degrees of freedom are completely independent, the spin

operators Ŝx, Ŝy and Ŝz commute with the position operator "̂r, the momentum operator "̂p
and the angular momentum operator "̂L:

V I. [Ŝ j,"̂rk] = 0, [Ŝ j,"̂pk] = 0, [Ŝ j,"̂Lk] = 0, ( j,k = x,y,z). (8.3.45)

The next question that we may ask is: “How do we write the wave function of an electron
by taking into account its spin properties”? The answer to this question is as follows.
Because of the independence of the spatial and the spin degrees of freedom, the total wave
function of the particle is the product of the spatio-temporal part, ψ("r, t), and the spin part,
χ(S):

ψ("r, t;S) = ψ("r, t)χ(S). (8.3.46)
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If we do the calculations the same way as earlier and take into account the phase
convention, we obtain

∣∣∣∣!−
1
2

,!− 1
2

〉
=

1√
2!+ 1

[√
2! |!,!〉⊗

∣∣∣∣
1
2

,−1
2

〉
− |!,!−1〉⊗

∣∣∣∣
1
2

,
1
2

〉]
. (9.3.18)

Calculations similar to those leading to (9.3.14) yield

∣∣∣∣!−
1
2

,!− 3
2

〉
=

√
2!−1
2!+ 1

|!,!−1〉⊗
∣∣∣∣
1
2

,−1
2

〉
−
√

2
2!+ 1

|!,!−2〉⊗
∣∣∣∣
1
2

,
1
2

〉
.

(9.3.19)

The other
∣∣!− 1

2 ,m
〉

states are given by

∣∣∣∣!−
1
2

,m
〉

=

√
!+m+ 1

2
2!+ 1

∣∣∣∣!,m+
1
2

〉
⊗
∣∣∣∣
1
2

,−1
2

〉

−

√
!−m+ 1

2
2!+ 1

∣∣∣∣!,m−
1
2

〉
⊗
∣∣∣∣
1
2

,
1
2

〉
, (9.3.20)

where

m = !− 1
2

,!− 3
2

, . . . ,−!+ 3
2

,−
(
!− 1

2

)
. (9.3.21)

The required CG coefficients are readily read off from (9.3.14), (9.3.15) and (9.3.17)-
(9.3.20).

Example 9.3.1: Consider the case of ! = 1 and s = 1
2 . Find all the states and the

corresponding CG coefficients.

Solution: In this case, for the states
∣∣!+ 1

2 ,m
〉
, the equation (9.3.16) shows that m can take

four values 1
2 , 3

2 , −1
2 , and −3

2 . Therefore, from (9.3.15) we get

∣∣∣∣
3
2

,
3
2

〉
=

√
1+ 3

2 +
1
2

2+ 1

∣∣∣∣1,
3
2
− 1

2

〉
⊗
∣∣∣∣
1
2

,
1
2

〉
+

√
1− 3

2 +
1
2

2+ 1

∣∣∣∣1,
3
2
+

1
2

〉
⊗
∣∣∣∣
1
2

,−1
2

〉

= |1,1〉⊗
∣∣∣∣
1
2

,
1
2

〉
≡
∣∣∣∣1,

1
2

;1,
1
2

〉
, (9.3.22)

∣∣∣∣
3
2

,
1
2

〉
=

√
1+ 1

2 +
1
2

2+ 1

∣∣∣∣1,
1
2
− 1

2

〉
⊗
∣∣∣∣
1
2

,
1
2

〉
+

√
1− 1

2 +
1
2

2+ 1

∣∣∣∣1,
1
2
+

1
2

〉
⊗
∣∣∣∣
1
2

,−1
2

〉
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=

√
2
3
|1,0〉⊗

∣∣∣∣
1
2

,
1
2

〉
+

√
1
3
|1,1〉⊗

∣∣∣∣
1
2

,−1
2

〉

≡
√

2
3

∣∣∣∣1,
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1
2
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1
3
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〉
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2

〉
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〉
. (9.3.25)

Similarly, for the states
∣∣!− 1

2 ,m
〉

the equation (9.3.21) shows that m can take two values
1
2 and −1

2 . Therefore, from (9.3.15) we get
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∣∣∣∣1,−1
2
− 1

2

〉
⊗
∣∣∣∣
1
2

,
1
2

〉

=

√
1
3
|1,0〉⊗

∣∣∣∣
1
2

,−1
2

〉
−
√

2
3
|1,−1〉⊗

∣∣∣∣
1
2

,
1
2

〉

≡
√

1
3

∣∣∣∣1,
1
2

;0,−1
2

〉
−
√

2
3

∣∣∣∣1,
1
2

;−1,
1
2

〉
. (9.3.27)
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Similarly, for the states
∣∣!− 1
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the equation (9.3.21) shows that m can take two values
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2 . Therefore, from (9.3.15) we get
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