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Chapter 6 X ray 
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6.1 The discovery of X ray
X-rays were discovered in 1895 by the German physicist 
Wilhelm Roentgen. He found that a beam of high-speed 
electrons striking a metal target produced a new and 
extremely penetrating type of radiation. 


equals the angle of reflection, !r. Atoms in successive planes (A and B) will scat-
ter constructively at an angle ! if the path length difference for rays (1) and
(2) is a whole number of wavelengths, n". From the diagram, constructive
interference will occur when

AB # BC $ n" n $ 1, 2, 3, % % %

and because AB $ BC $ d sin !, it follows that

(3.25a)

where n is the order of the intensity maximum, " is the x-ray wavelength, d is
the spacing between planes, and ! is the angle of the intensity maximum mea-
sured from plane A. Note that there are several maxima at different angles for
a fixed d and " corresponding to n $ 1, 2, 3, % % % . Equation 3.25a is known as
the Bragg equation; it was used with great success by the Braggs to determine
atomic positions in crystals. A diagram of a Bragg x-ray spectrometer is shown
in Figure 3.21a. The crystal is slowly rotated until a strong reflection is

n" $ 2d sin !  n $ 1, 2, 3, % % %
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Figure 3.18 X-rays are produced by bombarding a metal target (copper, tungsten, and
molybdenum are common) with energetic electrons having energies of 50 to 100 keV.

Figure 3.19 One of the first
images made by Roentgen us-
ing x-rays (December 22, 1895).
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Figure 3.20 Bragg scattering of x-rays from successive planes of atoms. Constructive
interference occurs for ABC equal to an integral number of wavelengths.

Bragg equation

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.  

 



18/05/2026 Jinniu Hu



18/05/2026 Jinniu Hu

6.1 The discovery of X ray

equals the angle of reflection, !r. Atoms in successive planes (A and B) will scat-
ter constructively at an angle ! if the path length difference for rays (1) and
(2) is a whole number of wavelengths, n". From the diagram, constructive
interference will occur when

AB # BC $ n" n $ 1, 2, 3, % % %

and because AB $ BC $ d sin !, it follows that

(3.25a)

where n is the order of the intensity maximum, " is the x-ray wavelength, d is
the spacing between planes, and ! is the angle of the intensity maximum mea-
sured from plane A. Note that there are several maxima at different angles for
a fixed d and " corresponding to n $ 1, 2, 3, % % % . Equation 3.25a is known as
the Bragg equation; it was used with great success by the Braggs to determine
atomic positions in crystals. A diagram of a Bragg x-ray spectrometer is shown
in Figure 3.21a. The crystal is slowly rotated until a strong reflection is

n" $ 2d sin !  n $ 1, 2, 3, % % %

3.5 THE COMPTON EFFECT AND X-RAYS 87

Filament

Electrons

Metal target

X rays

Evacuated
glass envelope

Focusing
electrode

50–100 kV– +

Figure 3.18 X-rays are produced by bombarding a metal target (copper, tungsten, and
molybdenum are common) with energetic electrons having energies of 50 to 100 keV.

Figure 3.19 One of the first
images made by Roentgen us-
ing x-rays (December 22, 1895).

Plane A

Plane B

Ray (1)

Ray (2)

d A C

D

θ

B

θ

θθ iθ θr

Reflected

rays

Figure 3.20 Bragg scattering of x-rays from successive planes of atoms. Constructive
interference occurs for ABC equal to an integral number of wavelengths.

Bragg equation

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.  

 X-rays Tube




18/05/2026 Jinniu Hu

6.1 The discovery of X ray
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6.1 The discovery of X ray
X ray diffraction 
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Figure 3.21 (a) A Bragg crystal x-ray spectrometer. The crystal is rotated about an
axis through P. (b) The x-ray spectrum of a metal target consists of a broad, continuous
spectrum plus a number of sharp lines, which are due to the characteristic x-rays.
Those shown were obtained when 35-keV electrons bombarded a molybdenum target.
Note that 1 pm ! 10"12 m ! 10"3 nm.

observed, which means that Equation 3.25a holds. If # is known, d can be
calculated and, from the series of d values found, the crystal structure may be
determined. (See Problem 38.) If measurements are made with a crystal with
known d, the x-ray intensity vs. wavelength may be determined and the x-ray
emission spectrum examined.

The actual x-ray emission spectrum produced by a metal target bombarded
by electrons is interesting in itself and is shown in Figure 3.21b. Although
the broad, continuous spectrum is well explained by classical electromagnetic
theory, a feature of Figure 3.21b, #min, shows proof of the photon theory. The
broad continuous x-ray spectrum shown in Figure 3.21b results from glancing
or indirect scattering of electrons from metal atoms. In such collisions only
part of the electron’s energy is converted to electromagnetic radiation. This
radiation is called bremsstrahlung (German for braking radiation), which refers

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.  
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6.1 The discovery of X ray
Laue diffraction transmission method 


164 Chapter 5 Wave Properties of Matter and Quantum Mechanics I

Is x-ray scattering from atoms within crystals consistent with what we know 
from classical physics? From classical electromagnetic theory we know that the 
oscillating electric field of electromagnetic radiation polarizes an atom, causing 
the positively charged nucleus and negatively charged electrons to move in op-
posite directions. The result is an asymmetric charge distribution, or electric 
dipole. The electric dipole oscillates at the same frequency as the incident wave 
and in turn reradiates electromagnetic radiation at the same frequency but in 
the form of spherical waves. These spherical waves travel throughout the matter 
and, in the case of crystals, may constructively or destructively interfere as the 
waves pass through different directions in the crystal.

If we consider x rays scattered from a simple rock salt crystal (NaCl, shown 
in Figure 5.2), we can, by following the Bragg simplification, determine con-
ditions necessary for constructive interference. We study solids in Chapter 10, but 
for now note that the atoms of crystals like NaCl form lattice planes, called Bragg 
planes. We can see from Figure 5.3 that it is possible to have many Bragg planes 
in a crystal, each with different densities of atoms. Figure 5.4 shows an incident 

Photographic!
plate

Sample

Incident x rays

(a) (b)

Figure 5.1 (a) Schematic diagram of Laue diffraction transmission method. A wide range of x-ray 
wavelengths scatters from a crystal sample. The x rays constructively interfere from certain planes, 
producing dots. (b) One of the first results of Friedrich and Knipping in 1912 showing the sym metric 
placement of Laue dots of x-ray scattering from ZnS. The analysis of these results by Laue, although 
complex, convincingly proved that x rays are waves.

Figure 5.2 The crystal structure of NaCl (rock salt) showing two of the possible sets of lattice 
planes (Bragg planes).

William Lawrence Bragg (1890–
 1971) (left) and William Henry 
Bragg (1862– 1942) (right) were 
a son-father team, both of whom 
were educated at Cambridge. The 
father spent 22 years at the Uni-
versity of Adelaide in Australia, 
where his son was born. Both fa-
ther and son initially studied 
mathematics but eventually 
changed to physics. The father 
was a skilled experimen ter, and 
the son was able to conceptualize 
physical problems and express 
them mathematically. They did 
their important work on x-ray 
crystallography in 1912– 1914 
while the father was at the Uni-
versity of Leeds and the son was 
a graduate student at Cambridge 
working under J. J. Thomson. 
Both physicists had long and dis-
tinguished careers, with the son 
being director of the famous Cav-
endish Laboratory at Cambridge 
from 1938 to 1953. W. Lawrence 
Bragg received his Nobel Prize at 
age 25.
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Lattice Planes and Miller Indices

18

a

b

Definition:
A lattice plane is a plane
which intersects atoms of
a unit cell across the whole
3‐dimensional lattice.

d(100)

d(010)

d(110)

d(-210)

- Each lattice plane 
generates a diffraction 
peak.

- The 2θ angle of the
peak depends on the 
plane’s d-spacing.

- Diffraction peaks can
be labelled with the 
plane’s Miller index.

Diffraction Cones

22

(120)

(100)

(010)

One Debye Cone for each lattice plane spacing (d value)

Powder sample:

The diffraction of X ray
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6.1 The discovery of X ray
The polarization of X ray




252 7 Emission and Absorption of Electromagnetic Radiation by Atoms

Fig.7.29 William Henry Bragg (From E. Bagge; Die Nobelpreisträger
der Physik, Heinz Moos-Verlag, München 1964)

Both contributions represent electromagnetic radiation as
was first proved by the English physicist Charles Glover
Barkla (1877–1944, Nobel Prize 1917), who measured the
polarization of the X-radiation. Further convincing proofs
were given by the German physicist Max von Laue and
his assistants W. Friedrich and P. Knipping and later by
the English physicists William Henry Bragg (1862–1942)
(Fig. 7.29) and his sonWilliam Lawrence Bragg (1890–1971)
who together received the Nobel Prize in 1915. They mea-
sured interference and diffraction patterns when single crys-
tals were illuminated by X-rays, which demonstrated that X-
rays were electromagnetic waves.

7.5.2 Characteristic X-Ray-Radiation

The spectral lines of the characteristic X-ray radiation appear
only if the energy of the electrons, incident on the anode, is
sufficiently high to excite atomic inner shell electrons into
higher unoccupied levels (Fig. 7.30) according to the scheme

e−(Ekin)+ A(Ek) ⇒ A∗(Ei )+ e− (
E ′
kin

)
(7.86a)

with Ekin − E ′
kin = Ei − Ek

A∗(Ei ) ⇒ A(Ek)+ hνik (7.86b)

with hνik = Ei − Ek .

Example
Ek(Cu(1s)) = −8978 eV (binding energy of an electron
in the 1s level of the K-shell); Ei (Cu(6p)) = −4 eV. The
incident electrons can therefore only excite electrons in the
K-shell into the level Ei , which emits the Cu-K-radiation, if
their kinetic energy is above 8974eV.

Em

En

h mk⋅ ν

Ei

Ek

noitaticx
E

Ionization
( )A E e A ek + → +− + −2

h nk⋅ ν

h ik⋅ ν

Fig. 7.30 Level scheme for the explanation of the characteristic X-ray
emission from the anode atoms

The characteristic X-ray radiation appears as sharp lines
superimposed on the continuous spectral background of

Tungsten anode
U = 100 kV

100 50 20 10 5 2
Energy / keV

0.2 0.5 1.0 2.0 5.0

λ / 10 m−10

0.05

0.10

0

Tungsten

0 50 100 150 200 250

η

kV

(a)

(b)

Fig.7.31 (a) Continuous X-ray radiation, superimposed by the charac-
teristic lines of tungsten. (b) Ratio η = Pchar/Pcont of emitted charac-
teristic and continuous X-ray radiation power from a tungsten anode as
a function of applied voltage U
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6.2 X ray production

The spectrum of X ray


112 Chapter 3 The Experimental Basis of Quantum Physics

relatively unlikely, however). This process is the inverse photoelectric effect. The 
conservation of energy requires that the electron kinetic energy equal the maxi-
mum photon energy (where we neglect the work function f because it is nor-
mally so small compared with eV0).

 eV0 ! hfmax !
hc
lmin

or

 lmin !
hc
e  

1
V0

!
1.240 " 10#6 V # m

V0
 (3.37)

The relation Equation (3.37) was first found experimentally and is known as the 
Duane-Hunt rule (or limit). Its explanation in 1915 by the quantum theory is 
now considered further evidence of Einstein’s photon concept. The value lmin 
depends only on the accelerating voltage and is the same for all targets.

Only the quantum hypothesis explains all of these data. Because the heavier ele-
ments have stronger nuclear electric fields, they are more effective in accelerating 
electrons and making them radiate. The intensity of the x rays increases with the 
square of the atomic number of the target. The intensity is also approximately pro-
portional to the square of the voltage used to accelerate the electrons. This is why 
high voltages and tungsten anodes are so often used in x-ray machines. Tungsten 
also has a very high melting temperature and can withstand high electron-beam 
currents.

Duane-Hunt rule

Figure 3.19 The relative inten-
sity of x rays produced in an x-ray 
tube is shown for an accelerating 
voltage of 35 kV. Notice that lmin 
is the same for all three targets. 
From C. T. Ulrey, Physical Review 11, 
405 (1918).
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The continuous spectrum


The characteristic spectrum


7.5 X-Rays 251

Fig. 7.26 Schematic illustration of an X-ray tube

spectral intensity distribution I (λ), which depends on the
energy of the electrons.

2. The energetic electrons can excite inner shell electrons on
transitions to higher non occupied states in the atoms of
the anode. The excited states Ei emit X-rays as spectral
lines on transitions Ei → Ek with wavelengths λik ,
characteristic for the anode material. These X-rays are
therefore called characteristic X-ray radiation.

We will now discuss both effects in more detail.

7.5.1 Bremsstrahlung

Energetic electrons passing through a material with high
nuclear charge numbers Z , are deflected in the Coulomb field
of the positive nuclear charge (Fig. 7.27a). Since, according
to electrodynamics, every accelerated or decelerated charge
emits radiation with a radiation power proportional to the
square of the acceleration, these electrons emit a broad
radiation continuum with an intensity distribution depending
on the initial electron energy (Fig. 7.28). The high energy
limit of this continuum is reached when the total energy
Ekin = eU of the incident electrons is converted into
radiation. This gives the condition

(a)

(b)

Fig. 7.27 a,b. The origin of the continuous X-ray radiation
(bremsstrahlung). (a) Deflection of an incident electron in the Coulomb
field of the nucleus of target atoms. (b) Inelastic collision of an incident
electron with an electron in the shell of a target atom

Fig.7.28 Spectral distribution of the bremsstrahlung in a tungsten target
for different voltages U

hν ≤ hνmax = eU ⇒ λ ≥ λmin =
hc
eU

. (7.84)

Inserting the quantitative values for h, c and e into (7.84)
yields the more readily calculable form

λmin = 1234.5(U [V])−1 nm . (7.85)

Example
U = 10 kV ⇒ λmin = 0.12nm, or νmax = 2.5 × 1018 s−1.
U = 50 kV ⇒ λmin = 0.024nm, or νmax = 1.25× 1019 s−1.

Of course, the incident electrons can also collide with
the electrons in the atomic shells of the anode material
(Fig. 7.27b). The outer electrons with a small binding energy
are kicked away by collisions with the incident high energy
electrons, they collide further with electrons of other atoms
and finally convert their energy into heat. Collisions with
more tightly bound inner electrons lead to excitations into
higher, but still bound, atomic states. This excitation energy is
converted in to the characteristic X-ray fluorescence emitted
by the excited atoms.
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6.2 X ray production
The continuous spectrum:

An energetic electron passing through matter will radiate 
photons and lose kinetic energy. The process by which 
photons are emitted by an electron slowing down is called 
bremsstrahlung, from the German word for “braking 
radiation.” 
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a nucleus is accelerated and produces a photon of energy E ! hf. The final en-
ergy of the electron is determined from the conservation of energy to be

 Ef ! Ei " hf  (3.36)

Because linear momentum must be conserved, the nucleus absorbs very little 
energy, and it is ignored. One or more photons may be created in this way as 
electrons pass through matter.

In Section 3.1 we mentioned Röntgen’s discovery of x rays. The x rays are 
produced by the bremsstrahlung effect in an apparatus shown schematically in 
Figure 3.18. Current passing through a filament produces copious numbers of 
electrons by thermionic emission. These electrons are focused by the cathode 
structure into a beam and are accelerated by potential differences of thousands 
of volts until they impinge on a metal anode surface, producing x rays by brems-
strah lung (and other processes) as they stop in the anode material. Much of the 
electron’s kinetic energy is lost by heating the anode material and not by brems-
strah lung. The x-ray tube is evacuated so that the air between the filament and 
anode will not scatter the electrons. The x rays produced pass through the sides 
of the tube and can be used for a large number of applications, including medi-
cal diagnosis and therapy, fundamental research in crystal and liquid structure, 
and engineering diagnoses of flaws in large welds and castings.

X rays from a standard tube include photons of many wavelengths. By scat-
tering x rays from crystals we can produce strongly collimated monochromatic 
(single-wavelength) x-ray beams. Early x-ray spectra produced by x-ray tubes of 
accelerating potential 35 kV are shown in Figure 3.19. These particular tubes 
had targets of tungsten, molybdenum, and chromium. The smooth, continuous 
x-ray spectra are those produced by bremsstrahlung, and the sharp “characteris-
tic x rays” are produced by atomic excitations and are explained in Section 4.6. 
X-ray wavelengths typically range from 0.01 to 1 nm. However, high-energy ac-
celerators can produce x rays with wavelengths as short as 10"6 nm.

Notice that in Figure 3.19 the minimum wavelength lmin for all three targets 
is the same. The minimum wavelength lmin corresponds to the maximum 
frequency fmax. If the electrons are accelerated through a voltage V0, then their 
kinetic energy is eV0. The maximum photon energy therefore occurs when 
the electron gives up all of its kinetic energy and creates one photon (this is 

Figure 3.17 Bremsstrahlung is 
a process through which an elec-
tron is accelerated while under 
the in flu ence of the nucleus. The 
accelerated electron emits a 
photon.

!

Nucleus

Electron!
Ei

Ef

Photon, hf

X rays

e"
Hot filament

Target

Evacuated!
tube

High-voltage!
power supply

Filament!
supply

"

"

#

#

Figure 3.18 Schematic of x-ray tube where x rays are produced by the bremsstrahlung process 
of energetic electrons.
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Electron is deflected and decelerated by the 
atomic nucleus. (Inelastic scattering). 

Deflected electron emits electromagnetic 
radiation. Wavelength depends on the loss of 
energy. 

Generation of X-rays

3

Accelerated electron impinges on matter:

Electron is deflected and decelerated by the atomic nucleus.
(Inelastic scattering)

Deflected electron emits electromagnetic radiation.
Wavelength depends on the loss of energy.

Bremsstrahlung (Deceleration radiation)

The continuous spectrum
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6.2 X ray production
The minimum wavelength is due to the inverse 
photoelectric effect. The conservation of energy requires 
that the electron kinetic energy equal the maximum 
photon energy: 


112 Chapter 3 The Experimental Basis of Quantum Physics

relatively unlikely, however). This process is the inverse photoelectric effect. The 
conservation of energy requires that the electron kinetic energy equal the maxi-
mum photon energy (where we neglect the work function f because it is nor-
mally so small compared with eV0).

 eV0 ! hfmax !
hc
lmin

or

 lmin !
hc
e  

1
V0

!
1.240 " 10#6 V # m

V0
 (3.37)

The relation Equation (3.37) was first found experimentally and is known as the 
Duane-Hunt rule (or limit). Its explanation in 1915 by the quantum theory is 
now considered further evidence of Einstein’s photon concept. The value lmin 
depends only on the accelerating voltage and is the same for all targets.

Only the quantum hypothesis explains all of these data. Because the heavier ele-
ments have stronger nuclear electric fields, they are more effective in accelerating 
electrons and making them radiate. The intensity of the x rays increases with the 
square of the atomic number of the target. The intensity is also approximately pro-
portional to the square of the voltage used to accelerate the electrons. This is why 
high voltages and tungsten anodes are so often used in x-ray machines. Tungsten 
also has a very high melting temperature and can withstand high electron-beam 
currents.

Duane-Hunt rule

Figure 3.19 The relative inten-
sity of x rays produced in an x-ray 
tube is shown for an accelerating 
voltage of 35 kV. Notice that lmin 
is the same for all three targets. 
From C. T. Ulrey, Physical Review 11, 
405 (1918).
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Therefore, the minimum wavelength (Duane-Hunt rule) is 
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relatively unlikely, however). This process is the inverse photoelectric effect. The 
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electrons and making them radiate. The intensity of the x rays increases with the 
square of the atomic number of the target. The intensity is also approximately pro-
portional to the square of the voltage used to accelerate the electrons. This is why 
high voltages and tungsten anodes are so often used in x-ray machines. Tungsten 
also has a very high melting temperature and can withstand high electron-beam 
currents.

Duane-Hunt rule

Figure 3.19 The relative inten-
sity of x rays produced in an x-ray 
tube is shown for an accelerating 
voltage of 35 kV. Notice that lmin 
is the same for all three targets. 
From C. T. Ulrey, Physical Review 11, 
405 (1918).

3 4
l("10#2 nm)

lmin

5 6 7 8 9 10

1

2

3
Cr

W

Mo

4

5

6

7

8

9

10

11

12

T
o 

15
.2

T
o 

37
.2

R
el

at
iv

e 
in

te
ns

ity

03721_ch03_084-126.indd   11203721_ch03_084-126.indd   112 9/29/11   9:30 AM9/29/11   9:30 AM



18/05/2026 Jinniu Hu

6.2 X ray production

The characteristic spectrum:

The atom is most stable in its lowest energy state or 
ground state, so it is likely that N an electron from one of 
the higher shells will change its state and fill the inner- 
shell vacancy at lower energy, emitting radiation as it 
changes its state. 
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4.6  Characteristic X-Ray Spectra 
and Atomic Number

By 1913 when Bohr’s model was published, little progress had been made in 
understanding the structure of many-electron atoms. It was believed that the 
general characteristics of the Bohr-Rutherford atom would prevail. We discussed 
the production of x rays from the bombardment of various materials by electrons 
in Section 3.7. It was known that an x-ray tube with an anode made from a given 
element produced a continuous spectrum of bremsstrahlung x rays on which are 
superimposed several peaks with frequencies characteristic of that element (see 
Figure 3.19).

We can now understand these characteristic x-ray wavelengths by adopting 
Bohr’s electron shell hypothesis. Bohr’s model suggests that an electron shell based 
on the radius rn can be associated with each of the principal quantum numbers 
n. Electrons with lower values of n are more tightly bound to the nucleus than 
those with higher values. The radii of the electron orbits increase in proportion 
to n2 [Equation (4.24)]. A specific energy is associated with each value of n. We 
may assume that when we add electrons to a fully ionized many-electron atom, the 
inner shells (low values of n) are filled before the outer shells. We have not yet 
discussed how many electrons each shell contains or even why electrons tend to 
form shells. Historically, the shells were given letter names: the n ! 1 shell was 
called the K shell, n ! 2 was the L shell, and so on. The shell structure of an atom 
is indicated in Figure 4.18. In heavy atoms with many electrons, we may suppose 
that several shells contain electrons. What happens when a high-energy electron 
in an x-ray tube collides with one of the K-shell electrons (we shall call these K 
electrons) in a target atom? If enough energy can be transferred to the K electron 
to dislodge it from the atom, the atom will be left with a vacancy in its K shell. 
The atom is most stable in its lowest energy state or ground state, so it is likely that 
an electron from one of the higher shells will change its state and fill the inner-
shell vacancy at lower energy, emitting radiation as it changes its state. When this 
occurs in a heavy atom we call the electromagnetic radiation emitted an x ray, 
and it has the energy

 E  1x ray 2 ! Eu " E/ (4.39)

The process is precisely analogous to what happens in an excited hydrogen 
atom. The photon produced when the electron falls from the L shell into the 
K shell is called a Ka x ray; when it falls from the M shell into the K shell, the 
photon is called a Kb x ray. This scheme of x-ray identification is diagrammed in 
Figure 4.18. The relative positions of the energy levels of the various shells differ 
for each element, so the characteristic x-ray energies of the elements are simply 
the energy differences between the shells. The two strong peaks in the molybde-
num spectrum of Figure 3.19 are the Ka and Kb x rays.

This simple description of the electron shells, which will be modified later in 
Chapters 7 and 8 by the full quantum mechanical treatment, was not understood 
by early 1913. The experimental field of x-ray detection was beginning to flourish 
(see Section 3.3), and the precise identification of the wavelengths of characteris-
tic x rays was possible. In 1913 H. G. J. Moseley, working in Rutherford’s Manches-
ter laboratory, was engaged in cataloguing the characteristic x-ray spectra of a 
series of elements. He concentrated on the K- and L-shell x rays produced in an 
x-ray tube. Physicists in Rutherford’s Manchester lab had already fully accepted 
the concept of the atomic number, although there was no firm experimental 

Characteristic 
x-ray wavelengths

n ! 5
n ! 4

n ! 3

L

K

M

MaMbMg

La Lb Lg Ld

Ka Kb Kg Kd Ke

N
O

n ! 2

n ! 1

Figure 4.18 Historically, the 
stationary states were also given 
letter identifications: K shell 
(n ! 1), L shell (n ! 2), M shell 
(n ! 3), and so on. The x rays 
emitted when an atom changes 
energy states are given different 
names depending on the initial 
and final states. The Greek letter 
subscripts indicate the value of 
#n and the roman letters the 
value of n for the final state.
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6.2 X ray production
Moseley formula
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Moseley’s research helped put the Rutherford-Bohr model of the atom on a 
firmer footing. It clarified the importance of the electron shells for all the ele-
ments, not just for hydrogen. It also helped show that the atomic number was 
the significant factor in the ordering of the periodic table, not the atomic weight.

Figure 4.19 Moseley’s original 
data indicating the relationship 
between the atomic number Z 
and the characteristic x-ray fre-
quencies. Notice the missing en-
tries for elements Z ! 43, 61, and 
75, which had not yet been iden-
tified. There are also a few errors 
in the atomic number designa-
tions for the elements. © From 
H. G. J. Moseley, Philosophical Maga-
zine (6), 27, 703 (1914).
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Thus, approximately 24 keV must be supplied to dislodge a K shell electron
from the Mo atom.8 Energies of this magnitude are routinely delivered via
electron impact: electrons accelerated to kilovolt energies collide with
atoms of a molybdenum target, giving up most or all of their energy to one
atom in a single collision. If large enough, the collision energy may excite
one of the K shell electrons to a higher vacant level or free it from the atom
altogether. (Recall there are two electrons in a filled K shell.) In either case,
a vacancy, or hole, is left behind. This hole is quickly filled by another,
higher-lying atomic electron, with the energy of transition released in the
form of a photon. The exact energy (and wavelength) of the escaping pho-
ton depends on the energy of the electron filling the vacancy, giving rise to
an entire K series of emission lines denoted in order of increasing energy
(decreasing wavelength) by K!, K", K#, . . . . In the same way, the filling of
vacancies left in higher shells produces the L series, the M series, and so on,
as illustrated in Figure 9.17.

326 CHAPTER 9 ATOMIC STRUCTURE

Henry G. J. Moseley (1887 – 1915) discovered a direct way to measure Z, the atomic
number, from the characteristic x-ray wavelength emitted by an element. Moseley’s
work not only established the correct sequence of elements in the periodic table
but also provided another confirmation of the Bohr model of the atom, in this case
at x-ray energies. One wonders what other major discoveries Moseley would
have made if he had not been killed in action at the age of 27 in Turkey in the first
world war. (University of Oxford, Museum of the History of Science/Courtesy AIP Niels Bohr
Library)

8In contrast, only 7.10 eV (the ionization energy from Table 9.2) is required to free the outermost,
or 5s, electron.
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evidence for doing so. Most of the European physicists still believed that atomic 
weight A was the important factor, and the periodic table of elements was so struc-
tured. The atomic number Z is the number of protons in the nucleus. The makeup 
of the nucleus was unknown at the time, so Z was related to the positive charge of 
the nucleus.

Moseley compared the frequencies of the characteristic x rays with the then 
supposed atomic number of the elements and found empirically an amazing 
linear result when he plotted the atomic number Z versus the square root of the 
measured frequency as shown in Figure 4.19:

 fKa !
3cR
4

 1Z " 1 2 2 (4.40)

This result holds for the Ka x rays, and a similar result was found for the L shell. 
The data shown in Figure 4.19 are known as a Moseley plot. Moseley began his 
work in 1913 in Manchester and, after moving to Oxford late in 1913, completed 
the investigation in early 1914. Although it is clear that Bohr and Moseley dis-
cussed physics and even corresponded after Bohr left for Copenhagen, Moseley 
does not mention Bohr’s model in his 1914 paper. Thus, it is not known whether 
Bohr’s ideas had any influence on Moseley’s work.

Using Bohr’s model we can understand Moseley’s empirical result, Equa-
tion (4.40). If a vacancy occurs in the K shell, there is still one electron remaining 
in the K shell. (We will see in Chapter 8 that, at most, two electrons can occupy 
the K shell.) An electron in the L shell will feel an effective charge of (Z " 1)e 
due to #Ze from the nucleus and "e from the remaining K-shell electron, be-
cause the L-shell orbit is normally outside the K-shell orbit. The other electrons 
outside the K shell hardly affect the L-shell electron. The x ray produced when 
a transition occurs from the n ! 2 to the n ! 1 shell has the wavelength, from 
Equation (4.38), of

 
1
lK a

! R 1Z " 1 2 2 a 1
12 "

1
22 b !

3
4

 R 1Z " 1 2 2 (4.41)

or

 fKa !
c
lK a

!
3cR
4

 1Z " 1 2 2 (4.42)

which is precisely the equation Moseley found describing the Ka-shell x rays. We 
can write Equation (4.41) in a more general form for the K series of x-ray 
wavelengths:

 
1
lK

! R 1Z " 1 2 2 a 1
12 "

1
n2 b ! R 1Z " 1 2 2 a1 "

1
n2 b  (4.43)

Moseley correctly concluded that the atomic number Z was the determining 
factor in the ordering of the periodic table, and this reordering was more con-
sistent with chemical properties than one based on atomic weight. It put potas-
sium (Z ! 19, A ! 39.10) after argon (Z ! 18, A ! 39.95) by atomic number 
rather than the reverse by atomic weight. Moseley concluded that the atomic 
number of an element should be identified with the number of positive units of 
electricity in the nucleus (that is, the number of protons). He tabulated all the 
atomic numbers between Al (Z ! 13) and Au (Z ! 79) and pointed out there 
were still three elements (Z ! 43, 61, and 75) yet to be discovered! The element 
promethium (Z ! 61) was finally discovered around 1940.

Significance of 
atomic number

Henry G. J. Moseley (1887–
 1915), shown here working in 
1910 in the Balliol-Trinity labora-
tory of Oxford University, was a 
brilliant young experimental 
physicist with varied interests. 
Unfortunately, he was killed in 
action at the young age of 27 
during the English expedition to 
the Dardanelles. Moseley vol-
unteered and insisted on combat 
duty in World War I, despite the 
attempts of Rutherford and oth-
ers to keep him out of action.
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evidence for doing so. Most of the European physicists still believed that atomic 
weight A was the important factor, and the periodic table of elements was so struc-
tured. The atomic number Z is the number of protons in the nucleus. The makeup 
of the nucleus was unknown at the time, so Z was related to the positive charge of 
the nucleus.

Moseley compared the frequencies of the characteristic x rays with the then 
supposed atomic number of the elements and found empirically an amazing 
linear result when he plotted the atomic number Z versus the square root of the 
measured frequency as shown in Figure 4.19:
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This result holds for the Ka x rays, and a similar result was found for the L shell. 
The data shown in Figure 4.19 are known as a Moseley plot. Moseley began his 
work in 1913 in Manchester and, after moving to Oxford late in 1913, completed 
the investigation in early 1914. Although it is clear that Bohr and Moseley dis-
cussed physics and even corresponded after Bohr left for Copenhagen, Moseley 
does not mention Bohr’s model in his 1914 paper. Thus, it is not known whether 
Bohr’s ideas had any influence on Moseley’s work.

Using Bohr’s model we can understand Moseley’s empirical result, Equa-
tion (4.40). If a vacancy occurs in the K shell, there is still one electron remaining 
in the K shell. (We will see in Chapter 8 that, at most, two electrons can occupy 
the K shell.) An electron in the L shell will feel an effective charge of (Z " 1)e 
due to #Ze from the nucleus and "e from the remaining K-shell electron, be-
cause the L-shell orbit is normally outside the K-shell orbit. The other electrons 
outside the K shell hardly affect the L-shell electron. The x ray produced when 
a transition occurs from the n ! 2 to the n ! 1 shell has the wavelength, from 
Equation (4.38), of
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which is precisely the equation Moseley found describing the Ka-shell x rays. We 
can write Equation (4.41) in a more general form for the K series of x-ray 
wavelengths:
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Moseley correctly concluded that the atomic number Z was the determining 
factor in the ordering of the periodic table, and this reordering was more con-
sistent with chemical properties than one based on atomic weight. It put potas-
sium (Z ! 19, A ! 39.10) after argon (Z ! 18, A ! 39.95) by atomic number 
rather than the reverse by atomic weight. Moseley concluded that the atomic 
number of an element should be identified with the number of positive units of 
electricity in the nucleus (that is, the number of protons). He tabulated all the 
atomic numbers between Al (Z ! 13) and Au (Z ! 79) and pointed out there 
were still three elements (Z ! 43, 61, and 75) yet to be discovered! The element 
promethium (Z ! 61) was finally discovered around 1940.
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physicist with varied interests. 
Unfortunately, he was killed in 
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6.2 X ray production
Auger electron
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6.2 X ray production
Auger electron


Eae = EK − EL1
− EL2,3

The kinetic energy of

Auger electron
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6.2 X ray production
Synchrotron Radiation： In cyclic accelerators, when 
charged particles are accelerated, they radiate 
electromagnetic energy called synchrotron radiation. 
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Emission pattern

Rest frame Laboratory frame
Lorentz transformation
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The very high intensity of the source yields images with 
a high signal-to-noise ratio on short time-scales, which 
enables fast radiographic investigations.


The beam can be easily monochromated. This allows 
correlations between attenuation values and the chemical 
constituents of the sample


The option to vary the energy of the radiation enables 
the investigation of objects with very different 
absorption coefficients within the same measuring 
environment.


Synchrotron Radiation
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6.3 Compton scattering
At backward-scattering angles, there appeared to be a 
component of the emitted radiation (called a modified 
wave) that had a longer wavelength than the original 
primary (unmodified) wave. 


where me ! electron mass; the combination of constants h/mec is called
the Compton wavelength of the electron and has a currently accepted
value of

Compton’s careful measurements completely confirmed the dependence of
"# on scattering angle $ and determined the Compton wavelength of the
electron to be 0.0242 Å, in excellent agreement with the currently accepted
value. It is fair to say that these results were the first to really convince most
American physicists of the basic validity of the quantum theory!

The unshifted peak at "0 in Figure 3.23 is caused by x-rays scattered from
electrons tightly bound to carbon atoms. This unshifted peak is actually pre-
dicted by Equation 3.27 if the electron mass is replaced by the mass of a car-
bon atom, which is about 23,000 times the mass of an electron.

Let us now turn to the derivation of Equation 3.27 assuming that the pho-
ton exhibits particle-like behavior and collides elastically like a billiard ball
with a free electron initially at rest. Figure 3.24 shows the photon–electron
collision for which energy and momentum are conserved. Because the elec-
tron typically recoils at high speed, we treat the collision relativistically. The
expression for conservation of energy gives

E % mec
2 ! E# % Ee (3.28)

where E is the energy of the incident photon, E# is the energy of the scattered
photon, mec2 is the rest energy of the electron, and Ee is the total relativistic
energy of the electron after the collision. Likewise, from momentum conserva-
tion we have

p ! p# cos $ % pe cos & (3.29)

h

mec
! 0.0243 Å ! 0.00243 nm

3.5 THE COMPTON EFFECT AND X-RAYS 91

Figure 3.23 (a) Schematic diagram of Compton’s apparatus. The wavelength was
measured with a rotating crystal spectrometer using graphite (carbon) as the target.
The intensity was determined by a movable ionization chamber that generated a cur-
rent proportional to the x-ray intensity. (b) Scattered x-ray intensity versus wavelength
of Compton scattering at $ ! 0', 45', 90', and 135'.
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6.3 Compton scattering
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6.3 Compton scattering
Diagram representing Compton scattering of a photon by 
an electron. 


p! sin " # pe sin $ (3.30)

where p is the momentum of the incident photon, p! is the momentum of the
scattered photon, and pe is the recoil momentum of the electron. Equations
3.29 and 3.30 may be solved simultaneously to eliminate $, the electron scat-
tering angle, to give the following expression for pe

2:

pe
2 # (p!)2 % p2 & 2pp! cos " (3.31)

At this point it is necessary, paradoxically, to use the wave nature of
light to explain the particle-like behavior of photons. We have already
seen that the energy of a photon and the frequency of the associated
light wave are related by E # hf. If we assume that a photon obeys the
relativistic expression E 2 # p2c2 % m2c4 and that a photon has a mass of
zero, we have

(3.32)

Here again we have a paradoxical situation; a particle property, the photon
momentum, is given in terms of a wave property, ', of an associated light wave.
If the relations E # hf and p # hf/c are substituted into Equations 3.28 and
3.31, these become respectively

Ee # hf & hf ! % mec
2 (3.33)

and

(3.34)

Because the Compton measurements do not concern the total energy
and momentum of the electron, we eliminate Ee and pe by substi-
tuting Equations 3.33 and 3.34 into the expression for the electron’s
relativistic energy,

pe
2 # ! hf !

c "
2

% ! hf

c "
2

&
2h2ff !

c2  cos "

pphoton #
E

c
#

hf

c
#

h

'
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Recoiling electron

φ

Scattered photon

E, p

Incident
photon

E ′ < E, p′

Ee, pe

θ

Figure 3.24 Diagram representing Compton scattering of a photon by an
electron. The scattered photon has less energy (or longer wavelength) than the
incident photon.
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measured with a rotating crystal spectrometer using graphite (carbon) as the target.
The intensity was determined by a movable ionization chamber that generated a cur-
rent proportional to the x-ray intensity. (b) Scattered x-ray intensity versus wavelength
of Compton scattering at $ ! 0', 45', 90', and 135'.
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p! sin " # pe sin $ (3.30)

where p is the momentum of the incident photon, p! is the momentum of the
scattered photon, and pe is the recoil momentum of the electron. Equations
3.29 and 3.30 may be solved simultaneously to eliminate $, the electron scat-
tering angle, to give the following expression for pe

2:

pe
2 # (p!)2 % p2 & 2pp! cos " (3.31)

At this point it is necessary, paradoxically, to use the wave nature of
light to explain the particle-like behavior of photons. We have already
seen that the energy of a photon and the frequency of the associated
light wave are related by E # hf. If we assume that a photon obeys the
relativistic expression E 2 # p2c2 % m2c4 and that a photon has a mass of
zero, we have

(3.32)

Here again we have a paradoxical situation; a particle property, the photon
momentum, is given in terms of a wave property, ', of an associated light wave.
If the relations E # hf and p # hf/c are substituted into Equations 3.28 and
3.31, these become respectively

Ee # hf & hf ! % mec
2 (3.33)

and

(3.34)

Because the Compton measurements do not concern the total energy
and momentum of the electron, we eliminate Ee and pe by substi-
tuting Equations 3.33 and 3.34 into the expression for the electron’s
relativistic energy,

pe
2 # ! hf !

c "
2

% ! hf

c "
2

&
2h2ff !

c2  cos "

pphoton #
E

c
#

hf

c
#

h

'
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Figure 3.24 Diagram representing Compton scattering of a photon by an
electron. The scattered photon has less energy (or longer wavelength) than the
incident photon.
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6.3 Compton scattering
Therefore
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With De Broglie relation
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We have 


p! sin " # pe sin $ (3.30)
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Finally


E 2
e ! pe

2c2 " m2
ec4

After some algebra (see Problem 33), one obtains Compton’s result for the in-
crease in a photon’s wavelength when it is scattered through an angle #:

(3.27)$% & $0 !
h

mec
(1 & cos #)

3.5 THE COMPTON EFFECT AND X-RAYS 93

Visible light from mercury:

Because both incident and scattered wavelengths are
simultaneously present in the beam, they can be easily
resolved only if '$/$0 is a few percent or if $0 ( 1 Å.

(b) The so-called free electrons in carbon are actually
electrons with a binding energy of about 4 eV. Why
may this binding energy be ignored for x-rays with $0 !
0.712 Å?

Solution The energy of a photon with this wavelength
is

Therefore, the electron binding energy of 4 eV is negligi-
ble in comparison with the incident x-ray energy.

! 17 400 eVE ! hf !
hc

$
!

12 400 eV)Å

0.712 Å

'$

$0
!

0.0243 Å

5461 Å
! 4.45 * 10&6

EXAMPLE 3.8 X-ray Photons versus 
Visible Photons

(a) Why are x-ray photons used in the Compton experi-
ment, rather than visible-light photons? To answer this
question, we shall first calculate the Compton shift for
scattering at 90+ from graphite for the following cases:
(1) very high energy ,-rays from cobalt, $ ! 0.0106 Å;
(2) x-rays from molybdenum, $ ! 0.712 Å; and (3) green
light from a mercury lamp, $ ! 5461 Å.

Solution In all cases, the Compton shift formula gives
'$ ! $% & $0 ! (0.0243 Å)(1 & cos 90+) ! 0.0243 Å !
0.00243 nm. That is, regardless of the incident wave-
length, the same small shift is observed. However, the
fractional change in wavelength, '$/$0, is quite different
in each case:

,-rays from cobalt:

X-rays from molybdenum:

'$

$0
!

0.0243 Å

0.712 Å
! 0.0341

'$

$0
!

0.0243 Å

0.0106 Å
! 2.29

Hence, the wavelength of the scattered x-ray at this angle is

$ ! '$ " $0 ! 0.200711 nm

! 7.11 * 10&13 m ! 0.00071 nm

!
6.63 * 10&34 J)s

(9.11 * 10&31 kg)(3.00 * 108 m/s)
 (1 & cos 45.0+)

EXAMPLE 3.7 The Compton Shift for Carbon

X-rays of wavelength $ ! 0.200 nm are aimed at a block
of carbon. The scattered x-rays are observed at an angle
of 45.0+ to the incident beam. Calculate the increased
wavelength of the scattered x-rays at this angle.

Solution The shift in wavelength of the scattered x-rays
is given by Equation 3.27. Taking # ! 45.0+, we find

'$ !
h

mec
(1 & cos #)

Exercise 6 Find the fraction of energy lost by the photon in this collision.

Answer Fraction ! 'E/E ! 0.00355.

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.  

 E 2
e ! pe

2c2 " m2
ec4

After some algebra (see Problem 33), one obtains Compton’s result for the in-
crease in a photon’s wavelength when it is scattered through an angle #:

(3.27)$% & $0 !
h

mec
(1 & cos #)

3.5 THE COMPTON EFFECT AND X-RAYS 93

Visible light from mercury:

Because both incident and scattered wavelengths are
simultaneously present in the beam, they can be easily
resolved only if '$/$0 is a few percent or if $0 ( 1 Å.

(b) The so-called free electrons in carbon are actually
electrons with a binding energy of about 4 eV. Why
may this binding energy be ignored for x-rays with $0 !
0.712 Å?

Solution The energy of a photon with this wavelength
is

Therefore, the electron binding energy of 4 eV is negligi-
ble in comparison with the incident x-ray energy.

! 17 400 eVE ! hf !
hc

$
!

12 400 eV)Å

0.712 Å

'$

$0
!

0.0243 Å

5461 Å
! 4.45 * 10&6

EXAMPLE 3.8 X-ray Photons versus 
Visible Photons

(a) Why are x-ray photons used in the Compton experi-
ment, rather than visible-light photons? To answer this
question, we shall first calculate the Compton shift for
scattering at 90+ from graphite for the following cases:
(1) very high energy ,-rays from cobalt, $ ! 0.0106 Å;
(2) x-rays from molybdenum, $ ! 0.712 Å; and (3) green
light from a mercury lamp, $ ! 5461 Å.

Solution In all cases, the Compton shift formula gives
'$ ! $% & $0 ! (0.0243 Å)(1 & cos 90+) ! 0.0243 Å !
0.00243 nm. That is, regardless of the incident wave-
length, the same small shift is observed. However, the
fractional change in wavelength, '$/$0, is quite different
in each case:

,-rays from cobalt:

X-rays from molybdenum:

'$

$0
!

0.0243 Å

0.712 Å
! 0.0341

'$

$0
!

0.0243 Å

0.0106 Å
! 2.29

Hence, the wavelength of the scattered x-ray at this angle is

$ ! '$ " $0 ! 0.200711 nm

! 7.11 * 10&13 m ! 0.00071 nm

!
6.63 * 10&34 J)s

(9.11 * 10&31 kg)(3.00 * 108 m/s)
 (1 & cos 45.0+)

EXAMPLE 3.7 The Compton Shift for Carbon

X-rays of wavelength $ ! 0.200 nm are aimed at a block
of carbon. The scattered x-rays are observed at an angle
of 45.0+ to the incident beam. Calculate the increased
wavelength of the scattered x-rays at this angle.

Solution The shift in wavelength of the scattered x-rays
is given by Equation 3.27. Taking # ! 45.0+, we find

'$ !
h

mec
(1 & cos #)

Exercise 6 Find the fraction of energy lost by the photon in this collision.

Answer Fraction ! 'E/E ! 0.00355.

Copyright 2005 Thomson Learning, Inc. All Rights Reserved.  

 

Compton wavelength

λC = 2.426 × 10−3 nm



18/05/2026 Jinniu Hu

6.3 Compton scattering

Compton’s original data showing 


1.the primary x-ray beam from Mo 
unscattered


2. the scattered spectrum from 
carbon at 135° showing both the 
modified and unmodified wave.
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Then we substitute Ee from Equation (3.40a) and pe from Equation (3.41) into 
Equation (3.39) (setting l ! c/f ).

 3h 1  f " f œ 2 # mc 2 42 ! m 2c 4 # 1hf 22 # 1hf œ 22 " 21hf 2 1hf œ 2cos u

Squaring the left-hand side and canceling terms leaves

 mc 21  f " f œ 2 ! hf f œ11 " cos u 2
Rearranging terms gives

 
h

mc 2 11 " cos u 2 !
f " f œ

f f œ !

c
l

"
c
lœ

c 2

llœ

!
1
c  1lœ " l 2

or

 ¢l ! lœ " l !
h

mc  11 " cos u 2  (3.42)

which is the result Compton found in 1923 for the increase in wavelength of the 
scattered photon.

Compton then proceeded to check the validity of his theoretical result by 
performing a careful experiment in which he scattered x rays of wavelength 
0.071 nm from carbon at several angles. He showed that the modified wave-
length was in good agreement with his prediction.* A part of his data is shown 
in  Figure 3.21, where both the modified (lœ) and unmodified (l) scattered waves 
are identified.

Compton effect

*An interesting personal account of Compton’s discovery can be found in A. H. Compton, American 
Journal of Physics 29, 817– 820 (1961).

Figure 3.21 Compton’s origi-
nal data showing (a) the primary 
x-ray beam from Mo unscattered 
and (b) the scattered spectrum 
from carbon at 135° showing both 
the modified and unmodified 
wave. Adapted from Arthur H. Comp-
ton, Physical Review 22, 409-413 
(1923).
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In the photoelectric effect, bremsstrahlung, and the 
Compton effect, we have studied exchanges of energy 
between photons and electrons. Have we covered all 
possible mechanisms? 


For example, can the kinetic energy of a photon be 
converted into particle mass and vice versa? 


It would appear that if none of the conservation laws 
are violated, then such a process should be possible. 


Pair Production
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Pair Production
Experiments show that a photon’s energy can be 
converted entirely into an electron and a positron 
in a process called pair production. The reaction is 


However, this process occurs only when the 
photon passes through matter, because energy 
and momentum would not be conserved if the 
reaction took place in isolation. The missing 
momentum must be supplied by interaction with 
a nearby massive object such as a nucleus. 


   3.9 Pair Production and Annihilation 117

3.9  Pair Production and Annihilation
A guiding principle of scientific investigation, if not a general rule of nature, is 
that if some process is not absolutely forbidden (by some law such as conserva-
tion of energy, momentum, or charge), then we might expect that it will eventu-
ally occur. In the photoelectric effect, bremsstrahlung, and the Compton effect, 
we have studied exchanges of energy between photons and electrons. Have we 
covered all possible mechanisms? For example, can the kinetic energy of a pho-
ton be converted into particle mass and vice versa? It would appear that if none 
of the conservation laws are violated, then such a process should be possible.

First, let us consider the conversion of photon energy into mass. The electron, 
which has a mass (m ! 0.511 MeV/c 2), is the lightest particle within an atom. If a 
photon can create an electron, it must also create a positive charge to balance 
charge conservation. In 1932, C. D. Anderson (Nobel Prize in Physics, 1936) ob-
served a positively charged electron (e") in cosmic radiation. This particle, called a 
positron, had been predicted to exist several years earlier by P. A. M. Dirac (Nobel 
Prize in Physics, 1933). It has the same mass as the electron but an opposite charge. 
Positrons are also observed when high-energy gamma rays (photons) pass through 
matter. Experiments show that a photon’s energy can be converted entirely into an 
electron and a positron in a process called pair production. The reaction is

 gS e " " e # (3.43)

However, this process occurs only when the photon passes through matter, be-
cause energy and momentum would not be conserved if the reaction took place 
in isolation. The missing momentum must be supplied by interaction with a 
nearby massive object such as a nucleus.

Positron

Pair production

Show that a photon cannot produce an electron-positron 
pair in free space as shown in Figure 3.22a.

Strategy We need to look carefully at the conservation of 
momentum and energy to see whether pair production can 
occur in free space.

Solution Let the total energy and momentum of the elec-
tron and the positron be E#, p# and E", p", respectively. The 
conservation laws are then

 Energy    hf ! E" " E#   (3.44a)

 Momentum, px    
hf
c

! p# cos u# " p" cos u"  (3.44b)

 Momentum, py   0 ! p# sin u# # p" sin u"   (3.44c)

 EXAMPLE 3 .17

  lœ ! l "
h

me c
 11 # cos 180°2 ! l "

2h
me c

  ! 0.050 nm " 210.00243 nm 2 ! 0.055 nm

The energy of the scattered photon is then a minimum and 
has the value

 E œ
x ray !

1.240 $ 103 eV # nm
0.055 nm

! 2.25 $ 104 eV ! 22.5 keV

The difference in energy of the initial and final photon 
must equal the kinetic energy of the electron (neglecting 
binding energies). The recoil electron must scatter in the 

forward direction at f ! 0° when the final photon is in the 
backward direction (u ! 180°) to conserve momentum. The 
kinetic energy of the electron is then a maximum.

  E x ray ! E œ
x ray " K.E. 1electron 2

  K.E. 1electron 2 ! E x ray # E œ
x ray

  ! 24.8 keV # 22.5 keV ! 2.3 keV

Because %l does not depend on l or lœ, we can determine 
the wavelength (and energy) of the incident photon by 
merely observing the kinetic energy of the electron at for-
ward angles (see Problem 60).
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118 Chapter 3 The Experimental Basis of Quantum Physics

Consider the conversion of a photon into an electron and a positron that 
takes place inside an atom where the electric field of a nucleus is large. The 
nucleus recoils and takes away a negligible amount of energy but a considerable 
amount of momentum. The conservation of energy will now be

 hf ! E" " E# " K.E. 1nucleus 2  (3.47)

A diagram of the process is shown in Figure 3.22b. The photon energy must be 
at least equal to 2mec 2 in order to create the masses of the electron and 
positron.

 hf $ 2me c 2 ! 1.022 MeV    (for pair production) (3.48)

The probability of pair production increases dramatically both with higher pho-
ton energy and with higher atomic number Z of the atom’s nucleus because of 
the correspondingly higher electric field that mediates the process.

The next question concerns the new particle, the positron. Why is it not 
commonly found in nature? We also need to answer the question posed earlier: 
can mass be converted to energy?

Positrons are found in nature. They are detected in cosmic radiation and as 
products of radioactivity from several radioactive nuclei. However, their exis-
tences are doomed because of their interaction with electrons. When positrons 
and electrons are in proximity for even a short time, they annihilate each other, 
producing photons. A positron passing through matter will quickly lose its ki-
netic energy through atomic collisions and will likely annihilate with an electron. 
After a positron slows down, it is drawn to an electron by their mutual electric 
attraction, and the electron and positron may then form an atomlike configuration 
called pos itronium, in which they orbit around their common center of mass. 

Equation (3.44b) can be written as

 hf ! p#c cos u# " p"c cos u" (3.45)

If we insert E%
2 ! p%

2c 2 " m 2c 4  into Equation (3.44a), we 
have

 hf ! 2p"
2c 2 " m 2c 4 " 2p#

2c 2 " m 2c 4 (3.46)

The maximum value of hf is, from Equation (3.45),

 hfmax ! p#c " p"c

However, from Equation (3.46), we also have

 hf $ p#c " p"c

Equations (3.45) and (3.46) are inconsistent and cannot si-
multaneously be valid. Equations (3.44), therefore, do not 
describe a possible reaction. The reaction displayed in Fig-
ure 3.22a is not possible, because energy and momentum 
are not simultaneously conserved.

Figure 3.22 (a) A photon 
cannot decay into an electron-
positron pair in free space, but 
(b) if a nucleus is nearby, the 
nucleus can absorb sufficient 
linear momentum to allow the 
process to proceed.
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Pair Production

Consider the conversion of a photon into an electron and 
a positron that takes place inside an atom where the 
electric field of a nucleus is large. The nucleus recoils 
and takes away a negligible amount of energy but a 
considerable amount of momentum. The conservation of 
energy will now be 

The photon energy must be at least equal to 2mec2 
  in order 

to create the masses of the electron and positron. 
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tences are doomed because of their interaction with electrons. When positrons 
and electrons are in proximity for even a short time, they annihilate each other, 
producing photons. A positron passing through matter will quickly lose its ki-
netic energy through atomic collisions and will likely annihilate with an electron. 
After a positron slows down, it is drawn to an electron by their mutual electric 
attraction, and the electron and positron may then form an atomlike configuration 
called pos itronium, in which they orbit around their common center of mass. 

Equation (3.44b) can be written as

 hf ! p#c cos u# " p"c cos u" (3.45)

If we insert E%
2 ! p%

2c 2 " m 2c 4  into Equation (3.44a), we 
have

 hf ! 2p"
2c 2 " m 2c 4 " 2p#

2c 2 " m 2c 4 (3.46)

The maximum value of hf is, from Equation (3.45),
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However, from Equation (3.46), we also have

 hf $ p#c " p"c

Equations (3.45) and (3.46) are inconsistent and cannot si-
multaneously be valid. Equations (3.44), therefore, do not 
describe a possible reaction. The reaction displayed in Fig-
ure 3.22a is not possible, because energy and momentum 
are not simultaneously conserved.

Figure 3.22 (a) A photon 
cannot decay into an electron-
positron pair in free space, but 
(b) if a nucleus is nearby, the 
nucleus can absorb sufficient 
linear momentum to allow the 
process to proceed.

Photon

Before
(a)

After
e!

e"

u"

u!

Free space (cannot occur)

Photon

Nucleus Nucleus

Before After

e!

e"

u

f

(b)  Beside nucleus

03721_ch03_084-126.indd   11803721_ch03_084-126.indd   118 9/29/11   9:30 AM9/29/11   9:30 AM

118 Chapter 3 The Experimental Basis of Quantum Physics
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other (typically in 10-10 s), producing electromagnetic 
radiation (photons). The process 
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Eventually the electron and positron annihilate each other (typically in 10!10 s), 
producing electromagnetic radiation (photons). The process e" " e! S g " g is 
called pair annihilation.

Consider a positronium “atom” at rest in free space. It must emit at least two 
photons to conserve energy and momentum. If the positronium annihilation 
takes place near a nucleus, it is possible that only one photon will be created, 
because the missing momentum can be supplied by nucleus recoil as in pair 
production. Under certain conditions three photons may be produced. Because 
the emission of two photons is by far the most likely annihilation mode, let us 
consider this mode, displayed in Figure 3.23. The conservation laws for the pro-
cess 1e "e ! 2 atom S g " g will be (we neglect the atomic binding energy of about 
6.8 eV)

  Energy    2me c 2 ! hf1 " hf2 (3.49a)

  Momentum   0 #
hf1

c !
hf2

c  (3.49b)

By Equation (3.49b), the frequencies are identical, so we left f1 # f2 # f . 
Thus Equation (3.49a) becomes

 2me c 2 # 2hf

or

 hf # me c 2 # 0.511 MeV (3.50)

In other words, the two photons from positronium annihilation will move in op-
posite directions, each with energy 0.511 MeV. This is exactly what is observed 
experimentally.

The production of two photons in opposite directions with energies just over 
0.5 MeV is so characteristic a signal of the presence of a positron that it has useful 
applications. Positron emission tomography (PET) scanning has become a stan-
dard diagnostic technique in medicine. A positron-emitting radioactive chemi-
cal (containing a nucleus such as 15O, 11C, 13N, or 18F) injected into the body 
causes two characteristic annihilation photons to be emitted from the points 
where the chemical has been concentrated by physiological processes. The 
 location in the body where the photons originate is identified by measuring the 
directions of two gamma-ray photons of the correct energy that are detected in 
coincidence, as shown in Figure 3.24. Measurement of blood flow in the brain is 
an example of a diagnostic tool used in the evaluation of strokes, brain tumors, 
and other brain lesions.
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Figure 3.23 Annihilation of positronium atom (consisting of an electron and positron), produc-
ing two photons.
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In other words, the two photons from positronium 
annihilation will move in opposite directions, each with 
energy 0.511 MeV. This is exactly what is observed 
experimentally. 
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6.4 Photon absorption

Compton
scattering hv

Pair
production hv

Photoelectric
effect

Atom

hv e–

e–

hv′

e+

e–

Figure 2.27 X- and gamma rays interact with matter chiefly through the photoelectric effect, Comp-
ton scattering, and pair production. Pair production requires a photon energy of at least 1.02 MeV.
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Figure 2.28 The relative probabilities of the photoelectric effect, Compton scattering, and pair
production as functions of energy in carbon (a light element) and lead (a heavy element).

At low photon energies the photoelectric effect is the chief mechanism of energy
loss. The importance of the photoelectric effect decreases with increasing energy, to be
succeeded by Compton scattering. The greater the atomic number of the absorber, the
higher the energy at which the photoelectric effect remains significant. In the lighter
elements, Compton scattering becomes dominant at photon energies of a few tens of
keV, whereas in the heavier ones this does not happen until photon energies of nearly
1 MeV are reached (Fig. 2.28).
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At low photon energies the photoelectric effect is the chief mechanism of energy
loss. The importance of the photoelectric effect decreases with increasing energy, to be
succeeded by Compton scattering. The greater the atomic number of the absorber, the
higher the energy at which the photoelectric effect remains significant. In the lighter
elements, Compton scattering becomes dominant at photon energies of a few tens of
keV, whereas in the heavier ones this does not happen until photon energies of nearly
1 MeV are reached (Fig. 2.28).
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The three chief ways in which 

photons of light, x-rays, and 

gamma rays interact with matter 
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6.4 Photon absorption

The intensity I of an x- or gamma-ray beam is equal to 
the rate at which it transports energy per unit cross-
sectional area of the beam. 
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Figure 2.29 Linear attentuation coefficients for photons in lead.

Pair production becomes increasingly likely the more the photon energy exceeds
the threshold of 1.02 MeV. The greater the atomic number of the absorber, the lower
the energy at which pair production takes over as the principal mechanism of energy
loss by gamma rays. In the heaviest elements, the crossover energy is about 4 MeV, but
it is over 10 MeV for the lighter ones. Thus gamma rays in the energy range typical of
radioactive decay interact with matter largely through Compton scattering.

The intensity I of an x- or gamma-ray beam is equal to the rate at which it trans-
ports energy per unit cross-sectional area of the beam. The fractional energy !dI!I lost
by the beam in passing through a thickness dx of a certain absorber is found to be pro-
portional to dx:

! " ! dx (2.24)

The proportionality constant ! is called the linear attenuation coefficient and its
value depends on the energy of the photons and on the nature of the absorbing material.
Integrating Eq. (2.24) gives

Radiation intensity I " I0e!! x (2.25)

The intensity of the radiation decreases exponentially with absorber thickness x.
Figure 2.29 is a graph of the linear attenuation coefficient for photons in lead as a func-
tion of photon energy. The contribution to ! of the photoelectric effect, Compton scat-
tering, and pair production are shown.

We can use Eq. (2.25) to relate the thickness x of absorber needed to reduce the
intensity of an x- or gamma-ray beam by a given amount to the attenuation coefficient
!. If the ratio of the final and initial intensities is I!I0,

" e!!x " e!x ln " !x

Absorber thickness x " (2.26)
ln (I0!I)
#

!

I0
#
I

I0
#
I

I
#
I0

dI
#
I
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The intensity I of an x- or gamma-ray beam is equal to the rate at which it trans-
ports energy per unit cross-sectional area of the beam. The fractional energy !dI!I lost
by the beam in passing through a thickness dx of a certain absorber is found to be pro-
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The proportionality constant ! is called the linear attenuation coefficient and its
value depends on the energy of the photons and on the nature of the absorbing material.
Integrating Eq. (2.24) gives
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The intensity of the radiation decreases exponentially with absorber thickness x.
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6.4 linear absorption coefficient  

• At low photon energies (less than about 0.5 MeV), the predomi-
nant process that removes photons from a beam is the photoelectric
effect, in which a photon is absorbed and transfers all of its energy
to an electron.

• At intermediate photon energies, the predominant process is Compton
scattering, in which the photon transfers some of its energy to an elec-
tron. Both the photoelectric effect and Compton scattering were dis-
cussed in Chapter 3.

• At high energies, the predominant process is pair production, in which
an electron–positron pair is created as a photon passes near a nucleus
in the medium. Since the rest energy of an electron–positron pair is
2mec2 ! 1.02 MeV (twice the rest energy of an electron), the gamma-ray
photon must have at least this much energy to produce a pair. Pair pro-
duction will be discussed further in Chapter 15.

If a beam of photons is incident on a medium, its intensity decreases expo-
nentially with increasing depth of penetration into the medium. This reduc-
tion in intensity is referred to as attenuation of the beam. As in the case of
neutrons (Eq. 14.5), the intensity in a medium varies according to the relation

(14.13)

where I0 is the incident photon intensity (measured in photons/m2 " s), x is
the distance the beam travels in the medium, I(x) is the intensity of the beam
after it travels a distance x, and # is a parameter called the linear absorption
coefficient of the medium. This coefficient depends on the energy of the
photon as well as on the properties of the medium. The variation of # with
energy is shown in Figure 14.21 for gamma rays in lead and in Tables 14.2 and
14.3 for x-rays and gamma rays in various media.

I(x) ! I0e$#x

14.7 INTERACTION OF PARTICLES WITH MATTER 529

Gamma-ray absorption

Absorption of photons in a
medium

Table 14.2 Linear Absorption Coefficients for X-Rays 
in Various Media

Linear Absorption Coefficient (cm$1)

! (pm) Air Water Aluminum Copper Lead

10 0.16 0.43 3.2 43
20 0.18 0.76 13 55
30 0.29 1.3 38 158
40 0.44 3.0 87 350
50 8.6 % 10$4 0.66 5.4 170 610
60 1.3 % 10$3 1.0 9.2 286 1000
70 1.95 % 10$3 1.5 14 430 1600
80 2.73 % 10$3 2.1 20 625
90 3.64 % 10$3 2.8 30 875

100 4.94 % 10$3 3.8 41 1200
150 1.56 % 10$2 12 124
200 3.64 % 10$2 28 275
250 6.63 % 10$2 51 524

Linear absorption coefficient

Copyright 2005 Thomson Learning, Inc. All Rights Reserved. 
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6.5 Line Profiles of Spectral Lines  

The absorption or emission of radiation on an atomic 
transition does not result in a strictly monochromatic 
spectral line, but rather in a frequency distribution around 
the central frequency ν0242 7 Emission and Absorption of Electromagnetic Radiation by Atoms

Fig. 7.16 Inverse effective lifetime 1/τeff as a function of the density
nB of collision partners B (Stem–Volmer plot)

is the mean relative velocity of the two collision partners with
reduced mass µ in a gas cell at temperature T .

Plotting the inverse effective lifetime

1

τ effi

= 1

τ
spont
i

+ nBvABσ inel
i (7.49)

as a function of the product nBvAB (Stern–Volmer plot
(Fig. 7.16)) one obtains a straight line with the slope equal to
the inelastic collision cross section σ inel

i .
The intersection of this straight line with the axis nB = 0

yields the inverse spontaneous lifetime 1/τ sponti .
From the general equation of state

pV = NkT

the number density nB = N/V = p/kT can be expressed
by the pressure p and the temperature T , which can be deter-
mined experimentally much easier than the number density
nB. This yields the relation

1

τ effi

= 1

τ
spont
i

+ σ inel
i

√
8

πµkT
p (7.50)

between effective lifetime τeff of an excited state and the pres-
sure p of the collision partners B [6,7].

7.4 Line Profiles of Spectral Lines

The absorption or emission of radiation on an atomic transi-
tion

∆E = Ei ! Ek = hνik

does not result in a strictly monochromatic spectral line, but
rather in a frequency distribution around the central frequency
ν0. This gives aline profile I (ν !ν0)with a full-width at half-
maximum δν, which not only depends on the spectral reso-
lution of the measuring apparatus but also on basic physical
properties, such as the lifetimes of the atomic states involved

Fig. 7.17 Line profile of a spectral line

in the transition, the velocity distribution of the moving atoms
and the pressure of the gaseous sample.

The linewidth in frequency units is defined as the interval
δν = ν2 ! ν1 between the frequencies ν1 < ν0 and ν2 > ν0
on both sides of the central frequency ν0, where the inten-
sity I (ν1) = I (ν2) = 1

2 I (ν0) of the spectral line profile has
dropped to half its maximum value at the line center (full
width half maximum FWHM). Often the linewidth is given
in units of the circular frequency ω = 2πν ⇒ δω = 2πδν or
in units of the wavelength (. Because ( = c/ν ⇒

δ( = !(c/ν2)δν = !((/ν)δν. (7.51)

The relative half-widths are equal in all these notations,
because from (7.51) it follows that

∣∣∣∣
δ(

(

∣∣∣∣ =
∣∣∣∣
δν

ν

∣∣∣∣ =
∣∣∣∣
δω

ω

∣∣∣∣ . (7.52)

The spectral interval inside the full half-width is called the
line kernel, the ranges outside the line wings (Fig. 7.17).

There are several reasons for the finite linewidths of spec-
tral lines:

• The energy levels of the atoms have an energy uncer-
tainty δE = h/τ related to their finite lifetime τ . The
frequency width of a spectral line corresponding to a tran-
sition between levels Ei and Ek is

δνik = (δEi + δEk)/h

(natural linewidth, see Sect. 7.4.1).
• Atoms in a gas move with a mean velocity v, depending on

their mass and on the temperature of the gas. This leads to
a Doppler shift of their emitted or absorbed radiation. The
statistical distribution of the velocities of many atoms in a
gas results in statistically distributed Doppler shifts, which
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6.5 Line Profiles of Spectral Lines  

This gives aline profile I (ν−ν0) with a full-width at half-
maximum δν, which not only depends on the spectral 
resolution of the measuring apparatus but also on basic 
physical properties, such as the lifetimes of the atomic 
states involved in the transition, the velocity distribution 
of the moving atoms and the pressure of the gaseous 
sample.


The intensity I (ν1)= I (ν2)=1/2 I (ν0) of the spectral line 
profile has dropped to half its maximum value at the line 
center (full width half maximum FWHM).
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6.6 Natural Linewidth 

The spectral interval inside the full half-width is called 
the line kernel, the ranges outside the line wings. 

An excited atom can deliver its excitation energy in the 
form of spontaneous emission. We will describe the 
excited electron by the classical model of a damped 
harmonic oscillator with mass m, spring constant D and 
eigenfrequency ω0

The time dependent amplitude of its oscillation can be 
obtained from the equation of motion

7.4 Line Profiles of Spectral Lines 243

gives rise to a Gaussian line profile (Doppler broadening,
see Sect. 7.4.2).

• Every atom in a gas interactswith other neighboring atoms.
This results in a shift of the atomic energy levels. Since the
interaction decreases with increasing distance between the
interacting atoms the level shifts and with it the line-shifts
increase with the density or pressure of the gas, resulting
in a pressure broadening and shift of the spectral lines
(Sect. 7.4.3).

We will now discuss these effects in more detail.

7.4.1 Natural Linewidth

An excited atom can deliver its excitation energy in the form
of spontaneous emission. We will describe the excited elec-
tron by the classical model of a damped harmonic oscil-
lator with mass m, spring constant D and eigenfrequency
ω0 = !

D/m (Hertzian dipole). The time dependent ampli-
tude of its oscillation can be obtained from the equation of
motion

ẍ + γ ẋ + ω2
0x = 0, (7.53)

where γ is the damping constant. The real solution of (7.53)
is with the initial conditions x(0) = x0, ẋ(0) = −x0 · δ/2

x(t) = x0e−(γ /2)t [cosωt + (γ /2ω) sinωt
]
. (7.54a)

Note that the frequency ω =
√

ω2
0 − (γ /2)2 of the damped

oscillator is slightly lower than ω0 of the undamped oscilla-
tor. However, we will see that for excited atoms the damping
constant γ is in most cases much smaller than ω0. We can
therefore neglect the second term and approximate ω by ω0.
The solution of (7.53) then becomes

x(t) ≈ x0e−(γ /2)t cosω0t. (7.54b)

Because of the time dependent amplitude x(t) the frequency
of the emitted radiation will no longer be strictly monochro-
matic, as would be the case for an infinitely long undamped
oscillation. The Fourier transformation of x(t) yields the fre-
quency distribution of the amplitudes

A(ω) = 1!
2π

+∞∫

−∞
x(t)e−iωt dt

= 1!
2π

+∞∫

0

x0e−(γ /2)t cosω0te−iωt dt, (7.55a)

(a)

(b)

Fig. 7.18 (a) Damped oscillation. (b) Lorentzian line profile |A(ω)|2
as Fourier transform of a damped oscillation

where we have assumed that the excitation of the atom occurs
at t = 0, which means that the oscillation starts at t = 0,
giving x(t < 0) = 0 (Fig. 7.18a).

The elementary integration of (7.55a) yields the complex
amplitudes

A(ω) = x0!
8π

[
1

i(ω0 − ω)+ γ /2

+ 1
i(ω0 + ω)+ γ /2

]
. (7.55b)

In the vicinity of the resonance frequencyω0 is |ω−ω0| % ω0.
We can therefore neglect the second term in (7.55b).

The amplitude A(ω) is proportional to the Fourier com-
ponent E(ω) of the electric field of the emitted radiation.
Therefore the spectral radiation power density Pω(ω) is

Pω(ω) ∝ A(ω)A∗(ω).

In the vicinity of the central eigenfrequencyω0 we then obtain
the spectral profile of the radiation power density

Pω(ω) =
C

(ω − ω0)2 + (γ /2)2
. (7.56)
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6.6 Natural Linewidth

Its real solution is

with the initial conditions
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gives rise to a Gaussian line profile (Doppler broadening,
see Sect. 7.4.2).
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This results in a shift of the atomic energy levels. Since the
interaction decreases with increasing distance between the
interacting atoms the level shifts and with it the line-shifts
increase with the density or pressure of the gas, resulting
in a pressure broadening and shift of the spectral lines
(Sect. 7.4.3).

We will now discuss these effects in more detail.
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An excited atom can deliver its excitation energy in the form
of spontaneous emission. We will describe the excited elec-
tron by the classical model of a damped harmonic oscil-
lator with mass m, spring constant D and eigenfrequency
ω0 = !

D/m (Hertzian dipole). The time dependent ampli-
tude of its oscillation can be obtained from the equation of
motion

ẍ + γ ẋ + ω2
0x = 0, (7.53)

where γ is the damping constant. The real solution of (7.53)
is with the initial conditions x(0) = x0, ẋ(0) = −x0 · δ/2

x(t) = x0e−(γ /2)t [cosωt + (γ /2ω) sinωt
]
. (7.54a)

Note that the frequency ω =
√

ω2
0 − (γ /2)2 of the damped

oscillator is slightly lower than ω0 of the undamped oscilla-
tor. However, we will see that for excited atoms the damping
constant γ is in most cases much smaller than ω0. We can
therefore neglect the second term and approximate ω by ω0.
The solution of (7.53) then becomes

x(t) ≈ x0e−(γ /2)t cosω0t. (7.54b)

Because of the time dependent amplitude x(t) the frequency
of the emitted radiation will no longer be strictly monochro-
matic, as would be the case for an infinitely long undamped
oscillation. The Fourier transformation of x(t) yields the fre-
quency distribution of the amplitudes

A(ω) = 1!
2π

+∞∫
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x(t)e−iωt dt

= 1!
2π

+∞∫

0

x0e−(γ /2)t cosω0te−iωt dt, (7.55a)
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Fig. 7.18 (a) Damped oscillation. (b) Lorentzian line profile |A(ω)|2
as Fourier transform of a damped oscillation

where we have assumed that the excitation of the atom occurs
at t = 0, which means that the oscillation starts at t = 0,
giving x(t < 0) = 0 (Fig. 7.18a).

The elementary integration of (7.55a) yields the complex
amplitudes

A(ω) = x0!
8π

[
1

i(ω0 − ω)+ γ /2

+ 1
i(ω0 + ω)+ γ /2

]
. (7.55b)

In the vicinity of the resonance frequencyω0 is |ω−ω0| % ω0.
We can therefore neglect the second term in (7.55b).

The amplitude A(ω) is proportional to the Fourier com-
ponent E(ω) of the electric field of the emitted radiation.
Therefore the spectral radiation power density Pω(ω) is

Pω(ω) ∝ A(ω)A∗(ω).

In the vicinity of the central eigenfrequencyω0 we then obtain
the spectral profile of the radiation power density

Pω(ω) =
C

(ω − ω0)2 + (γ /2)2
. (7.56)
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interacting atoms the level shifts and with it the line-shifts
increase with the density or pressure of the gas, resulting
in a pressure broadening and shift of the spectral lines
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is with the initial conditions x(0) = x0, ẋ(0) = −x0 · δ/2
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tor. However, we will see that for excited atoms the damping
constant γ is in most cases much smaller than ω0. We can
therefore neglect the second term and approximate ω by ω0.
The solution of (7.53) then becomes

x(t) ≈ x0e−(γ /2)t cosω0t. (7.54b)

Because of the time dependent amplitude x(t) the frequency
of the emitted radiation will no longer be strictly monochro-
matic, as would be the case for an infinitely long undamped
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Fig. 7.18 (a) Damped oscillation. (b) Lorentzian line profile |A(ω)|2
as Fourier transform of a damped oscillation

where we have assumed that the excitation of the atom occurs
at t = 0, which means that the oscillation starts at t = 0,
giving x(t < 0) = 0 (Fig. 7.18a).

The elementary integration of (7.55a) yields the complex
amplitudes

A(ω) = x0!
8π

[
1

i(ω0 − ω)+ γ /2

+ 1
i(ω0 + ω)+ γ /2

]
. (7.55b)

In the vicinity of the resonance frequencyω0 is |ω−ω0| % ω0.
We can therefore neglect the second term in (7.55b).

The amplitude A(ω) is proportional to the Fourier com-
ponent E(ω) of the electric field of the emitted radiation.
Therefore the spectral radiation power density Pω(ω) is

Pω(ω) ∝ A(ω)A∗(ω).

In the vicinity of the central eigenfrequencyω0 we then obtain
the spectral profile of the radiation power density

Pω(ω) =
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(ω − ω0)2 + (γ /2)2
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The frequency of the damped oscillator

is slightly lower than ω0 of the undamped oscillator. 
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gives rise to a Gaussian line profile (Doppler broadening,
see Sect. 7.4.2).

• Every atom in a gas interactswith other neighboring atoms.
This results in a shift of the atomic energy levels. Since the
interaction decreases with increasing distance between the
interacting atoms the level shifts and with it the line-shifts
increase with the density or pressure of the gas, resulting
in a pressure broadening and shift of the spectral lines
(Sect. 7.4.3).
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of spontaneous emission. We will describe the excited elec-
tron by the classical model of a damped harmonic oscil-
lator with mass m, spring constant D and eigenfrequency
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D/m (Hertzian dipole). The time dependent ampli-
tude of its oscillation can be obtained from the equation of
motion

ẍ + γ ẋ + ω2
0x = 0, (7.53)

where γ is the damping constant. The real solution of (7.53)
is with the initial conditions x(0) = x0, ẋ(0) = −x0 · δ/2

x(t) = x0e−(γ /2)t [cosωt + (γ /2ω) sinωt
]
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oscillator is slightly lower than ω0 of the undamped oscilla-
tor. However, we will see that for excited atoms the damping
constant γ is in most cases much smaller than ω0. We can
therefore neglect the second term and approximate ω by ω0.
The solution of (7.53) then becomes

x(t) ≈ x0e−(γ /2)t cosω0t. (7.54b)

Because of the time dependent amplitude x(t) the frequency
of the emitted radiation will no longer be strictly monochro-
matic, as would be the case for an infinitely long undamped
oscillation. The Fourier transformation of x(t) yields the fre-
quency distribution of the amplitudes
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Fig. 7.18 (a) Damped oscillation. (b) Lorentzian line profile |A(ω)|2
as Fourier transform of a damped oscillation

where we have assumed that the excitation of the atom occurs
at t = 0, which means that the oscillation starts at t = 0,
giving x(t < 0) = 0 (Fig. 7.18a).

The elementary integration of (7.55a) yields the complex
amplitudes

A(ω) = x0!
8π

[
1

i(ω0 − ω)+ γ /2

+ 1
i(ω0 + ω)+ γ /2

]
. (7.55b)

In the vicinity of the resonance frequencyω0 is |ω−ω0| % ω0.
We can therefore neglect the second term in (7.55b).

The amplitude A(ω) is proportional to the Fourier com-
ponent E(ω) of the electric field of the emitted radiation.
Therefore the spectral radiation power density Pω(ω) is

Pω(ω) ∝ A(ω)A∗(ω).

In the vicinity of the central eigenfrequencyω0 we then obtain
the spectral profile of the radiation power density

Pω(ω) =
C

(ω − ω0)2 + (γ /2)2
. (7.56)

We can neglect the second term and approximate ω by ω0. 
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where we have assumed that the excitation of the atom occurs
at t = 0, which means that the oscillation starts at t = 0,
giving x(t < 0) = 0 (Fig. 7.18a).

The elementary integration of (7.55a) yields the complex
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We can therefore neglect the second term in (7.55b).

The amplitude A(ω) is proportional to the Fourier com-
ponent E(ω) of the electric field of the emitted radiation.
Therefore the spectral radiation power density Pω(ω) is
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6.6 Natural Linewidth

The Fourier transformation of x(t) yields the frequency 
distribution of the amplitudes
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where we have assumed that the excitation of the atom occurs
at t = 0, which means that the oscillation starts at t = 0,
giving x(t < 0) = 0 (Fig. 7.18a).

The elementary integration of (7.55a) yields the complex
amplitudes

A(ω) = x0!
8π

[
1

i(ω0 − ω)+ γ /2

+ 1
i(ω0 + ω)+ γ /2

]
. (7.55b)

In the vicinity of the resonance frequencyω0 is |ω−ω0| % ω0.
We can therefore neglect the second term in (7.55b).

The amplitude A(ω) is proportional to the Fourier com-
ponent E(ω) of the electric field of the emitted radiation.
Therefore the spectral radiation power density Pω(ω) is

Pω(ω) ∝ A(ω)A∗(ω).

In the vicinity of the central eigenfrequencyω0 we then obtain
the spectral profile of the radiation power density

Pω(ω) =
C

(ω − ω0)2 + (γ /2)2
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where we have assumed that the excitation of the atom 
occurs at t = 0, which means that the oscillation starts at 
t = 0, giving x(t < 0)= 0
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lator with mass m, spring constant D and eigenfrequency
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D/m (Hertzian dipole). The time dependent ampli-
tude of its oscillation can be obtained from the equation of
motion

ẍ + γ ẋ + ω2
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where γ is the damping constant. The real solution of (7.53)
is with the initial conditions x(0) = x0, ẋ(0) = −x0 · δ/2

x(t) = x0e−(γ /2)t [cosωt + (γ /2ω) sinωt
]
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Note that the frequency ω =
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0 − (γ /2)2 of the damped

oscillator is slightly lower than ω0 of the undamped oscilla-
tor. However, we will see that for excited atoms the damping
constant γ is in most cases much smaller than ω0. We can
therefore neglect the second term and approximate ω by ω0.
The solution of (7.53) then becomes

x(t) ≈ x0e−(γ /2)t cosω0t. (7.54b)

Because of the time dependent amplitude x(t) the frequency
of the emitted radiation will no longer be strictly monochro-
matic, as would be the case for an infinitely long undamped
oscillation. The Fourier transformation of x(t) yields the fre-
quency distribution of the amplitudes
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where we have assumed that the excitation of the atom occurs
at t = 0, which means that the oscillation starts at t = 0,
giving x(t < 0) = 0 (Fig. 7.18a).

The elementary integration of (7.55a) yields the complex
amplitudes

A(ω) = x0!
8π

[
1

i(ω0 − ω)+ γ /2

+ 1
i(ω0 + ω)+ γ /2

]
. (7.55b)

In the vicinity of the resonance frequencyω0 is |ω−ω0| % ω0.
We can therefore neglect the second term in (7.55b).

The amplitude A(ω) is proportional to the Fourier com-
ponent E(ω) of the electric field of the emitted radiation.
Therefore the spectral radiation power density Pω(ω) is

Pω(ω) ∝ A(ω)A∗(ω).

In the vicinity of the central eigenfrequencyω0 we then obtain
the spectral profile of the radiation power density

Pω(ω) =
C

(ω − ω0)2 + (γ /2)2
. (7.56)
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ponent E(ω) of the electric field of the emitted radiation.
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The constant C is chosen in such a way that the total 
power becomes
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The constant C is chosen in such a way that the total power
becomes

!∫

0

Pω(ω) dω = P0. (7.57a)

The substitution ω′ = ω − ω0 transforms the integral into

!∫

0

Pω(ω) dω ≈
+!∫

−!
Pω(ω

′) dω′ = P0. (7.57b)

The integration of this integral yields C = P0γ /2π .
The normalized line profile

Pω(ω) = P0
γ /2π

(ω − ω0)2 + (γ /2)2
(7.58a)

is called the Lorentzian profile (Fig. 7.18b). The full-width
at half-maximum (FWHM) is derived from (7.58) as

δωn = γ ⇒ δνn = γ /2π. (7.59)

This FWHM is called the natural linewidth, because it is
caused by the spontaneous emission of the atom, without any
external influences.

Note
Sometimes one finds in the literature another normalization
where the constant C is chosen in such a way that P0 =
Pω(ω0) becomes the spectral power density at the line center.
This gives C = (γ /2)2P0 and the line profile becomes

Pω(ω) =
Pω(ω0)

1+
(

ω−ω0
γ /2

)2 . (7.58b)

We can gain more physical insight into the energetic con-
ditions during the emission of radiation, when we multiply
both sides of (7.53) by mẋ , which gives

mẋ ẍ + mω2
0x ẋ = −γmẋ2. (7.60)

This can be written as

d
dt

[m
2
ẋ2 + m

2
ω2
0x

2
]
= dW

dt
= −γmẋ2. (7.61)

The expression in the brackets represents the total energy
W = Ekin + Epot as the sum of kinetic and potential energy.
Inserting x(t) from (7.54b) into the left side of (7.61) gives
for γ & ω0 the radiation power

P = dW
dt

= −γmx20ω
2
0e

−γ t sin2 ω0t. (7.62)

The average over one oscillation period becomes, with〈
sin2 ω0t

〉
= 1/2,

P = dW
dt

= −1
2
γmx20ω

2
0e

−γ t . (7.63)

Since the decrease of the oscillator energy equals the radia-
tion power, we can see from (7.63) that the radiation power
decreases exponentially and after the mean lifetime τ = 1/γ
it has only 1/e of its initial power P(t = 0) = P0.

In Sect. 7.3 we have seen that the mean lifetime τi = 1/Ai
of an excited atomic state is related to the Einstein coeffi-
cient Ai for spontaneous emission. This means that when we
replace the classical damping constant γ by the Einstein coef-
ficient Ai we can directly adopt the formulas for a classical
damped harmonic oscillator to describe the time dependence
of spontaneous emission of excited atoms. We then obtain
for the natural linewidth of a transition from level |i〉 to the
ground state

δωn = Ai =
1
τi

⇒ δνn = Ai

2π
= 1

2πτi
. (7.64)

These equations can be also derived fromHeisenberg’s uncer-
tainty relations. If an atomic state has a mean lifetime τ ,
its energy can be determined only within an uncertainty
∆E = !/τ . The frequency uncertainty of the emission from
this state into the ground state (with τ0 = !) is then

∆ν = ∆E/h = 1
2πτ

⇒ ∆ν = δνn .

For a transition between two excited states Ek and Ei with
lifetimes τk and τi both energy uncertainties contribute to the
linewidth (Fig. 7.19), which yields

∆E = ∆Ei + ∆Ek ⇒ δνn = 1
2π

(
1
τi

+ 1
τk

)
. (7.65)

Examples

1. The natural linewidth of the Na D-line, emitted on the
transition from the excited level 3P1/2 (τ = 16ns) into the
ground state 3S1/2 (τ = !) is

δνn = 109

16 · 2π ≈ 107 s−1 = 10MHz.

Since the frequency at the line center is ν0 = 5× 1014 s−1

the damping constant γ = 6.25 × 107 is very small com-
pared toω0 = 2πν0. Only after 8×106 oscillation periods
the amplitude has decreased to 1/e of its initial value. This
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6.7 Natural Linewidth

The integration of this integral yields

The normalized line profile

244 7 Emission and Absorption of Electromagnetic Radiation by Atoms

The constant C is chosen in such a way that the total power
becomes

!∫

0

Pω(ω) dω = P0. (7.57a)

The substitution ω′ = ω − ω0 transforms the integral into

!∫

0

Pω(ω) dω ≈
+!∫

−!
Pω(ω

′) dω′ = P0. (7.57b)

The integration of this integral yields C = P0γ /2π .
The normalized line profile

Pω(ω) = P0
γ /2π

(ω − ω0)2 + (γ /2)2
(7.58a)

is called the Lorentzian profile (Fig. 7.18b). The full-width
at half-maximum (FWHM) is derived from (7.58) as

δωn = γ ⇒ δνn = γ /2π. (7.59)

This FWHM is called the natural linewidth, because it is
caused by the spontaneous emission of the atom, without any
external influences.

Note
Sometimes one finds in the literature another normalization
where the constant C is chosen in such a way that P0 =
Pω(ω0) becomes the spectral power density at the line center.
This gives C = (γ /2)2P0 and the line profile becomes

Pω(ω) =
Pω(ω0)

1+
(

ω−ω0
γ /2

)2 . (7.58b)

We can gain more physical insight into the energetic con-
ditions during the emission of radiation, when we multiply
both sides of (7.53) by mẋ , which gives
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mẋ ẍ + mω2
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maximum (FWHM) is
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gives rise to a Gaussian line profile (Doppler broadening,
see Sect. 7.4.2).

• Every atom in a gas interactswith other neighboring atoms.
This results in a shift of the atomic energy levels. Since the
interaction decreases with increasing distance between the
interacting atoms the level shifts and with it the line-shifts
increase with the density or pressure of the gas, resulting
in a pressure broadening and shift of the spectral lines
(Sect. 7.4.3).

We will now discuss these effects in more detail.

7.4.1 Natural Linewidth

An excited atom can deliver its excitation energy in the form
of spontaneous emission. We will describe the excited elec-
tron by the classical model of a damped harmonic oscil-
lator with mass m, spring constant D and eigenfrequency
ω0 = !

D/m (Hertzian dipole). The time dependent ampli-
tude of its oscillation can be obtained from the equation of
motion

ẍ + γ ẋ + ω2
0x = 0, (7.53)

where γ is the damping constant. The real solution of (7.53)
is with the initial conditions x(0) = x0, ẋ(0) = −x0 · δ/2

x(t) = x0e−(γ /2)t [cosωt + (γ /2ω) sinωt
]
. (7.54a)

Note that the frequency ω =
√

ω2
0 − (γ /2)2 of the damped

oscillator is slightly lower than ω0 of the undamped oscilla-
tor. However, we will see that for excited atoms the damping
constant γ is in most cases much smaller than ω0. We can
therefore neglect the second term and approximate ω by ω0.
The solution of (7.53) then becomes

x(t) ≈ x0e−(γ /2)t cosω0t. (7.54b)

Because of the time dependent amplitude x(t) the frequency
of the emitted radiation will no longer be strictly monochro-
matic, as would be the case for an infinitely long undamped
oscillation. The Fourier transformation of x(t) yields the fre-
quency distribution of the amplitudes

A(ω) = 1!
2π

+∞∫

−∞
x(t)e−iωt dt

= 1!
2π

+∞∫

0

x0e−(γ /2)t cosω0te−iωt dt, (7.55a)

(a)

(b)

Fig. 7.18 (a) Damped oscillation. (b) Lorentzian line profile |A(ω)|2
as Fourier transform of a damped oscillation

where we have assumed that the excitation of the atom occurs
at t = 0, which means that the oscillation starts at t = 0,
giving x(t < 0) = 0 (Fig. 7.18a).

The elementary integration of (7.55a) yields the complex
amplitudes

A(ω) = x0!
8π

[
1

i(ω0 − ω)+ γ /2

+ 1
i(ω0 + ω)+ γ /2

]
. (7.55b)

In the vicinity of the resonance frequencyω0 is |ω−ω0| % ω0.
We can therefore neglect the second term in (7.55b).

The amplitude A(ω) is proportional to the Fourier com-
ponent E(ω) of the electric field of the emitted radiation.
Therefore the spectral radiation power density Pω(ω) is

Pω(ω) ∝ A(ω)A∗(ω).

In the vicinity of the central eigenfrequencyω0 we then obtain
the spectral profile of the radiation power density

Pω(ω) =
C

(ω − ω0)2 + (γ /2)2
. (7.56)
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The constant C is chosen in such a way that the total power
becomes

!∫

0

Pω(ω) dω = P0. (7.57a)

The substitution ω′ = ω − ω0 transforms the integral into

!∫

0

Pω(ω) dω ≈
+!∫

−!
Pω(ω

′) dω′ = P0. (7.57b)

The integration of this integral yields C = P0γ /2π .
The normalized line profile

Pω(ω) = P0
γ /2π

(ω − ω0)2 + (γ /2)2
(7.58a)

is called the Lorentzian profile (Fig. 7.18b). The full-width
at half-maximum (FWHM) is derived from (7.58) as

δωn = γ ⇒ δνn = γ /2π. (7.59)

This FWHM is called the natural linewidth, because it is
caused by the spontaneous emission of the atom, without any
external influences.

Note
Sometimes one finds in the literature another normalization
where the constant C is chosen in such a way that P0 =
Pω(ω0) becomes the spectral power density at the line center.
This gives C = (γ /2)2P0 and the line profile becomes

Pω(ω) =
Pω(ω0)

1+
(

ω−ω0
γ /2

)2 . (7.58b)

We can gain more physical insight into the energetic con-
ditions during the emission of radiation, when we multiply
both sides of (7.53) by mẋ , which gives

mẋ ẍ + mω2
0x ẋ = −γmẋ2. (7.60)

This can be written as

d
dt

[m
2
ẋ2 + m

2
ω2
0x

2
]
= dW

dt
= −γmẋ2. (7.61)

The expression in the brackets represents the total energy
W = Ekin + Epot as the sum of kinetic and potential energy.
Inserting x(t) from (7.54b) into the left side of (7.61) gives
for γ & ω0 the radiation power

P = dW
dt

= −γmx20ω
2
0e

−γ t sin2 ω0t. (7.62)

The average over one oscillation period becomes, with〈
sin2 ω0t

〉
= 1/2,

P = dW
dt

= −1
2
γmx20ω

2
0e

−γ t . (7.63)

Since the decrease of the oscillator energy equals the radia-
tion power, we can see from (7.63) that the radiation power
decreases exponentially and after the mean lifetime τ = 1/γ
it has only 1/e of its initial power P(t = 0) = P0.

In Sect. 7.3 we have seen that the mean lifetime τi = 1/Ai
of an excited atomic state is related to the Einstein coeffi-
cient Ai for spontaneous emission. This means that when we
replace the classical damping constant γ by the Einstein coef-
ficient Ai we can directly adopt the formulas for a classical
damped harmonic oscillator to describe the time dependence
of spontaneous emission of excited atoms. We then obtain
for the natural linewidth of a transition from level |i〉 to the
ground state

δωn = Ai =
1
τi

⇒ δνn = Ai

2π
= 1

2πτi
. (7.64)

These equations can be also derived fromHeisenberg’s uncer-
tainty relations. If an atomic state has a mean lifetime τ ,
its energy can be determined only within an uncertainty
∆E = !/τ . The frequency uncertainty of the emission from
this state into the ground state (with τ0 = !) is then

∆ν = ∆E/h = 1
2πτ

⇒ ∆ν = δνn .

For a transition between two excited states Ek and Ei with
lifetimes τk and τi both energy uncertainties contribute to the
linewidth (Fig. 7.19), which yields

∆E = ∆Ei + ∆Ek ⇒ δνn = 1
2π

(
1
τi

+ 1
τk

)
. (7.65)

Examples

1. The natural linewidth of the Na D-line, emitted on the
transition from the excited level 3P1/2 (τ = 16ns) into the
ground state 3S1/2 (τ = !) is

δνn = 109

16 · 2π ≈ 107 s−1 = 10MHz.

Since the frequency at the line center is ν0 = 5× 1014 s−1

the damping constant γ = 6.25 × 107 is very small com-
pared toω0 = 2πν0. Only after 8×106 oscillation periods
the amplitude has decreased to 1/e of its initial value. This

It is called the natural linewidth, because it is caused 
by the spontaneous emission of the atom, without any 
external influences.



18/05/2026 Jinniu Hu

6.8 Doppler Broadening

If an excited atom moves with the velocity v= {vx ,vy,vz}, the 
center frequency of the radiation, emitted into the 
direction of the wave vector k of the wave appears for an 
observer at rest Doppler-shifted to
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Fig. 7.19 Natural linewidth caused by the energy uncertainties ∆Ei ,
∆Ek of the atomic levels connected by the transition hνik = Ei ! Ek

illustrates that the approximation γ " ω0, made above, is
indeed well justified.

2. For metastable excited states, the lifetimes may become
very long, because there are no allowed spontaneous tran-
sitions to lower states. Examples are the 22S1/2 states of
the H atom, or the 23S1 state of the He atom. The excited
22S1/2 state of the hydrogen atom can only undergo a
two-photon transition into the ground state. Its lifetime
is about 0.14 s (!) and its natural linewidth is accordingly
δνn = 1.1 s−1. Such a small linewidth can be measured
only with special techniques (see Chap. 11).

7.4.2 Doppler Broadening

If an excited atom moves with the velocity v = {vx , vy, vz},
the center frequency of the radiation, emitted into the direction
of the wave vector k of the wave appears for an observer at
rest Doppler-shifted to

ωe = ω0 + k · v with |k| = 2π/λ (7.66)

(Fig. 7.20a). Also, the absorption frequency ωa of an atom,
moving with the velocity v changes. If a plane wave with
wave vector k and frequency ω hits the moving atom, the
frequency ω appears in the moving frame of the atom shifted
to ω′ = ω − k · v. Since the absorption frequency of the
atom in its rest frame is ω0, the wave can only be absorbed
if ω′ = ω0. The frequency of the incident wave therefore has
to be

ω = ωa = ω0 + k · v (7.67)

in order to be absorbed (i.e., coincide with the center fre-
quency ω0 of the atom in its rest frame).

If the wave travels in the z direction its wave vector is
k = {0, 0, vz} ⇒ k · v = kzvz and the absorption frequency

becomes

ωa = ω0 + kzvz = ω0(1+ vz/c) (7.68)

(Fig. 7.20b).
At thermal equilibrium, the velocities of the atom follow

a Maxwell–Boltzmann distribution. The number density
ni (vz) dvz of atoms in the absorbing level |i〉 with velocity
components vz within the interval from vz to vz + dvz is
given by

ni (vz) dvz =
Ni

vw
√

π
e−(vz/vw)

2
dvz, (7.69)

where vw = (2kBT/m)1/2 is the most probable velocity
component, kB is the Boltzmann constant and

Ni =
+∞∫

−∞
ni (vz) dvz

is the total number of all atoms in level Ei per unit
volume.

If vz and dvz in (7.69) are expressed by the frequency ω

and the frequency shift dω according to the relations (7.68)we
obtain vz = (c/ω0)(ω − ω0) and dvz = (c/ω0) dω. Inserting
this into (7.69) gives the number of atoms

ni (ω) dω = cNi

ω0vw
√

π
e−[c(ω−ω0)/(ω0vw)]2 dω (7.70)

that absorb or emit radiation within the frequency interval
between ω and ω + dω. Since the absorbed or emitted spec-
tral radiation power density is proportional to n(ω) dω, the
intensity profile of a Doppler-broadened absorption or emis-
sion line becomes

Pω(ω) = Pω(ω0)e−[c(ω−ω0)/(ω0vw)]2 . (7.71)

This a Gaussian function that is symmetric to the center fre-
quency ω0 (Fig. 7.20c). The full half-width is

δωD = |ω1 − ω2|

with P(ω1) = P(ω2) =
1
2
P(ω0).

Using the relation vw = (2kBT/m)1/2 converts this into

δωD = 2
√
ln 2ω0vw/c = (ω0/c)

√
8kBT ln 2/m. (7.72a)

Replacing ω0 vw/c in the exponent of (7.71) by δω0 using
(7.72a), we obtain

ω0 · vw/c = δωD · (4 ln 2)−1/2
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Fig. 7.20 a–c.
Doppler-broadening of spectral
lines. (a) Doppler-shift emitted.
(b) Absorbed photons. (c)
Gaussian line profile caused by
the thermal velocity distribution
of absorbing or emitting atoms

(a)

(c)

(b) absorbing
atom

excited
atom

Because (4 ln 2)!1/2 ≈ 0.6 we can write (7.71) as

P(ω) = P(ω0)e![(ω!ω0)/0.6δωD]2 . (7.71b)

The Doppler-width δωD increases proportionally with
the frequency ω0 and with T 1/2 but decreases with
increasing mass m of the atom as m!1/2.

With theAvogadro number NA, themolarmassM = NAm
and the gas constant R = NAkB we can transform (7.72a) into
the expression

δνD = 2ν0
c

√
(2RT/M) ln 2

= 7.16 × 10!7ν0
√
T/M s!1

, (7.72b)

which is more handy for fast calculations, where T is given
in K and M in g/mol.

Examples

1. The Lyman α-line of the transition 2P → 1S in the hydro-
gen atom (M = 1 g/mol): λ = 121.6 nm ⇒ ν0 =
2.47 × 1015 s!1. At a temperature of T = 1000K in a
hydrogen discharge the Doppler-width becomes δνD =
5.6 × 1010 s!1 = 56GHz, δλD = 2.8 × 10!3 nm.

2. The Na D-line of the transition 3P1/2 → 3S1/2 in the
sodium atom (M = 23g/mol) has a wavelength λ =

589.1nm and a frequency ν0 = 5.1 × 1014 s!1. At a
temperature T = 500K the Doppler-width is δνD =
1.7 × 109 s!1 = 1.7GHz ⇒ δλ = 2 × 10!3 nm.

3. The infrared transition in the CO2 molecule (M = 44
g/mol) at λ ≈ 10µm (ν0 = 3 × 1013 s!1) has, at room
temperature T = 300K, a Doppler width δνD = 5.6 ×
106 s!1 = 56MHz ⇒ δλ = 1.3 × 10!3 nm.

These examples show that in the visible range the
Doppler width exceeds the natural linewidth by about
two orders of magnitude.
This is also true for vibrational transitions in the
infrared, where the lifetimes of the vibrational levels
are very long and the natural linewidths accordingly
small.

This implies that generally the natural linewidth is com-
pletely masked by the much larger Doppler-width. Without
special experimental tricks (see Sect. 11.5.8) it is therefore
not possible to measure the natural linewidth directly. It is,
however, possible to determine it frommeasured spontaneous
lifetimes of excited states (see Sect. 7.3).

Note The Gaussian line profile of Doppler broadening
decreases exponentially with increasing distance |ω ! ω0|
from the line center ω0, (see (7.73)), while the Lorentzian
line profile decreases only as (ω ! ω0)

!2 (7.58). Therefore,
it is possible to extract from the extreme line wings, infor-
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6.8 Doppler Broadening

For an absorption atom, it is also very similar. The 
frequency of the incident wave therefore has to be
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Fig. 7.19 Natural linewidth caused by the energy uncertainties ∆Ei ,
∆Ek of the atomic levels connected by the transition hνik = Ei ! Ek

illustrates that the approximation γ " ω0, made above, is
indeed well justified.

2. For metastable excited states, the lifetimes may become
very long, because there are no allowed spontaneous tran-
sitions to lower states. Examples are the 22S1/2 states of
the H atom, or the 23S1 state of the He atom. The excited
22S1/2 state of the hydrogen atom can only undergo a
two-photon transition into the ground state. Its lifetime
is about 0.14 s (!) and its natural linewidth is accordingly
δνn = 1.1 s−1. Such a small linewidth can be measured
only with special techniques (see Chap. 11).

7.4.2 Doppler Broadening

If an excited atom moves with the velocity v = {vx , vy, vz},
the center frequency of the radiation, emitted into the direction
of the wave vector k of the wave appears for an observer at
rest Doppler-shifted to

ωe = ω0 + k · v with |k| = 2π/λ (7.66)

(Fig. 7.20a). Also, the absorption frequency ωa of an atom,
moving with the velocity v changes. If a plane wave with
wave vector k and frequency ω hits the moving atom, the
frequency ω appears in the moving frame of the atom shifted
to ω′ = ω − k · v. Since the absorption frequency of the
atom in its rest frame is ω0, the wave can only be absorbed
if ω′ = ω0. The frequency of the incident wave therefore has
to be

ω = ωa = ω0 + k · v (7.67)

in order to be absorbed (i.e., coincide with the center fre-
quency ω0 of the atom in its rest frame).

If the wave travels in the z direction its wave vector is
k = {0, 0, vz} ⇒ k · v = kzvz and the absorption frequency

becomes

ωa = ω0 + kzvz = ω0(1+ vz/c) (7.68)

(Fig. 7.20b).
At thermal equilibrium, the velocities of the atom follow

a Maxwell–Boltzmann distribution. The number density
ni (vz) dvz of atoms in the absorbing level |i〉 with velocity
components vz within the interval from vz to vz + dvz is
given by

ni (vz) dvz =
Ni

vw
√

π
e−(vz/vw)

2
dvz, (7.69)

where vw = (2kBT/m)1/2 is the most probable velocity
component, kB is the Boltzmann constant and

Ni =
+∞∫

−∞
ni (vz) dvz

is the total number of all atoms in level Ei per unit
volume.

If vz and dvz in (7.69) are expressed by the frequency ω

and the frequency shift dω according to the relations (7.68)we
obtain vz = (c/ω0)(ω − ω0) and dvz = (c/ω0) dω. Inserting
this into (7.69) gives the number of atoms

ni (ω) dω = cNi

ω0vw
√

π
e−[c(ω−ω0)/(ω0vw)]2 dω (7.70)

that absorb or emit radiation within the frequency interval
between ω and ω + dω. Since the absorbed or emitted spec-
tral radiation power density is proportional to n(ω) dω, the
intensity profile of a Doppler-broadened absorption or emis-
sion line becomes

Pω(ω) = Pω(ω0)e−[c(ω−ω0)/(ω0vw)]2 . (7.71)

This a Gaussian function that is symmetric to the center fre-
quency ω0 (Fig. 7.20c). The full half-width is

δωD = |ω1 − ω2|

with P(ω1) = P(ω2) =
1
2
P(ω0).

Using the relation vw = (2kBT/m)1/2 converts this into

δωD = 2
√
ln 2ω0vw/c = (ω0/c)

√
8kBT ln 2/m. (7.72a)

Replacing ω0 vw/c in the exponent of (7.71) by δω0 using
(7.72a), we obtain

ω0 · vw/c = δωD · (4 ln 2)−1/2

FIf the wave travels in the z direction its wave vector is 
k = {0,0,vz} ⇒ k·v = kzvz  and the absorption frequency 

becomes
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Fig. 7.19 Natural linewidth caused by the energy uncertainties ∆Ei ,
∆Ek of the atomic levels connected by the transition hνik = Ei ! Ek

illustrates that the approximation γ " ω0, made above, is
indeed well justified.

2. For metastable excited states, the lifetimes may become
very long, because there are no allowed spontaneous tran-
sitions to lower states. Examples are the 22S1/2 states of
the H atom, or the 23S1 state of the He atom. The excited
22S1/2 state of the hydrogen atom can only undergo a
two-photon transition into the ground state. Its lifetime
is about 0.14 s (!) and its natural linewidth is accordingly
δνn = 1.1 s−1. Such a small linewidth can be measured
only with special techniques (see Chap. 11).

7.4.2 Doppler Broadening

If an excited atom moves with the velocity v = {vx , vy, vz},
the center frequency of the radiation, emitted into the direction
of the wave vector k of the wave appears for an observer at
rest Doppler-shifted to

ωe = ω0 + k · v with |k| = 2π/λ (7.66)

(Fig. 7.20a). Also, the absorption frequency ωa of an atom,
moving with the velocity v changes. If a plane wave with
wave vector k and frequency ω hits the moving atom, the
frequency ω appears in the moving frame of the atom shifted
to ω′ = ω − k · v. Since the absorption frequency of the
atom in its rest frame is ω0, the wave can only be absorbed
if ω′ = ω0. The frequency of the incident wave therefore has
to be

ω = ωa = ω0 + k · v (7.67)

in order to be absorbed (i.e., coincide with the center fre-
quency ω0 of the atom in its rest frame).

If the wave travels in the z direction its wave vector is
k = {0, 0, vz} ⇒ k · v = kzvz and the absorption frequency

becomes

ωa = ω0 + kzvz = ω0(1+ vz/c) (7.68)

(Fig. 7.20b).
At thermal equilibrium, the velocities of the atom follow

a Maxwell–Boltzmann distribution. The number density
ni (vz) dvz of atoms in the absorbing level |i〉 with velocity
components vz within the interval from vz to vz + dvz is
given by

ni (vz) dvz =
Ni

vw
√

π
e−(vz/vw)

2
dvz, (7.69)

where vw = (2kBT/m)1/2 is the most probable velocity
component, kB is the Boltzmann constant and

Ni =
+∞∫

−∞
ni (vz) dvz

is the total number of all atoms in level Ei per unit
volume.

If vz and dvz in (7.69) are expressed by the frequency ω

and the frequency shift dω according to the relations (7.68)we
obtain vz = (c/ω0)(ω − ω0) and dvz = (c/ω0) dω. Inserting
this into (7.69) gives the number of atoms

ni (ω) dω = cNi

ω0vw
√

π
e−[c(ω−ω0)/(ω0vw)]2 dω (7.70)

that absorb or emit radiation within the frequency interval
between ω and ω + dω. Since the absorbed or emitted spec-
tral radiation power density is proportional to n(ω) dω, the
intensity profile of a Doppler-broadened absorption or emis-
sion line becomes

Pω(ω) = Pω(ω0)e−[c(ω−ω0)/(ω0vw)]2 . (7.71)

This a Gaussian function that is symmetric to the center fre-
quency ω0 (Fig. 7.20c). The full half-width is

δωD = |ω1 − ω2|

with P(ω1) = P(ω2) =
1
2
P(ω0).

Using the relation vw = (2kBT/m)1/2 converts this into

δωD = 2
√
ln 2ω0vw/c = (ω0/c)

√
8kBT ln 2/m. (7.72a)

Replacing ω0 vw/c in the exponent of (7.71) by δω0 using
(7.72a), we obtain

ω0 · vw/c = δωD · (4 ln 2)−1/2
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Fig. 7.20 a–c.
Doppler-broadening of spectral
lines. (a) Doppler-shift emitted.
(b) Absorbed photons. (c)
Gaussian line profile caused by
the thermal velocity distribution
of absorbing or emitting atoms
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Because (4 ln 2)!1/2 ≈ 0.6 we can write (7.71) as

P(ω) = P(ω0)e![(ω!ω0)/0.6δωD]2 . (7.71b)

The Doppler-width δωD increases proportionally with
the frequency ω0 and with T 1/2 but decreases with
increasing mass m of the atom as m!1/2.

With theAvogadro number NA, themolarmassM = NAm
and the gas constant R = NAkB we can transform (7.72a) into
the expression

δνD = 2ν0
c

√
(2RT/M) ln 2

= 7.16 × 10!7ν0
√
T/M s!1

, (7.72b)

which is more handy for fast calculations, where T is given
in K and M in g/mol.

Examples

1. The Lyman α-line of the transition 2P → 1S in the hydro-
gen atom (M = 1 g/mol): λ = 121.6 nm ⇒ ν0 =
2.47 × 1015 s!1. At a temperature of T = 1000K in a
hydrogen discharge the Doppler-width becomes δνD =
5.6 × 1010 s!1 = 56GHz, δλD = 2.8 × 10!3 nm.

2. The Na D-line of the transition 3P1/2 → 3S1/2 in the
sodium atom (M = 23g/mol) has a wavelength λ =

589.1nm and a frequency ν0 = 5.1 × 1014 s!1. At a
temperature T = 500K the Doppler-width is δνD =
1.7 × 109 s!1 = 1.7GHz ⇒ δλ = 2 × 10!3 nm.

3. The infrared transition in the CO2 molecule (M = 44
g/mol) at λ ≈ 10µm (ν0 = 3 × 1013 s!1) has, at room
temperature T = 300K, a Doppler width δνD = 5.6 ×
106 s!1 = 56MHz ⇒ δλ = 1.3 × 10!3 nm.

These examples show that in the visible range the
Doppler width exceeds the natural linewidth by about
two orders of magnitude.
This is also true for vibrational transitions in the
infrared, where the lifetimes of the vibrational levels
are very long and the natural linewidths accordingly
small.

This implies that generally the natural linewidth is com-
pletely masked by the much larger Doppler-width. Without
special experimental tricks (see Sect. 11.5.8) it is therefore
not possible to measure the natural linewidth directly. It is,
however, possible to determine it frommeasured spontaneous
lifetimes of excited states (see Sect. 7.3).

Note The Gaussian line profile of Doppler broadening
decreases exponentially with increasing distance |ω ! ω0|
from the line center ω0, (see (7.73)), while the Lorentzian
line profile decreases only as (ω ! ω0)

!2 (7.58). Therefore,
it is possible to extract from the extreme line wings, infor-
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6.8 Doppler Broadening

At thermal equilibrium, the velocities of the atom follow 
a Maxwell–Boltzmann distribution,
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Fig. 7.19 Natural linewidth caused by the energy uncertainties ∆Ei ,
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illustrates that the approximation γ " ω0, made above, is
indeed well justified.

2. For metastable excited states, the lifetimes may become
very long, because there are no allowed spontaneous tran-
sitions to lower states. Examples are the 22S1/2 states of
the H atom, or the 23S1 state of the He atom. The excited
22S1/2 state of the hydrogen atom can only undergo a
two-photon transition into the ground state. Its lifetime
is about 0.14 s (!) and its natural linewidth is accordingly
δνn = 1.1 s−1. Such a small linewidth can be measured
only with special techniques (see Chap. 11).

7.4.2 Doppler Broadening

If an excited atom moves with the velocity v = {vx , vy, vz},
the center frequency of the radiation, emitted into the direction
of the wave vector k of the wave appears for an observer at
rest Doppler-shifted to

ωe = ω0 + k · v with |k| = 2π/λ (7.66)

(Fig. 7.20a). Also, the absorption frequency ωa of an atom,
moving with the velocity v changes. If a plane wave with
wave vector k and frequency ω hits the moving atom, the
frequency ω appears in the moving frame of the atom shifted
to ω′ = ω − k · v. Since the absorption frequency of the
atom in its rest frame is ω0, the wave can only be absorbed
if ω′ = ω0. The frequency of the incident wave therefore has
to be

ω = ωa = ω0 + k · v (7.67)

in order to be absorbed (i.e., coincide with the center fre-
quency ω0 of the atom in its rest frame).

If the wave travels in the z direction its wave vector is
k = {0, 0, vz} ⇒ k · v = kzvz and the absorption frequency

becomes

ωa = ω0 + kzvz = ω0(1+ vz/c) (7.68)

(Fig. 7.20b).
At thermal equilibrium, the velocities of the atom follow

a Maxwell–Boltzmann distribution. The number density
ni (vz) dvz of atoms in the absorbing level |i〉 with velocity
components vz within the interval from vz to vz + dvz is
given by

ni (vz) dvz =
Ni

vw
√

π
e−(vz/vw)

2
dvz, (7.69)

where vw = (2kBT/m)1/2 is the most probable velocity
component, kB is the Boltzmann constant and

Ni =
+∞∫

−∞
ni (vz) dvz

is the total number of all atoms in level Ei per unit
volume.

If vz and dvz in (7.69) are expressed by the frequency ω

and the frequency shift dω according to the relations (7.68)we
obtain vz = (c/ω0)(ω − ω0) and dvz = (c/ω0) dω. Inserting
this into (7.69) gives the number of atoms

ni (ω) dω = cNi

ω0vw
√

π
e−[c(ω−ω0)/(ω0vw)]2 dω (7.70)

that absorb or emit radiation within the frequency interval
between ω and ω + dω. Since the absorbed or emitted spec-
tral radiation power density is proportional to n(ω) dω, the
intensity profile of a Doppler-broadened absorption or emis-
sion line becomes

Pω(ω) = Pω(ω0)e−[c(ω−ω0)/(ω0vw)]2 . (7.71)

This a Gaussian function that is symmetric to the center fre-
quency ω0 (Fig. 7.20c). The full half-width is

δωD = |ω1 − ω2|

with P(ω1) = P(ω2) =
1
2
P(ω0).

Using the relation vw = (2kBT/m)1/2 converts this into

δωD = 2
√
ln 2ω0vw/c = (ω0/c)

√
8kBT ln 2/m. (7.72a)

Replacing ω0 vw/c in the exponent of (7.71) by δω0 using
(7.72a), we obtain

ω0 · vw/c = δωD · (4 ln 2)−1/2

The total number of all atoms in level Ei per unit volume is
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illustrates that the approximation γ " ω0, made above, is
indeed well justified.

2. For metastable excited states, the lifetimes may become
very long, because there are no allowed spontaneous tran-
sitions to lower states. Examples are the 22S1/2 states of
the H atom, or the 23S1 state of the He atom. The excited
22S1/2 state of the hydrogen atom can only undergo a
two-photon transition into the ground state. Its lifetime
is about 0.14 s (!) and its natural linewidth is accordingly
δνn = 1.1 s−1. Such a small linewidth can be measured
only with special techniques (see Chap. 11).

7.4.2 Doppler Broadening

If an excited atom moves with the velocity v = {vx , vy, vz},
the center frequency of the radiation, emitted into the direction
of the wave vector k of the wave appears for an observer at
rest Doppler-shifted to

ωe = ω0 + k · v with |k| = 2π/λ (7.66)

(Fig. 7.20a). Also, the absorption frequency ωa of an atom,
moving with the velocity v changes. If a plane wave with
wave vector k and frequency ω hits the moving atom, the
frequency ω appears in the moving frame of the atom shifted
to ω′ = ω − k · v. Since the absorption frequency of the
atom in its rest frame is ω0, the wave can only be absorbed
if ω′ = ω0. The frequency of the incident wave therefore has
to be

ω = ωa = ω0 + k · v (7.67)

in order to be absorbed (i.e., coincide with the center fre-
quency ω0 of the atom in its rest frame).

If the wave travels in the z direction its wave vector is
k = {0, 0, vz} ⇒ k · v = kzvz and the absorption frequency

becomes

ωa = ω0 + kzvz = ω0(1+ vz/c) (7.68)

(Fig. 7.20b).
At thermal equilibrium, the velocities of the atom follow

a Maxwell–Boltzmann distribution. The number density
ni (vz) dvz of atoms in the absorbing level |i〉 with velocity
components vz within the interval from vz to vz + dvz is
given by

ni (vz) dvz =
Ni

vw
√

π
e−(vz/vw)

2
dvz, (7.69)

where vw = (2kBT/m)1/2 is the most probable velocity
component, kB is the Boltzmann constant and

Ni =
+∞∫

−∞
ni (vz) dvz

is the total number of all atoms in level Ei per unit
volume.

If vz and dvz in (7.69) are expressed by the frequency ω

and the frequency shift dω according to the relations (7.68)we
obtain vz = (c/ω0)(ω − ω0) and dvz = (c/ω0) dω. Inserting
this into (7.69) gives the number of atoms

ni (ω) dω = cNi

ω0vw
√

π
e−[c(ω−ω0)/(ω0vw)]2 dω (7.70)

that absorb or emit radiation within the frequency interval
between ω and ω + dω. Since the absorbed or emitted spec-
tral radiation power density is proportional to n(ω) dω, the
intensity profile of a Doppler-broadened absorption or emis-
sion line becomes

Pω(ω) = Pω(ω0)e−[c(ω−ω0)/(ω0vw)]2 . (7.71)

This a Gaussian function that is symmetric to the center fre-
quency ω0 (Fig. 7.20c). The full half-width is

δωD = |ω1 − ω2|

with P(ω1) = P(ω2) =
1
2
P(ω0).

Using the relation vw = (2kBT/m)1/2 converts this into

δωD = 2
√
ln 2ω0vw/c = (ω0/c)

√
8kBT ln 2/m. (7.72a)

Replacing ω0 vw/c in the exponent of (7.71) by δω0 using
(7.72a), we obtain

ω0 · vw/c = δωD · (4 ln 2)−1/2

When the frequency shift is considered,
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illustrates that the approximation γ " ω0, made above, is
indeed well justified.

2. For metastable excited states, the lifetimes may become
very long, because there are no allowed spontaneous tran-
sitions to lower states. Examples are the 22S1/2 states of
the H atom, or the 23S1 state of the He atom. The excited
22S1/2 state of the hydrogen atom can only undergo a
two-photon transition into the ground state. Its lifetime
is about 0.14 s (!) and its natural linewidth is accordingly
δνn = 1.1 s−1. Such a small linewidth can be measured
only with special techniques (see Chap. 11).

7.4.2 Doppler Broadening

If an excited atom moves with the velocity v = {vx , vy, vz},
the center frequency of the radiation, emitted into the direction
of the wave vector k of the wave appears for an observer at
rest Doppler-shifted to

ωe = ω0 + k · v with |k| = 2π/λ (7.66)

(Fig. 7.20a). Also, the absorption frequency ωa of an atom,
moving with the velocity v changes. If a plane wave with
wave vector k and frequency ω hits the moving atom, the
frequency ω appears in the moving frame of the atom shifted
to ω′ = ω − k · v. Since the absorption frequency of the
atom in its rest frame is ω0, the wave can only be absorbed
if ω′ = ω0. The frequency of the incident wave therefore has
to be

ω = ωa = ω0 + k · v (7.67)

in order to be absorbed (i.e., coincide with the center fre-
quency ω0 of the atom in its rest frame).

If the wave travels in the z direction its wave vector is
k = {0, 0, vz} ⇒ k · v = kzvz and the absorption frequency

becomes

ωa = ω0 + kzvz = ω0(1+ vz/c) (7.68)

(Fig. 7.20b).
At thermal equilibrium, the velocities of the atom follow

a Maxwell–Boltzmann distribution. The number density
ni (vz) dvz of atoms in the absorbing level |i〉 with velocity
components vz within the interval from vz to vz + dvz is
given by

ni (vz) dvz =
Ni

vw
√

π
e−(vz/vw)

2
dvz, (7.69)

where vw = (2kBT/m)1/2 is the most probable velocity
component, kB is the Boltzmann constant and

Ni =
+∞∫

−∞
ni (vz) dvz

is the total number of all atoms in level Ei per unit
volume.

If vz and dvz in (7.69) are expressed by the frequency ω

and the frequency shift dω according to the relations (7.68)we
obtain vz = (c/ω0)(ω − ω0) and dvz = (c/ω0) dω. Inserting
this into (7.69) gives the number of atoms

ni (ω) dω = cNi

ω0vw
√

π
e−[c(ω−ω0)/(ω0vw)]2 dω (7.70)

that absorb or emit radiation within the frequency interval
between ω and ω + dω. Since the absorbed or emitted spec-
tral radiation power density is proportional to n(ω) dω, the
intensity profile of a Doppler-broadened absorption or emis-
sion line becomes

Pω(ω) = Pω(ω0)e−[c(ω−ω0)/(ω0vw)]2 . (7.71)

This a Gaussian function that is symmetric to the center fre-
quency ω0 (Fig. 7.20c). The full half-width is

δωD = |ω1 − ω2|

with P(ω1) = P(ω2) =
1
2
P(ω0).

Using the relation vw = (2kBT/m)1/2 converts this into

δωD = 2
√
ln 2ω0vw/c = (ω0/c)

√
8kBT ln 2/m. (7.72a)

Replacing ω0 vw/c in the exponent of (7.71) by δω0 using
(7.72a), we obtain

ω0 · vw/c = δωD · (4 ln 2)−1/2

The intensity profile of a Doppler-broadened absorption or 
emission line becomes
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illustrates that the approximation γ " ω0, made above, is
indeed well justified.

2. For metastable excited states, the lifetimes may become
very long, because there are no allowed spontaneous tran-
sitions to lower states. Examples are the 22S1/2 states of
the H atom, or the 23S1 state of the He atom. The excited
22S1/2 state of the hydrogen atom can only undergo a
two-photon transition into the ground state. Its lifetime
is about 0.14 s (!) and its natural linewidth is accordingly
δνn = 1.1 s−1. Such a small linewidth can be measured
only with special techniques (see Chap. 11).

7.4.2 Doppler Broadening

If an excited atom moves with the velocity v = {vx , vy, vz},
the center frequency of the radiation, emitted into the direction
of the wave vector k of the wave appears for an observer at
rest Doppler-shifted to

ωe = ω0 + k · v with |k| = 2π/λ (7.66)

(Fig. 7.20a). Also, the absorption frequency ωa of an atom,
moving with the velocity v changes. If a plane wave with
wave vector k and frequency ω hits the moving atom, the
frequency ω appears in the moving frame of the atom shifted
to ω′ = ω − k · v. Since the absorption frequency of the
atom in its rest frame is ω0, the wave can only be absorbed
if ω′ = ω0. The frequency of the incident wave therefore has
to be

ω = ωa = ω0 + k · v (7.67)

in order to be absorbed (i.e., coincide with the center fre-
quency ω0 of the atom in its rest frame).

If the wave travels in the z direction its wave vector is
k = {0, 0, vz} ⇒ k · v = kzvz and the absorption frequency

becomes

ωa = ω0 + kzvz = ω0(1+ vz/c) (7.68)

(Fig. 7.20b).
At thermal equilibrium, the velocities of the atom follow

a Maxwell–Boltzmann distribution. The number density
ni (vz) dvz of atoms in the absorbing level |i〉 with velocity
components vz within the interval from vz to vz + dvz is
given by

ni (vz) dvz =
Ni

vw
√

π
e−(vz/vw)

2
dvz, (7.69)

where vw = (2kBT/m)1/2 is the most probable velocity
component, kB is the Boltzmann constant and

Ni =
+∞∫

−∞
ni (vz) dvz

is the total number of all atoms in level Ei per unit
volume.

If vz and dvz in (7.69) are expressed by the frequency ω

and the frequency shift dω according to the relations (7.68)we
obtain vz = (c/ω0)(ω − ω0) and dvz = (c/ω0) dω. Inserting
this into (7.69) gives the number of atoms

ni (ω) dω = cNi

ω0vw
√

π
e−[c(ω−ω0)/(ω0vw)]2 dω (7.70)

that absorb or emit radiation within the frequency interval
between ω and ω + dω. Since the absorbed or emitted spec-
tral radiation power density is proportional to n(ω) dω, the
intensity profile of a Doppler-broadened absorption or emis-
sion line becomes

Pω(ω) = Pω(ω0)e−[c(ω−ω0)/(ω0vw)]2 . (7.71)

This a Gaussian function that is symmetric to the center fre-
quency ω0 (Fig. 7.20c). The full half-width is

δωD = |ω1 − ω2|

with P(ω1) = P(ω2) =
1
2
P(ω0).

Using the relation vw = (2kBT/m)1/2 converts this into

δωD = 2
√
ln 2ω0vw/c = (ω0/c)

√
8kBT ln 2/m. (7.72a)

Replacing ω0 vw/c in the exponent of (7.71) by δω0 using
(7.72a), we obtain

ω0 · vw/c = δωD · (4 ln 2)−1/2
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6.8 Doppler Broadening

This a Gaussian function that is symmetric to the center 
frequency ω0. The full half-width is
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illustrates that the approximation γ " ω0, made above, is
indeed well justified.

2. For metastable excited states, the lifetimes may become
very long, because there are no allowed spontaneous tran-
sitions to lower states. Examples are the 22S1/2 states of
the H atom, or the 23S1 state of the He atom. The excited
22S1/2 state of the hydrogen atom can only undergo a
two-photon transition into the ground state. Its lifetime
is about 0.14 s (!) and its natural linewidth is accordingly
δνn = 1.1 s−1. Such a small linewidth can be measured
only with special techniques (see Chap. 11).

7.4.2 Doppler Broadening

If an excited atom moves with the velocity v = {vx , vy, vz},
the center frequency of the radiation, emitted into the direction
of the wave vector k of the wave appears for an observer at
rest Doppler-shifted to

ωe = ω0 + k · v with |k| = 2π/λ (7.66)

(Fig. 7.20a). Also, the absorption frequency ωa of an atom,
moving with the velocity v changes. If a plane wave with
wave vector k and frequency ω hits the moving atom, the
frequency ω appears in the moving frame of the atom shifted
to ω′ = ω − k · v. Since the absorption frequency of the
atom in its rest frame is ω0, the wave can only be absorbed
if ω′ = ω0. The frequency of the incident wave therefore has
to be

ω = ωa = ω0 + k · v (7.67)

in order to be absorbed (i.e., coincide with the center fre-
quency ω0 of the atom in its rest frame).

If the wave travels in the z direction its wave vector is
k = {0, 0, vz} ⇒ k · v = kzvz and the absorption frequency

becomes

ωa = ω0 + kzvz = ω0(1+ vz/c) (7.68)

(Fig. 7.20b).
At thermal equilibrium, the velocities of the atom follow

a Maxwell–Boltzmann distribution. The number density
ni (vz) dvz of atoms in the absorbing level |i〉 with velocity
components vz within the interval from vz to vz + dvz is
given by

ni (vz) dvz =
Ni

vw
√

π
e−(vz/vw)

2
dvz, (7.69)

where vw = (2kBT/m)1/2 is the most probable velocity
component, kB is the Boltzmann constant and

Ni =
+∞∫

−∞
ni (vz) dvz

is the total number of all atoms in level Ei per unit
volume.

If vz and dvz in (7.69) are expressed by the frequency ω

and the frequency shift dω according to the relations (7.68)we
obtain vz = (c/ω0)(ω − ω0) and dvz = (c/ω0) dω. Inserting
this into (7.69) gives the number of atoms

ni (ω) dω = cNi

ω0vw
√

π
e−[c(ω−ω0)/(ω0vw)]2 dω (7.70)

that absorb or emit radiation within the frequency interval
between ω and ω + dω. Since the absorbed or emitted spec-
tral radiation power density is proportional to n(ω) dω, the
intensity profile of a Doppler-broadened absorption or emis-
sion line becomes

Pω(ω) = Pω(ω0)e−[c(ω−ω0)/(ω0vw)]2 . (7.71)

This a Gaussian function that is symmetric to the center fre-
quency ω0 (Fig. 7.20c). The full half-width is

δωD = |ω1 − ω2|

with P(ω1) = P(ω2) =
1
2
P(ω0).

Using the relation vw = (2kBT/m)1/2 converts this into

δωD = 2
√
ln 2ω0vw/c = (ω0/c)

√
8kBT ln 2/m. (7.72a)

Replacing ω0 vw/c in the exponent of (7.71) by δω0 using
(7.72a), we obtain

ω0 · vw/c = δωD · (4 ln 2)−1/2

Using the most probable velocity component
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illustrates that the approximation γ " ω0, made above, is
indeed well justified.

2. For metastable excited states, the lifetimes may become
very long, because there are no allowed spontaneous tran-
sitions to lower states. Examples are the 22S1/2 states of
the H atom, or the 23S1 state of the He atom. The excited
22S1/2 state of the hydrogen atom can only undergo a
two-photon transition into the ground state. Its lifetime
is about 0.14 s (!) and its natural linewidth is accordingly
δνn = 1.1 s−1. Such a small linewidth can be measured
only with special techniques (see Chap. 11).

7.4.2 Doppler Broadening

If an excited atom moves with the velocity v = {vx , vy, vz},
the center frequency of the radiation, emitted into the direction
of the wave vector k of the wave appears for an observer at
rest Doppler-shifted to

ωe = ω0 + k · v with |k| = 2π/λ (7.66)

(Fig. 7.20a). Also, the absorption frequency ωa of an atom,
moving with the velocity v changes. If a plane wave with
wave vector k and frequency ω hits the moving atom, the
frequency ω appears in the moving frame of the atom shifted
to ω′ = ω − k · v. Since the absorption frequency of the
atom in its rest frame is ω0, the wave can only be absorbed
if ω′ = ω0. The frequency of the incident wave therefore has
to be

ω = ωa = ω0 + k · v (7.67)

in order to be absorbed (i.e., coincide with the center fre-
quency ω0 of the atom in its rest frame).

If the wave travels in the z direction its wave vector is
k = {0, 0, vz} ⇒ k · v = kzvz and the absorption frequency

becomes

ωa = ω0 + kzvz = ω0(1+ vz/c) (7.68)

(Fig. 7.20b).
At thermal equilibrium, the velocities of the atom follow

a Maxwell–Boltzmann distribution. The number density
ni (vz) dvz of atoms in the absorbing level |i〉 with velocity
components vz within the interval from vz to vz + dvz is
given by

ni (vz) dvz =
Ni

vw
√

π
e−(vz/vw)

2
dvz, (7.69)

where vw = (2kBT/m)1/2 is the most probable velocity
component, kB is the Boltzmann constant and

Ni =
+∞∫

−∞
ni (vz) dvz

is the total number of all atoms in level Ei per unit
volume.

If vz and dvz in (7.69) are expressed by the frequency ω

and the frequency shift dω according to the relations (7.68)we
obtain vz = (c/ω0)(ω − ω0) and dvz = (c/ω0) dω. Inserting
this into (7.69) gives the number of atoms

ni (ω) dω = cNi

ω0vw
√

π
e−[c(ω−ω0)/(ω0vw)]2 dω (7.70)

that absorb or emit radiation within the frequency interval
between ω and ω + dω. Since the absorbed or emitted spec-
tral radiation power density is proportional to n(ω) dω, the
intensity profile of a Doppler-broadened absorption or emis-
sion line becomes

Pω(ω) = Pω(ω0)e−[c(ω−ω0)/(ω0vw)]2 . (7.71)

This a Gaussian function that is symmetric to the center fre-
quency ω0 (Fig. 7.20c). The full half-width is

δωD = |ω1 − ω2|

with P(ω1) = P(ω2) =
1
2
P(ω0).

Using the relation vw = (2kBT/m)1/2 converts this into

δωD = 2
√
ln 2ω0vw/c = (ω0/c)

√
8kBT ln 2/m. (7.72a)

Replacing ω0 vw/c in the exponent of (7.71) by δω0 using
(7.72a), we obtain

ω0 · vw/c = δωD · (4 ln 2)−1/2

we can obtain
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illustrates that the approximation γ " ω0, made above, is
indeed well justified.

2. For metastable excited states, the lifetimes may become
very long, because there are no allowed spontaneous tran-
sitions to lower states. Examples are the 22S1/2 states of
the H atom, or the 23S1 state of the He atom. The excited
22S1/2 state of the hydrogen atom can only undergo a
two-photon transition into the ground state. Its lifetime
is about 0.14 s (!) and its natural linewidth is accordingly
δνn = 1.1 s−1. Such a small linewidth can be measured
only with special techniques (see Chap. 11).

7.4.2 Doppler Broadening

If an excited atom moves with the velocity v = {vx , vy, vz},
the center frequency of the radiation, emitted into the direction
of the wave vector k of the wave appears for an observer at
rest Doppler-shifted to

ωe = ω0 + k · v with |k| = 2π/λ (7.66)

(Fig. 7.20a). Also, the absorption frequency ωa of an atom,
moving with the velocity v changes. If a plane wave with
wave vector k and frequency ω hits the moving atom, the
frequency ω appears in the moving frame of the atom shifted
to ω′ = ω − k · v. Since the absorption frequency of the
atom in its rest frame is ω0, the wave can only be absorbed
if ω′ = ω0. The frequency of the incident wave therefore has
to be

ω = ωa = ω0 + k · v (7.67)

in order to be absorbed (i.e., coincide with the center fre-
quency ω0 of the atom in its rest frame).

If the wave travels in the z direction its wave vector is
k = {0, 0, vz} ⇒ k · v = kzvz and the absorption frequency

becomes

ωa = ω0 + kzvz = ω0(1+ vz/c) (7.68)

(Fig. 7.20b).
At thermal equilibrium, the velocities of the atom follow

a Maxwell–Boltzmann distribution. The number density
ni (vz) dvz of atoms in the absorbing level |i〉 with velocity
components vz within the interval from vz to vz + dvz is
given by

ni (vz) dvz =
Ni

vw
√
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e−(vz/vw)

2
dvz, (7.69)

where vw = (2kBT/m)1/2 is the most probable velocity
component, kB is the Boltzmann constant and

Ni =
+∞∫
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ni (vz) dvz

is the total number of all atoms in level Ei per unit
volume.

If vz and dvz in (7.69) are expressed by the frequency ω

and the frequency shift dω according to the relations (7.68)we
obtain vz = (c/ω0)(ω − ω0) and dvz = (c/ω0) dω. Inserting
this into (7.69) gives the number of atoms

ni (ω) dω = cNi

ω0vw
√

π
e−[c(ω−ω0)/(ω0vw)]2 dω (7.70)

that absorb or emit radiation within the frequency interval
between ω and ω + dω. Since the absorbed or emitted spec-
tral radiation power density is proportional to n(ω) dω, the
intensity profile of a Doppler-broadened absorption or emis-
sion line becomes

Pω(ω) = Pω(ω0)e−[c(ω−ω0)/(ω0vw)]2 . (7.71)

This a Gaussian function that is symmetric to the center fre-
quency ω0 (Fig. 7.20c). The full half-width is

δωD = |ω1 − ω2|

with P(ω1) = P(ω2) =
1
2
P(ω0).

Using the relation vw = (2kBT/m)1/2 converts this into

δωD = 2
√
ln 2ω0vw/c = (ω0/c)

√
8kBT ln 2/m. (7.72a)

Replacing ω0 vw/c in the exponent of (7.71) by δω0 using
(7.72a), we obtain

ω0 · vw/c = δωD · (4 ln 2)−1/2
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Fig. 7.20 a–c.
Doppler-broadening of spectral
lines. (a) Doppler-shift emitted.
(b) Absorbed photons. (c)
Gaussian line profile caused by
the thermal velocity distribution
of absorbing or emitting atoms

(a)

(c)

(b) absorbing
atom
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Because (4 ln 2)!1/2 ≈ 0.6 we can write (7.71) as

P(ω) = P(ω0)e![(ω!ω0)/0.6δωD]2 . (7.71b)

The Doppler-width δωD increases proportionally with
the frequency ω0 and with T 1/2 but decreases with
increasing mass m of the atom as m!1/2.

With theAvogadro number NA, themolarmassM = NAm
and the gas constant R = NAkB we can transform (7.72a) into
the expression

δνD = 2ν0
c

√
(2RT/M) ln 2

= 7.16 × 10!7ν0
√
T/M s!1

, (7.72b)

which is more handy for fast calculations, where T is given
in K and M in g/mol.

Examples

1. The Lyman α-line of the transition 2P → 1S in the hydro-
gen atom (M = 1 g/mol): λ = 121.6 nm ⇒ ν0 =
2.47 × 1015 s!1. At a temperature of T = 1000K in a
hydrogen discharge the Doppler-width becomes δνD =
5.6 × 1010 s!1 = 56GHz, δλD = 2.8 × 10!3 nm.

2. The Na D-line of the transition 3P1/2 → 3S1/2 in the
sodium atom (M = 23g/mol) has a wavelength λ =

589.1nm and a frequency ν0 = 5.1 × 1014 s!1. At a
temperature T = 500K the Doppler-width is δνD =
1.7 × 109 s!1 = 1.7GHz ⇒ δλ = 2 × 10!3 nm.

3. The infrared transition in the CO2 molecule (M = 44
g/mol) at λ ≈ 10µm (ν0 = 3 × 1013 s!1) has, at room
temperature T = 300K, a Doppler width δνD = 5.6 ×
106 s!1 = 56MHz ⇒ δλ = 1.3 × 10!3 nm.

These examples show that in the visible range the
Doppler width exceeds the natural linewidth by about
two orders of magnitude.
This is also true for vibrational transitions in the
infrared, where the lifetimes of the vibrational levels
are very long and the natural linewidths accordingly
small.

This implies that generally the natural linewidth is com-
pletely masked by the much larger Doppler-width. Without
special experimental tricks (see Sect. 11.5.8) it is therefore
not possible to measure the natural linewidth directly. It is,
however, possible to determine it frommeasured spontaneous
lifetimes of excited states (see Sect. 7.3).

Note The Gaussian line profile of Doppler broadening
decreases exponentially with increasing distance |ω ! ω0|
from the line center ω0, (see (7.73)), while the Lorentzian
line profile decreases only as (ω ! ω0)

!2 (7.58). Therefore,
it is possible to extract from the extreme line wings, infor-

The Doppler-width δωD increases proportionally with the 
frequency ω0  but decreases with increasing mass m of the 

atom.
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6.8 Doppler Broadening

More detailed consideration shows that a Doppler-
broadened spectral line cannot be strictly represented 
by a pure Gaussian profile as has been assumed in the 
foregoing discussion. They can overlap as 
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mation on the natural line profile in spite of the much larger
Doppler-width (Fig. 7.21).

More detailed consideration shows that a Doppler-
broadened spectral line cannot be strictly represented by a
pure Gaussian profile as has been assumed in the foregoing
discussion, since not all atoms with a definite velocity
component vz emit or absorb radiation at the same frequency
ω! = ω0(1 + vz/c). Because of the finite lifetime of the
atomic energy levels, the frequency response of atoms with
a velocity component vz is represented by the Lorentzian
profile (see Sect. 7.4.1)

L(ω − ω!) = γ /2π
(ω − ω!)2 + (γ /2)2

(7.73)

with a central frequency ω! = ω0(1+ vz/c) (Fig. 7.22).
Let n(ω!) dω! = n(vz) dvz be the number of atoms per

unit volume with velocity components within the interval vz
to vz+dvz . The spectral intensity distribution I (ω) of the total
absorption or emission of all atoms on the transition Ei → Ek
is then

Fig. 7.22 Voigt profile as a convolution of Lorentzian line shapes
L(ω0 − ω!) with ω! = ω0(1+ vz/c)

I (ω) = I0

∞∫

0

n(ω!)L(ω − ω!) dω!. (7.74a)

Inserting (7.73) for L(ω − ω!) dω! and (7.70) for n(ω!) we
obtain

I (ω) = C

∞∫

0

e−[(c/vp)(ω0−ω!)/ω0]2

(ω − ω!)2 + (γ /2)2
dω! (7.74b)

with

C = γ Nic
2vpπ3/2ω0

.

This intensity profile, which represents a convolution of
Lorentzian and Gaussian profiles (Fig. 7.22) is called a Voigt
profile. Such profiles play an important role for the spec-
troscopy of stellar atmospheres, where accurate measure-
ments of line wings allow one to separate the contributions
of Doppler-broadening and natural linewidths or collisional
broadening. From such measurements, the temperatures and
the pressures of the atmospheric layers of stars or planets
from which the radiation is emitted or where radiation from
the inner part of the star is absorbed can be deduced.

7.4.3 Collision Broadening

If an atom A, with energy levels Ei and Ek , approaches
another atom or molecule B, the interaction between A and B
shifts the energies of both levels. This energy shift depends on
the structure of the electron shell of both partners A and B, on
the specific energy levels and on themutual distance R(A,B),
which we define as the distance between the centers of mass
of A and B. The energy shift generally differs for the differ-
ent levels. It may be positive (for repulsive potentials between
A and B) or negative (for attractive potentials). Plotting the
energies Ei (R) and Ek(R) of atom A as a function of the
distance R we obtain potential curves, such as those schemat-
ically drawn in Fig. 7.23. The approach of two particles to a
distance Rc, where the interaction energy becomes noticeable
(this means that the potential curves deviate noticeably from
E(R = ∞)), is called a two-body collision and the system
AB(R) is called a collision pair. If the densities of A and B
are not too high, the probability that three collision partners
approach each other simultaneously within R < Rc (three
body collision) is very small and we can neglect it.

The distance Rc where the interaction becomes noticeable
is the collision radius. If the relative velocity of A and B is
v, the duration of the collision (also called the collision time)
can be defined as τcoll = Rc/v.

with
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is the collision radius. If the relative velocity of A and B is
v, the duration of the collision (also called the collision time)
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6.9 Collision Broadening

If an atom A, with energy levels Ei and Ek , approaches 
another atom or molecule B, the interaction between A 
and B shifts the energies of both levels. This energy 
shift depends on the structure of the electron shell of 
both partners A and B, on the specific energy levels and 
on the mutual distance R

248 7 Emission and Absorption of Electromagnetic Radiation by Atoms

Example
At thermal velocities of v = 5 ! 102 m/s and a typical
collision radius Rc = 1 nm the collision time becomes
τcoll = 2 ! 10−12 s. This illustrates that the collision times
are very short.

Note, that one has to distinguish between the collision time
and the mean time 〈τ 〉 = n−1/3/v between two collisions,
which is proportional to the average distance d = n−1/3

between two atoms and therefore depends on the density n
of the collision partners. At sufficiently low pressures, 〈τ 〉 is
much longer than τcoll.

Example
At a pressure of 1 mbar the density is about 3 ! 1022 m−3.
With a relative velocity v = 5 ! 102 m/s we obtain 〈τ 〉 ≈
3 ! 10−11 s.

The frequency

νik = |Ei (R) − Ek(R)|/h
of the radiation emitted or absorbedon the transition Ei → Ek
during a collision depends on the distance R at which the
transition takes place (we assume here that the duration of the
radiative transition is short compared with the collision time,

(a)

(b)

Fig.7.23 a,b.Collision broadening. (a) Potential curves of the collision
pair AB andA∗B. (b) Shift and broadening of a spectral line by collisions

which means that in Fig. 7.23a, the transition can be drawn
as a vertical line). In a gas mixture, the distances R show
random fluctuations with a distribution around a mean value
Rm, which depends on the pressure and temperature of the
gas. The frequencies of absorbed or emitted radiation show
a corresponding distribution around a most probable value
νik(Rm), which may be shifted against the center frequency
ν0 of the unperturbed atom A. The shift ∆ν = ν0 − νik(Rm)

depends on how differently the two energy levels Ei and Ek
are shifted at a distance Rm(A,B) where the transition prob-
ability for emission or absorption has a maximum.

The intensity profile I (ω) of the collision broadened emis-
sion line can be described by

I (ω) ∝
∫

Aik(R)Pcoll(R) [Ei (R) − Ek(R)] dR, (7.75)

where Aik(R) is the spontaneous transition probability, which
depends on R because the electronic wave functions of the
collision pair (AB) depend on R. The probability Pcoll(R)
that the distance R lies between R and R + dR depends on
the interaction potential, the density and the temperature of
the gas. It can be derived in the following way:

The number of particles B in a spherical shell with radius
R around atom A is

NB(R) dR = n04πR2 dRe−Epot(R)/kT , (7.76)

where n0 is the average density of atoms B. The Boltzmann
factor exp(−Epot/kT ) takes into account that the energy of
the collision pair depends on the potential interaction energy
Epot(R). The probability P(R) is (N (R)/n0). Inserting this
into (7.75) gives the intensity profile of the absorption line

I (ω) dω (7.77)

= C∗
[
R2e−E (i)

pot(R)/kT
d
dR

(Ei (R) − Ek(R))
]
dR.

Measuring the line profile as a function of the temperature
gives

dI (ω, T )
dT

=
E (i)
pot(R)

kT 2 I (ω, T ). (7.78)

This allows the determination of the ground state potential
seperately!

From the temperature dependence of the line profile,
one can determine the interaction potential for the
two corresponding states separately, while from mea-
surements at constant temperature only the difference
∆E(R) can be obtained.
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6.9 Collision Broadening

The line profile caused by elastic and inelastic collisions 
is obtained 
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Table 7.3 Line broadening δνB and line shift ∆νS (in MHz/Pa) for some transitions in alkali atoms colliding with noble gas atoms

Collision partner
Atomic Transition He Ar Xe

δνb ∆νs δνb ∆νs δνb ∆νs

Na:
3S1/2 ! 3P1/2 0.07 0.0 0.1 −0.05 0.13 −0.07
λ = 589.6nm

K:
4S1/2 ! 4P1/2 0.06 0.02 0.1 −0.09 0.12 −0.07
λ = 769.9

Cs:
6S1/2 ! 6P1/2 0.08 0.05 0.08 −0.07 0.09 −0.06
λ = 894.4

The line profile caused by elastic and inelastic collisions
is obtained after a somewhat lengthy calculation [8] as

I (ω) =

(
γn+γinel

2 + Nvσb

)2

(ω − ω0 − Nvσs)2 +
(

γn+γinel
2 + Nvσb

)2 .

(7.83a)

The cross sections

σb = 2(

∞∫

0

(1 − cos)(R))R dR (7.83b)

σs = 2(

∞∫

0

sin )(R))R dR (7.83c)

are a measure for the line broadening (δνb) and the line shift
(∆νs) by elastic collisions (Table 7.3).

Both elastic and inelastic collisions result in the broad-
ening of spectral lines. Elastic collisions cause, in addi-
tion, a shift of the line center.

The classical models of pressure broadening and shifts can
be extended to a more general quantummechanical treatment
[9,10]. This, however, exceeds the scope of this textbook.

7.5 X-Rays

In the year 1895, in the German city of Würzburg, Wilhelm
Conrad Röntgen (1845–1923) (Fig. 7.25) discovered, while
experimenting with gas discharge tubes developed by Phillip
Lenard, that radiation was emitted from these tubes that could
penetratematerials such as glass, wood or human tissue. Since

Fig. 7.25 Wilhelm Conrad Röntgen (From E. Bragge; Die Nobel-
preisträger, Heinz-Moos-Verlag, München 1964)

he did not know much about the nature of this radiation, he
called it X-ray radiation.

In the following years, the importance of these X-rays for
material inspection and in particular for medical diagnostics,
soon became evident and in 1901 Röntgen was the first physi-
cist to receive the Nobel Prize. In the following 100 years
the applications of X-rays have vastly increased [11], rang-
ing from material sciences, sterilization of food, numerous
medical applications culminating in the development of X-
ray tomographs and discoveries of new phenomena in the
universe using X-ray astronomy [12–14].

The basic principle of an X-ray tube is shown in Fig. 7.26.
Electrons are emitted from a heated cathode, accelerated by a
voltage U and impinge onto an anode. In the anode mate-
rial (for example tungsten) the electrons are stopped and
part of their energy eU is converted into radiation with short
wavelengths. These X-rays leave the tube through a window
and can be collimated by proper apertures.

X-rays are produced by two different effects:

1. By decelerating energetic electrons (ranging from keV
to MeV) bremsstrahlung is produced with a continuous

The cross sections
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In the following years, the importance of these X-rays for
material inspection and in particular for medical diagnostics,
soon became evident and in 1901 Röntgen was the first physi-
cist to receive the Nobel Prize. In the following 100 years
the applications of X-rays have vastly increased [11], rang-
ing from material sciences, sterilization of food, numerous
medical applications culminating in the development of X-
ray tomographs and discoveries of new phenomena in the
universe using X-ray astronomy [12–14].

The basic principle of an X-ray tube is shown in Fig. 7.26.
Electrons are emitted from a heated cathode, accelerated by a
voltage U and impinge onto an anode. In the anode mate-
rial (for example tungsten) the electrons are stopped and
part of their energy eU is converted into radiation with short
wavelengths. These X-rays leave the tube through a window
and can be collimated by proper apertures.

X-rays are produced by two different effects:

1. By decelerating energetic electrons (ranging from keV
to MeV) bremsstrahlung is produced with a continuous

are a measure for the line broadening (δνb) and the line 
shift (Δνs) by elastic collisions.
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Induced and Spontaneous Transitions

If an atom in the state |k⟩ with energy Ek is brought into 
an electromagnetic radiation field with spectral energy 
density wν(ν), it can absorb a photon hν. 

The probability per second for such an absorbing 
transition
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7.1 Transition Probabilities

In this section we will discuss what a transition probability
means and how it depends on thewave functions of the atomic
states involved in a specific transition between these states.
Some techniques for measuring transition probabilities are
presented.

7.1.1 Induced and Spontaneous Transitions,
Einstein Coefficients

If an atom in the state |k! with energy Ek is brought into an
electromagnetic radiation field with spectral energy density
wν(ν) (this is the field energy per unit volume and unit fre-
quency interval∆ν = 1 s−1) it can absorb a photon hν, which
brings the atom into a state with higher energy Ei = Ek+hν.

The probability per second for such an absorbing transition

dPabs
ki

dt
= Bkiwν(ν) (7.2)

is proportional to the spectral energy densitywν(ν) = n(ν)hν

of the radiation field (where n(ν) is the number of photons hν

per unit volume within the frequency interval ∆ν = 1 s−1).
The proportionality factor Bki is the Einstein coefficient for
absorption. Each absorption takes one photon from a spe-
cific mode of the radiation field (see Sect. 3.1) and therefore
decreases the number of photons in this mode by one.

The radiation field can also induce atoms in an excited state
with energy Ei to emit a photon with energy hν = Ei − Ek
into a specific mode of the radiation field and to go into the
lower state Ek . This process is called induced (or stimulated)
emission. It increases by one the number of photons in this
mode from which the inducing photon came. Since the two
photons are in the samemode, they have identical propagation
directions. The energy of the atom is reduced by ∆E and that
of the mode of the radiation field is increased by the same
amount ∆E = hν.

The probability per second for the induced emission is
analogous to (7.2) given by

dP ind. em
ik

dt
= Bikwν(ν). (7.3)

The factor Bik is the Einstein coefficient for induced emis-
sion.

An excited atom can also give away its excitation energy
spontaneously without an external radiation field. This pro-
cess is called spontaneous emission. Different from the
induced emission, the spontaneous photon can be emitted into
an arbitrary direction, i.e., into any one of the modes of the
radiation field. The probability per second for such a sponta-
neous emission is

dPsp. em.
ik

dt
= Aik . (7.4)

The factor Aik is the Einstein coefficient for spontaneous
emission. It is solely dependent on the wave functions of the
states |i! and |k! but independent of the radiation field. In
Fig. 7.1 all three processes are depicted schematically.

We will now look for relations between the three Einstein
coefficients.

Consider Ni atoms in state Ei and Nk atoms in state Ek
within the unit volume inside a radiation field with spectral
energy densityw(ν). Under stationary conditions the number
densities Ni and Nk do not vary with time, i.e., they are con-
stant. This means that the absorption rate must be equal to the
total emission rate:

Bkiwν(ν)Nk = (Bikwν(ν)+ Aik) Ni . (7.5)

At thermal equilibrium, the ratio Ni/Nk follows the Boltz-
mann distribution (Fig. 7.1b)

Ni

Nk
= gi

gk
e−(Ei−Ek )/kT = gi

gk
e−hν/kT , (7.6)

where g = 2J + 1 is the statistical weight (i.e., the number
of possible realizations) of a state with energy E and total
angular momentum quantum number J . This state has 2J +
1 possible orientations of the angular momentum vector J,
which all have (without an external magnetic field) the same
energy; they are energetically degenerate.

Inserting (7.6) into (7.5) and solving for w(ν) yields

wν(ν) =
Aik/Bik

(gk/gi )(Bki/Bik)ehν/kT − 1
. (7.7)

The spectral energy density of the thermal radiation field
is, on the other side, given by Planck’s formula (see
Sect. 3.1)

(a) (b)

Fig. 7.1 (a) Absorption, induced emission and spontaneous emission
in a two-level system. (b) Thermal population distribution N (E) of the
number of atoms with energy E .

is proportional to the spectral energy density wν(ν)= 
n(ν)hν of the radiation field. The proportionality factor 
Bki is the Einstein coefficient for absorption.
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Induced and Spontaneous Transitions

The radiation field can also induce atoms in an excited 
state with energy Ei to emit a photon with energy hν = Ei− 
Ek into a specific mode of the radiation field and to go 
into the lower state Ek . This process is called induced (or 
stimulated) emission. The probability per second for the 
induced emission is given by

230 7 Emission and Absorption of Electromagnetic Radiation by Atoms

7.1 Transition Probabilities

In this section we will discuss what a transition probability
means and how it depends on thewave functions of the atomic
states involved in a specific transition between these states.
Some techniques for measuring transition probabilities are
presented.

7.1.1 Induced and Spontaneous Transitions,
Einstein Coefficients

If an atom in the state |k! with energy Ek is brought into an
electromagnetic radiation field with spectral energy density
wν(ν) (this is the field energy per unit volume and unit fre-
quency interval∆ν = 1 s−1) it can absorb a photon hν, which
brings the atom into a state with higher energy Ei = Ek+hν.

The probability per second for such an absorbing transition

dPabs
ki

dt
= Bkiwν(ν) (7.2)

is proportional to the spectral energy densitywν(ν) = n(ν)hν

of the radiation field (where n(ν) is the number of photons hν

per unit volume within the frequency interval ∆ν = 1 s−1).
The proportionality factor Bki is the Einstein coefficient for
absorption. Each absorption takes one photon from a spe-
cific mode of the radiation field (see Sect. 3.1) and therefore
decreases the number of photons in this mode by one.

The radiation field can also induce atoms in an excited state
with energy Ei to emit a photon with energy hν = Ei − Ek
into a specific mode of the radiation field and to go into the
lower state Ek . This process is called induced (or stimulated)
emission. It increases by one the number of photons in this
mode from which the inducing photon came. Since the two
photons are in the samemode, they have identical propagation
directions. The energy of the atom is reduced by ∆E and that
of the mode of the radiation field is increased by the same
amount ∆E = hν.

The probability per second for the induced emission is
analogous to (7.2) given by

dP ind. em
ik

dt
= Bikwν(ν). (7.3)

The factor Bik is the Einstein coefficient for induced emis-
sion.

An excited atom can also give away its excitation energy
spontaneously without an external radiation field. This pro-
cess is called spontaneous emission. Different from the
induced emission, the spontaneous photon can be emitted into
an arbitrary direction, i.e., into any one of the modes of the
radiation field. The probability per second for such a sponta-
neous emission is

dPsp. em.
ik

dt
= Aik . (7.4)

The factor Aik is the Einstein coefficient for spontaneous
emission. It is solely dependent on the wave functions of the
states |i! and |k! but independent of the radiation field. In
Fig. 7.1 all three processes are depicted schematically.

We will now look for relations between the three Einstein
coefficients.

Consider Ni atoms in state Ei and Nk atoms in state Ek
within the unit volume inside a radiation field with spectral
energy densityw(ν). Under stationary conditions the number
densities Ni and Nk do not vary with time, i.e., they are con-
stant. This means that the absorption rate must be equal to the
total emission rate:

Bkiwν(ν)Nk = (Bikwν(ν)+ Aik) Ni . (7.5)

At thermal equilibrium, the ratio Ni/Nk follows the Boltz-
mann distribution (Fig. 7.1b)

Ni

Nk
= gi

gk
e−(Ei−Ek )/kT = gi

gk
e−hν/kT , (7.6)

where g = 2J + 1 is the statistical weight (i.e., the number
of possible realizations) of a state with energy E and total
angular momentum quantum number J . This state has 2J +
1 possible orientations of the angular momentum vector J,
which all have (without an external magnetic field) the same
energy; they are energetically degenerate.

Inserting (7.6) into (7.5) and solving for w(ν) yields

wν(ν) =
Aik/Bik

(gk/gi )(Bki/Bik)ehν/kT − 1
. (7.7)

The spectral energy density of the thermal radiation field
is, on the other side, given by Planck’s formula (see
Sect. 3.1)

(a) (b)

Fig. 7.1 (a) Absorption, induced emission and spontaneous emission
in a two-level system. (b) Thermal population distribution N (E) of the
number of atoms with energy E .

The factor Bik is the Einstein coefficient for induced 
emission.



18/05/2026 Jinniu Hu

Induced and Spontaneous Transitions

An excited atom can also give away its excitation energy 
spontaneously without an external radiation field. This 
process is called spontaneous emission. Different from 
the induced emission, the spontaneous photon can be 
emitted into an arbitrary direction, i.e., into any one of 
the modes of the radiation field. 230 7 Emission and Absorption of Electromagnetic Radiation by Atoms

7.1 Transition Probabilities

In this section we will discuss what a transition probability
means and how it depends on thewave functions of the atomic
states involved in a specific transition between these states.
Some techniques for measuring transition probabilities are
presented.

7.1.1 Induced and Spontaneous Transitions,
Einstein Coefficients

If an atom in the state |k! with energy Ek is brought into an
electromagnetic radiation field with spectral energy density
wν(ν) (this is the field energy per unit volume and unit fre-
quency interval∆ν = 1 s−1) it can absorb a photon hν, which
brings the atom into a state with higher energy Ei = Ek+hν.

The probability per second for such an absorbing transition

dPabs
ki

dt
= Bkiwν(ν) (7.2)

is proportional to the spectral energy densitywν(ν) = n(ν)hν

of the radiation field (where n(ν) is the number of photons hν

per unit volume within the frequency interval ∆ν = 1 s−1).
The proportionality factor Bki is the Einstein coefficient for
absorption. Each absorption takes one photon from a spe-
cific mode of the radiation field (see Sect. 3.1) and therefore
decreases the number of photons in this mode by one.

The radiation field can also induce atoms in an excited state
with energy Ei to emit a photon with energy hν = Ei − Ek
into a specific mode of the radiation field and to go into the
lower state Ek . This process is called induced (or stimulated)
emission. It increases by one the number of photons in this
mode from which the inducing photon came. Since the two
photons are in the samemode, they have identical propagation
directions. The energy of the atom is reduced by ∆E and that
of the mode of the radiation field is increased by the same
amount ∆E = hν.

The probability per second for the induced emission is
analogous to (7.2) given by

dP ind. em
ik

dt
= Bikwν(ν). (7.3)

The factor Bik is the Einstein coefficient for induced emis-
sion.

An excited atom can also give away its excitation energy
spontaneously without an external radiation field. This pro-
cess is called spontaneous emission. Different from the
induced emission, the spontaneous photon can be emitted into
an arbitrary direction, i.e., into any one of the modes of the
radiation field. The probability per second for such a sponta-
neous emission is

dPsp. em.
ik

dt
= Aik . (7.4)

The factor Aik is the Einstein coefficient for spontaneous
emission. It is solely dependent on the wave functions of the
states |i! and |k! but independent of the radiation field. In
Fig. 7.1 all three processes are depicted schematically.

We will now look for relations between the three Einstein
coefficients.

Consider Ni atoms in state Ei and Nk atoms in state Ek
within the unit volume inside a radiation field with spectral
energy densityw(ν). Under stationary conditions the number
densities Ni and Nk do not vary with time, i.e., they are con-
stant. This means that the absorption rate must be equal to the
total emission rate:

Bkiwν(ν)Nk = (Bikwν(ν)+ Aik) Ni . (7.5)

At thermal equilibrium, the ratio Ni/Nk follows the Boltz-
mann distribution (Fig. 7.1b)

Ni

Nk
= gi

gk
e−(Ei−Ek )/kT = gi

gk
e−hν/kT , (7.6)

where g = 2J + 1 is the statistical weight (i.e., the number
of possible realizations) of a state with energy E and total
angular momentum quantum number J . This state has 2J +
1 possible orientations of the angular momentum vector J,
which all have (without an external magnetic field) the same
energy; they are energetically degenerate.

Inserting (7.6) into (7.5) and solving for w(ν) yields

wν(ν) =
Aik/Bik

(gk/gi )(Bki/Bik)ehν/kT − 1
. (7.7)

The spectral energy density of the thermal radiation field
is, on the other side, given by Planck’s formula (see
Sect. 3.1)

(a) (b)

Fig. 7.1 (a) Absorption, induced emission and spontaneous emission
in a two-level system. (b) Thermal population distribution N (E) of the
number of atoms with energy E .

The factor Aik is the Einstein coefficient for spontaneous 
emission. It is solely dependent on the wave functions of 
the states |i⟩ and |k⟩ but independent of the radiation 
field. 
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Induced and Spontaneous Transitions

Consider Ni atoms in state Ei and Nk atoms in state Ek within 
the unit volume inside a radiation field with spectral 
energy density w(ν). Under stationary conditions the 
number densities Ni and Nk do not vary with time, i.e., 
they are constant. This means that the absorption rate 
must be equal to the total emission rate:
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7.1 Transition Probabilities

In this section we will discuss what a transition probability
means and how it depends on thewave functions of the atomic
states involved in a specific transition between these states.
Some techniques for measuring transition probabilities are
presented.

7.1.1 Induced and Spontaneous Transitions,
Einstein Coefficients

If an atom in the state |k! with energy Ek is brought into an
electromagnetic radiation field with spectral energy density
wν(ν) (this is the field energy per unit volume and unit fre-
quency interval∆ν = 1 s−1) it can absorb a photon hν, which
brings the atom into a state with higher energy Ei = Ek+hν.

The probability per second for such an absorbing transition

dPabs
ki

dt
= Bkiwν(ν) (7.2)

is proportional to the spectral energy densitywν(ν) = n(ν)hν

of the radiation field (where n(ν) is the number of photons hν

per unit volume within the frequency interval ∆ν = 1 s−1).
The proportionality factor Bki is the Einstein coefficient for
absorption. Each absorption takes one photon from a spe-
cific mode of the radiation field (see Sect. 3.1) and therefore
decreases the number of photons in this mode by one.

The radiation field can also induce atoms in an excited state
with energy Ei to emit a photon with energy hν = Ei − Ek
into a specific mode of the radiation field and to go into the
lower state Ek . This process is called induced (or stimulated)
emission. It increases by one the number of photons in this
mode from which the inducing photon came. Since the two
photons are in the samemode, they have identical propagation
directions. The energy of the atom is reduced by ∆E and that
of the mode of the radiation field is increased by the same
amount ∆E = hν.

The probability per second for the induced emission is
analogous to (7.2) given by

dP ind. em
ik

dt
= Bikwν(ν). (7.3)

The factor Bik is the Einstein coefficient for induced emis-
sion.

An excited atom can also give away its excitation energy
spontaneously without an external radiation field. This pro-
cess is called spontaneous emission. Different from the
induced emission, the spontaneous photon can be emitted into
an arbitrary direction, i.e., into any one of the modes of the
radiation field. The probability per second for such a sponta-
neous emission is

dPsp. em.
ik

dt
= Aik . (7.4)

The factor Aik is the Einstein coefficient for spontaneous
emission. It is solely dependent on the wave functions of the
states |i! and |k! but independent of the radiation field. In
Fig. 7.1 all three processes are depicted schematically.

We will now look for relations between the three Einstein
coefficients.

Consider Ni atoms in state Ei and Nk atoms in state Ek
within the unit volume inside a radiation field with spectral
energy densityw(ν). Under stationary conditions the number
densities Ni and Nk do not vary with time, i.e., they are con-
stant. This means that the absorption rate must be equal to the
total emission rate:

Bkiwν(ν)Nk = (Bikwν(ν)+ Aik) Ni . (7.5)

At thermal equilibrium, the ratio Ni/Nk follows the Boltz-
mann distribution (Fig. 7.1b)

Ni

Nk
= gi

gk
e−(Ei−Ek )/kT = gi

gk
e−hν/kT , (7.6)

where g = 2J + 1 is the statistical weight (i.e., the number
of possible realizations) of a state with energy E and total
angular momentum quantum number J . This state has 2J +
1 possible orientations of the angular momentum vector J,
which all have (without an external magnetic field) the same
energy; they are energetically degenerate.

Inserting (7.6) into (7.5) and solving for w(ν) yields

wν(ν) =
Aik/Bik

(gk/gi )(Bki/Bik)ehν/kT − 1
. (7.7)

The spectral energy density of the thermal radiation field
is, on the other side, given by Planck’s formula (see
Sect. 3.1)

(a) (b)

Fig. 7.1 (a) Absorption, induced emission and spontaneous emission
in a two-level system. (b) Thermal population distribution N (E) of the
number of atoms with energy E .
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7.1 Transition Probabilities

In this section we will discuss what a transition probability
means and how it depends on thewave functions of the atomic
states involved in a specific transition between these states.
Some techniques for measuring transition probabilities are
presented.

7.1.1 Induced and Spontaneous Transitions,
Einstein Coefficients

If an atom in the state |k! with energy Ek is brought into an
electromagnetic radiation field with spectral energy density
wν(ν) (this is the field energy per unit volume and unit fre-
quency interval∆ν = 1 s−1) it can absorb a photon hν, which
brings the atom into a state with higher energy Ei = Ek+hν.

The probability per second for such an absorbing transition

dPabs
ki

dt
= Bkiwν(ν) (7.2)

is proportional to the spectral energy densitywν(ν) = n(ν)hν

of the radiation field (where n(ν) is the number of photons hν

per unit volume within the frequency interval ∆ν = 1 s−1).
The proportionality factor Bki is the Einstein coefficient for
absorption. Each absorption takes one photon from a spe-
cific mode of the radiation field (see Sect. 3.1) and therefore
decreases the number of photons in this mode by one.

The radiation field can also induce atoms in an excited state
with energy Ei to emit a photon with energy hν = Ei − Ek
into a specific mode of the radiation field and to go into the
lower state Ek . This process is called induced (or stimulated)
emission. It increases by one the number of photons in this
mode from which the inducing photon came. Since the two
photons are in the samemode, they have identical propagation
directions. The energy of the atom is reduced by ∆E and that
of the mode of the radiation field is increased by the same
amount ∆E = hν.

The probability per second for the induced emission is
analogous to (7.2) given by

dP ind. em
ik

dt
= Bikwν(ν). (7.3)

The factor Bik is the Einstein coefficient for induced emis-
sion.

An excited atom can also give away its excitation energy
spontaneously without an external radiation field. This pro-
cess is called spontaneous emission. Different from the
induced emission, the spontaneous photon can be emitted into
an arbitrary direction, i.e., into any one of the modes of the
radiation field. The probability per second for such a sponta-
neous emission is

dPsp. em.
ik

dt
= Aik . (7.4)

The factor Aik is the Einstein coefficient for spontaneous
emission. It is solely dependent on the wave functions of the
states |i! and |k! but independent of the radiation field. In
Fig. 7.1 all three processes are depicted schematically.

We will now look for relations between the three Einstein
coefficients.

Consider Ni atoms in state Ei and Nk atoms in state Ek
within the unit volume inside a radiation field with spectral
energy densityw(ν). Under stationary conditions the number
densities Ni and Nk do not vary with time, i.e., they are con-
stant. This means that the absorption rate must be equal to the
total emission rate:

Bkiwν(ν)Nk = (Bikwν(ν)+ Aik) Ni . (7.5)

At thermal equilibrium, the ratio Ni/Nk follows the Boltz-
mann distribution (Fig. 7.1b)

Ni

Nk
= gi

gk
e−(Ei−Ek )/kT = gi

gk
e−hν/kT , (7.6)

where g = 2J + 1 is the statistical weight (i.e., the number
of possible realizations) of a state with energy E and total
angular momentum quantum number J . This state has 2J +
1 possible orientations of the angular momentum vector J,
which all have (without an external magnetic field) the same
energy; they are energetically degenerate.

Inserting (7.6) into (7.5) and solving for w(ν) yields

wν(ν) =
Aik/Bik

(gk/gi )(Bki/Bik)ehν/kT − 1
. (7.7)

The spectral energy density of the thermal radiation field
is, on the other side, given by Planck’s formula (see
Sect. 3.1)

(a) (b)

Fig. 7.1 (a) Absorption, induced emission and spontaneous emission
in a two-level system. (b) Thermal population distribution N (E) of the
number of atoms with energy E .
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7.1 Transition Probabilities

In this section we will discuss what a transition probability
means and how it depends on thewave functions of the atomic
states involved in a specific transition between these states.
Some techniques for measuring transition probabilities are
presented.

7.1.1 Induced and Spontaneous Transitions,
Einstein Coefficients

If an atom in the state |k! with energy Ek is brought into an
electromagnetic radiation field with spectral energy density
wν(ν) (this is the field energy per unit volume and unit fre-
quency interval∆ν = 1 s−1) it can absorb a photon hν, which
brings the atom into a state with higher energy Ei = Ek+hν.

The probability per second for such an absorbing transition

dPabs
ki

dt
= Bkiwν(ν) (7.2)

is proportional to the spectral energy densitywν(ν) = n(ν)hν

of the radiation field (where n(ν) is the number of photons hν

per unit volume within the frequency interval ∆ν = 1 s−1).
The proportionality factor Bki is the Einstein coefficient for
absorption. Each absorption takes one photon from a spe-
cific mode of the radiation field (see Sect. 3.1) and therefore
decreases the number of photons in this mode by one.

The radiation field can also induce atoms in an excited state
with energy Ei to emit a photon with energy hν = Ei − Ek
into a specific mode of the radiation field and to go into the
lower state Ek . This process is called induced (or stimulated)
emission. It increases by one the number of photons in this
mode from which the inducing photon came. Since the two
photons are in the samemode, they have identical propagation
directions. The energy of the atom is reduced by ∆E and that
of the mode of the radiation field is increased by the same
amount ∆E = hν.

The probability per second for the induced emission is
analogous to (7.2) given by

dP ind. em
ik

dt
= Bikwν(ν). (7.3)

The factor Bik is the Einstein coefficient for induced emis-
sion.

An excited atom can also give away its excitation energy
spontaneously without an external radiation field. This pro-
cess is called spontaneous emission. Different from the
induced emission, the spontaneous photon can be emitted into
an arbitrary direction, i.e., into any one of the modes of the
radiation field. The probability per second for such a sponta-
neous emission is

dPsp. em.
ik

dt
= Aik . (7.4)

The factor Aik is the Einstein coefficient for spontaneous
emission. It is solely dependent on the wave functions of the
states |i! and |k! but independent of the radiation field. In
Fig. 7.1 all three processes are depicted schematically.

We will now look for relations between the three Einstein
coefficients.

Consider Ni atoms in state Ei and Nk atoms in state Ek
within the unit volume inside a radiation field with spectral
energy densityw(ν). Under stationary conditions the number
densities Ni and Nk do not vary with time, i.e., they are con-
stant. This means that the absorption rate must be equal to the
total emission rate:

Bkiwν(ν)Nk = (Bikwν(ν)+ Aik) Ni . (7.5)

At thermal equilibrium, the ratio Ni/Nk follows the Boltz-
mann distribution (Fig. 7.1b)

Ni

Nk
= gi

gk
e−(Ei−Ek )/kT = gi

gk
e−hν/kT , (7.6)

where g = 2J + 1 is the statistical weight (i.e., the number
of possible realizations) of a state with energy E and total
angular momentum quantum number J . This state has 2J +
1 possible orientations of the angular momentum vector J,
which all have (without an external magnetic field) the same
energy; they are energetically degenerate.

Inserting (7.6) into (7.5) and solving for w(ν) yields

wν(ν) =
Aik/Bik

(gk/gi )(Bki/Bik)ehν/kT − 1
. (7.7)

The spectral energy density of the thermal radiation field
is, on the other side, given by Planck’s formula (see
Sect. 3.1)

(a) (b)

Fig. 7.1 (a) Absorption, induced emission and spontaneous emission
in a two-level system. (b) Thermal population distribution N (E) of the
number of atoms with energy E .
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Induced and Spontaneous Transitions

At thermal equilibrium, the ratio Ni /Nk follows the 
Boltzmann distribution 
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7.1 Transition Probabilities

In this section we will discuss what a transition probability
means and how it depends on thewave functions of the atomic
states involved in a specific transition between these states.
Some techniques for measuring transition probabilities are
presented.

7.1.1 Induced and Spontaneous Transitions,
Einstein Coefficients

If an atom in the state |k! with energy Ek is brought into an
electromagnetic radiation field with spectral energy density
wν(ν) (this is the field energy per unit volume and unit fre-
quency interval∆ν = 1 s−1) it can absorb a photon hν, which
brings the atom into a state with higher energy Ei = Ek+hν.

The probability per second for such an absorbing transition

dPabs
ki

dt
= Bkiwν(ν) (7.2)

is proportional to the spectral energy densitywν(ν) = n(ν)hν

of the radiation field (where n(ν) is the number of photons hν

per unit volume within the frequency interval ∆ν = 1 s−1).
The proportionality factor Bki is the Einstein coefficient for
absorption. Each absorption takes one photon from a spe-
cific mode of the radiation field (see Sect. 3.1) and therefore
decreases the number of photons in this mode by one.

The radiation field can also induce atoms in an excited state
with energy Ei to emit a photon with energy hν = Ei − Ek
into a specific mode of the radiation field and to go into the
lower state Ek . This process is called induced (or stimulated)
emission. It increases by one the number of photons in this
mode from which the inducing photon came. Since the two
photons are in the samemode, they have identical propagation
directions. The energy of the atom is reduced by ∆E and that
of the mode of the radiation field is increased by the same
amount ∆E = hν.

The probability per second for the induced emission is
analogous to (7.2) given by
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= Bikwν(ν). (7.3)

The factor Bik is the Einstein coefficient for induced emis-
sion.

An excited atom can also give away its excitation energy
spontaneously without an external radiation field. This pro-
cess is called spontaneous emission. Different from the
induced emission, the spontaneous photon can be emitted into
an arbitrary direction, i.e., into any one of the modes of the
radiation field. The probability per second for such a sponta-
neous emission is

dPsp. em.
ik

dt
= Aik . (7.4)

The factor Aik is the Einstein coefficient for spontaneous
emission. It is solely dependent on the wave functions of the
states |i! and |k! but independent of the radiation field. In
Fig. 7.1 all three processes are depicted schematically.

We will now look for relations between the three Einstein
coefficients.

Consider Ni atoms in state Ei and Nk atoms in state Ek
within the unit volume inside a radiation field with spectral
energy densityw(ν). Under stationary conditions the number
densities Ni and Nk do not vary with time, i.e., they are con-
stant. This means that the absorption rate must be equal to the
total emission rate:

Bkiwν(ν)Nk = (Bikwν(ν)+ Aik) Ni . (7.5)

At thermal equilibrium, the ratio Ni/Nk follows the Boltz-
mann distribution (Fig. 7.1b)

Ni

Nk
= gi

gk
e−(Ei−Ek )/kT = gi

gk
e−hν/kT , (7.6)

where g = 2J + 1 is the statistical weight (i.e., the number
of possible realizations) of a state with energy E and total
angular momentum quantum number J . This state has 2J +
1 possible orientations of the angular momentum vector J,
which all have (without an external magnetic field) the same
energy; they are energetically degenerate.

Inserting (7.6) into (7.5) and solving for w(ν) yields

wν(ν) =
Aik/Bik

(gk/gi )(Bki/Bik)ehν/kT − 1
. (7.7)

The spectral energy density of the thermal radiation field
is, on the other side, given by Planck’s formula (see
Sect. 3.1)

(a) (b)

Fig. 7.1 (a) Absorption, induced emission and spontaneous emission
in a two-level system. (b) Thermal population distribution N (E) of the
number of atoms with energy E .
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Inserting (7.6) into (7.5) and solving for w(ν) yields
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Fig. 7.1 (a) Absorption, induced emission and spontaneous emission
in a two-level system. (b) Thermal population distribution N (E) of the
number of atoms with energy E .

The spectral energy density of the thermal radiation field 
is, on the other side, given by Planck’s formula7.1 Transition Probabilities 231

wν = 8πhν3

c3
1

ehν/kT ! 1
. (7.8)

Since the two equations (7.7) and (7.8) describe the same radi-
ation field for all frequencies ν and at arbitrary temperatures
T , we get for the nominator in (7.7):

Aik/Bik =
8πhν3

c3
(7.9a)

and for the constant factor in the denominator

gk Bki/(gi Bik) = 1. (7.9b)

This yields the relations between the Einstein coefficients:

Bik =
gk
gi

Bki (7.10a)

Aik =
8πhν3

c3
Bik . (7.10b)

These important relations give us a deeper insight into the
three processes of induced emission and absorption and spon-
taneous emission:

If both states have equal statistical weights (gi = gk)
the Einstein coefficients for induced absorption and
emission are equal.

Since 8πν2/c3 gives the number of modes within the
unit frequency interval ∆ν = 1 s!1 (see Sect. 3.1) the ratio
Aik/(8πν2/c3) gives the probability per second that a spon-
taneous photon is emitted by an atom into one mode of the
radiation field. On the other hand, the product Bikhν gives
the probability per second that induced emission is induced
by one photon, i.e., that an induced photon is emitted into a
mode of the radiation field, which had contained one inducing
photon. Rearranging (7.10b) into

Aik

8πν2/c3
= Bikhν (7.10c)

shows that the spontaneous emission probability into one
mode equals the induced emission probability if this mode
contains just one photon (after the induced emission it con-
tains two photons). In other words:

Spontaneous and induced emission rates are equal in a
radiation field that contains, on average, one photon per
mode.

If the radiation field contains, on average, n photons per
mode then the ratio of induced to spontaneous emission rates
is

P ind. em
ik

Psp. em
ik

= Biknhν

Aikc3/(8πν2)
= n. (7.10d)

The ratio of induced to spontaneous emission rates into
one mode of the radiation field equals the number of
photons in this mode.

Figure 7.2 illustrates the average number of photons per
mode of a thermal radiation field as a function of frequency ν

for different temperatures T . It demonstrates that in thermal
radiation fields at temperatures T < 103 K the average photon
number n in the visible spectral range is small compared to
one. In this case the spontaneous emission in the visible range
exceeds by far the induced emission.

In order to enhance the induced emission beyond the spon-
taneous emission, non-thermal radiation fields have to be real-
ized, where the photon number n is not equally distributed
among all modes but is concentrated into one or a fewmodes.
In these modes, n " 1 and then the induced emission rate
becomesmuch larger than the spontaneous one. This situation
is realized in lasers, which will be discussed in Chap. 8.

Example

1. At a distance of 10cm away from the filament of a 100W
light bulb, the average photon number per mode at λ =
500nm is about 10!8. For atoms in this radiation field the
spontaneous emission rate exceeds by far the induced rate.
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shows that the spontaneous emission probability into one
mode equals the induced emission probability if this mode
contains just one photon (after the induced emission it con-
tains two photons). In other words:

Spontaneous and induced emission rates are equal in a
radiation field that contains, on average, one photon per
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If the radiation field contains, on average, n photons per
mode then the ratio of induced to spontaneous emission rates
is
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The ratio of induced to spontaneous emission rates into
one mode of the radiation field equals the number of
photons in this mode.

Figure 7.2 illustrates the average number of photons per
mode of a thermal radiation field as a function of frequency ν

for different temperatures T . It demonstrates that in thermal
radiation fields at temperatures T < 103 K the average photon
number n in the visible spectral range is small compared to
one. In this case the spontaneous emission in the visible range
exceeds by far the induced emission.

In order to enhance the induced emission beyond the spon-
taneous emission, non-thermal radiation fields have to be real-
ized, where the photon number n is not equally distributed
among all modes but is concentrated into one or a fewmodes.
In these modes, n " 1 and then the induced emission rate
becomesmuch larger than the spontaneous one. This situation
is realized in lasers, which will be discussed in Chap. 8.
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1. At a distance of 10cm away from the filament of a 100W
light bulb, the average photon number per mode at λ =
500nm is about 10!8. For atoms in this radiation field the
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contains just one photon (after the induced emission it con-
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taneous emission, non-thermal radiation fields have to be real-
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contains just one photon (after the induced emission it con-
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If both states have equal statistical weights (gi = gk) the 
Einstein coefficients for induced absorption and emission 
are equal.
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1. Which element has a K𝜶 

 

x-ray line whose wavelength is 0.180 


        nm? 

Solution:

The frequency corresponding to a wavelength of 0.180 nm is

Many-Electron Atoms 257

periodic table could be established. The ordering of the elements by atomic number
(which is what matters) is not always the same as their ordering by atomic mass, which
until then was the method used. Atomic number was originally just the number of an
element in the list of atomic masses. For instance, Z ! 27 for cobalt and Z ! 28 for
nickel, but their respective atomic masses are 58.93 and 58.71. The order dictated by
atomic mass could not be understood on the basis of the chemical properties of cobalt
and nickel.

In addition, Moseley found gaps in his data that corresponded to Z ! 43, 61, 72,
and 75, which suggested the existence of hitherto unknown elements that were later
discovered. The first two, technetium and promethium, have no stable isotopes and
were first produced in the laboratory many years later. The last two, hafnium and
rhenium, were isolated in the 1920s.

In the operation of this x-ray spectrometer, a stream of fast electrons is
directed at a sample of unknown composition. Some of the electrons
knock out inner electrons in the target atoms, and when outer electrons
replace them, x-ray are emitted whose wavelengths are characteristic of
the elements present. The identity and relative amounts of the elements
in the sample can be found in this way.

Example 7.8

Which element has a K! x-ray line whose wavelength is 0.180 nm?

Solution

The frequency corresponding to a wavelength of 0.180 nm ! 1.80 " 10#10 m is

" ! ! ! 1.67 " 1018 Hz
3.00 " 108 m/s
$$
1.80 " 10#10 m

c
$
#

bei48482_Ch07.qxd  1/23/02  9:02 AM  Page 257

Therefore

258 Chapter Seven

Figure 7.21 When an electron from an outer shell of an atom with a missing inner electron drops to
fill the vacant state, the excitation energy can be carried off by an x-ray photon or by another outer
electron. The latter process is called the Auger effect.

From Eq. (7.21) we have

Z ! 1 " !" " !"""" 26

Z " 27

The element with atomic number 27 is cobalt.

(4)(1.67 # 1018 Hz)
$$$$$
(3)(3.00 # 108 m/s)(1.097 # 107 m!1)

4
$
3cR

Auger Effect

A n atom with a missing inner electron can also lose excitation energy by the Auger effect
without emitting an x-ray photon. In this effect, which was discovered by the French physi-

cist Pierre Auger, an outer-shell electron is ejected from the atom at the same time that another
outer-shell electron drops to the incomplete inner shell. Thus the ejected electron carries off the
atom’s excitation energy instead of a photon doing this (Fig. 7.21). In a sense the Auger effect
represents an internal photoelectric effect, although the photon never actually comes into being
within the atom.

The Auger process is competitive with x-ray emission in most atoms, but the resulting
electrons are usually absorbed in the target material while the x-rays emerge to be detected.
Those Auger electrons that do emerge come either from atoms on the surface of the material
or just below the surface. Because the energy levels of an atom are affected by its participa-
tion in a chemical bond, the energies of Auger electrons provide insight into the chemical
environment of the atoms involved. Auger spectroscopy has turned out to be a valuable
method for studying the properties of surfaces, information especially needed by manufac-
turers of semiconductor devices that consist of thin layers of different materials deposited on
one another.

X-ray photon

X-ray
emission

Outer electronAuger
effectHigh-energy

electron
dislodges
inner atomic
electron

OR
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The element with atomic number 27 is cobalt. 
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Exercise
2. Show that a photon cannot produce an electron-positron 


pair in free space as following figure

118 Chapter 3 The Experimental Basis of Quantum Physics

Consider the conversion of a photon into an electron and a positron that 
takes place inside an atom where the electric field of a nucleus is large. The 
nucleus recoils and takes away a negligible amount of energy but a considerable 
amount of momentum. The conservation of energy will now be

 hf ! E" " E# " K.E. 1nucleus 2  (3.47)

A diagram of the process is shown in Figure 3.22b. The photon energy must be 
at least equal to 2mec 2 in order to create the masses of the electron and 
positron.

 hf $ 2me c 2 ! 1.022 MeV    (for pair production) (3.48)

The probability of pair production increases dramatically both with higher pho-
ton energy and with higher atomic number Z of the atom’s nucleus because of 
the correspondingly higher electric field that mediates the process.

The next question concerns the new particle, the positron. Why is it not 
commonly found in nature? We also need to answer the question posed earlier: 
can mass be converted to energy?

Positrons are found in nature. They are detected in cosmic radiation and as 
products of radioactivity from several radioactive nuclei. However, their exis-
tences are doomed because of their interaction with electrons. When positrons 
and electrons are in proximity for even a short time, they annihilate each other, 
producing photons. A positron passing through matter will quickly lose its ki-
netic energy through atomic collisions and will likely annihilate with an electron. 
After a positron slows down, it is drawn to an electron by their mutual electric 
attraction, and the electron and positron may then form an atomlike configuration 
called pos itronium, in which they orbit around their common center of mass. 

Equation (3.44b) can be written as

 hf ! p#c cos u# " p"c cos u" (3.45)

If we insert E%
2 ! p%

2c 2 " m 2c 4  into Equation (3.44a), we 
have

 hf ! 2p"
2c 2 " m 2c 4 " 2p#

2c 2 " m 2c 4 (3.46)

The maximum value of hf is, from Equation (3.45),

 hfmax ! p#c " p"c

However, from Equation (3.46), we also have

 hf $ p#c " p"c

Equations (3.45) and (3.46) are inconsistent and cannot si-
multaneously be valid. Equations (3.44), therefore, do not 
describe a possible reaction. The reaction displayed in Fig-
ure 3.22a is not possible, because energy and momentum 
are not simultaneously conserved.

Figure 3.22 (a) A photon 
cannot decay into an electron-
positron pair in free space, but 
(b) if a nucleus is nearby, the 
nucleus can absorb sufficient 
linear momentum to allow the 
process to proceed.

Photon

Before
(a)

After
e!

e"

u"

u!

Free space (cannot occur)

Photon

Nucleus Nucleus

Before After

e!

e"

u

f

(b)  Beside nucleus
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Exercise

2. Show that a photon cannot produce an electron-positron 

pair in free space as following figure
Solution:
Let the total energy and momentum of the electron 


and the positron be E- , p-,  and E+,p+, 


respectively. The conservation laws are then 
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3.9  Pair Production and Annihilation
A guiding principle of scientific investigation, if not a general rule of nature, is 
that if some process is not absolutely forbidden (by some law such as conserva-
tion of energy, momentum, or charge), then we might expect that it will eventu-
ally occur. In the photoelectric effect, bremsstrahlung, and the Compton effect, 
we have studied exchanges of energy between photons and electrons. Have we 
covered all possible mechanisms? For example, can the kinetic energy of a pho-
ton be converted into particle mass and vice versa? It would appear that if none 
of the conservation laws are violated, then such a process should be possible.

First, let us consider the conversion of photon energy into mass. The electron, 
which has a mass (m ! 0.511 MeV/c 2), is the lightest particle within an atom. If a 
photon can create an electron, it must also create a positive charge to balance 
charge conservation. In 1932, C. D. Anderson (Nobel Prize in Physics, 1936) ob-
served a positively charged electron (e") in cosmic radiation. This particle, called a 
positron, had been predicted to exist several years earlier by P. A. M. Dirac (Nobel 
Prize in Physics, 1933). It has the same mass as the electron but an opposite charge. 
Positrons are also observed when high-energy gamma rays (photons) pass through 
matter. Experiments show that a photon’s energy can be converted entirely into an 
electron and a positron in a process called pair production. The reaction is

 gS e " " e # (3.43)

However, this process occurs only when the photon passes through matter, be-
cause energy and momentum would not be conserved if the reaction took place 
in isolation. The missing momentum must be supplied by interaction with a 
nearby massive object such as a nucleus.

Positron

Pair production

Show that a photon cannot produce an electron-positron 
pair in free space as shown in Figure 3.22a.

Strategy We need to look carefully at the conservation of 
momentum and energy to see whether pair production can 
occur in free space.

Solution Let the total energy and momentum of the elec-
tron and the positron be E#, p# and E", p", respectively. The 
conservation laws are then

 Energy    hf ! E" " E#   (3.44a)

 Momentum, px    
hf
c

! p# cos u# " p" cos u"  (3.44b)

 Momentum, py   0 ! p# sin u# # p" sin u"   (3.44c)

 EXAMPLE 3 .17

  lœ ! l "
h

me c
 11 # cos 180°2 ! l "

2h
me c

  ! 0.050 nm " 210.00243 nm 2 ! 0.055 nm

The energy of the scattered photon is then a minimum and 
has the value

 E œ
x ray !

1.240 $ 103 eV # nm
0.055 nm

! 2.25 $ 104 eV ! 22.5 keV

The difference in energy of the initial and final photon 
must equal the kinetic energy of the electron (neglecting 
binding energies). The recoil electron must scatter in the 

forward direction at f ! 0° when the final photon is in the 
backward direction (u ! 180°) to conserve momentum. The 
kinetic energy of the electron is then a maximum.

  E x ray ! E œ
x ray " K.E. 1electron 2

  K.E. 1electron 2 ! E x ray # E œ
x ray

  ! 24.8 keV # 22.5 keV ! 2.3 keV

Because %l does not depend on l or lœ, we can determine 
the wavelength (and energy) of the incident photon by 
merely observing the kinetic energy of the electron at for-
ward angles (see Problem 60).
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From the second equation, we have 

118 Chapter 3 The Experimental Basis of Quantum Physics

Consider the conversion of a photon into an electron and a positron that 
takes place inside an atom where the electric field of a nucleus is large. The 
nucleus recoils and takes away a negligible amount of energy but a considerable 
amount of momentum. The conservation of energy will now be

 hf ! E" " E# " K.E. 1nucleus 2  (3.47)

A diagram of the process is shown in Figure 3.22b. The photon energy must be 
at least equal to 2mec 2 in order to create the masses of the electron and 
positron.

 hf $ 2me c 2 ! 1.022 MeV    (for pair production) (3.48)

The probability of pair production increases dramatically both with higher pho-
ton energy and with higher atomic number Z of the atom’s nucleus because of 
the correspondingly higher electric field that mediates the process.

The next question concerns the new particle, the positron. Why is it not 
commonly found in nature? We also need to answer the question posed earlier: 
can mass be converted to energy?

Positrons are found in nature. They are detected in cosmic radiation and as 
products of radioactivity from several radioactive nuclei. However, their exis-
tences are doomed because of their interaction with electrons. When positrons 
and electrons are in proximity for even a short time, they annihilate each other, 
producing photons. A positron passing through matter will quickly lose its ki-
netic energy through atomic collisions and will likely annihilate with an electron. 
After a positron slows down, it is drawn to an electron by their mutual electric 
attraction, and the electron and positron may then form an atomlike configuration 
called pos itronium, in which they orbit around their common center of mass. 

Equation (3.44b) can be written as

 hf ! p#c cos u# " p"c cos u" (3.45)

If we insert E%
2 ! p%

2c 2 " m 2c 4  into Equation (3.44a), we 
have

 hf ! 2p"
2c 2 " m 2c 4 " 2p#

2c 2 " m 2c 4 (3.46)

The maximum value of hf is, from Equation (3.45),

 hfmax ! p#c " p"c

However, from Equation (3.46), we also have

 hf $ p#c " p"c

Equations (3.45) and (3.46) are inconsistent and cannot si-
multaneously be valid. Equations (3.44), therefore, do not 
describe a possible reaction. The reaction displayed in Fig-
ure 3.22a is not possible, because energy and momentum 
are not simultaneously conserved.

Figure 3.22 (a) A photon 
cannot decay into an electron-
positron pair in free space, but 
(b) if a nucleus is nearby, the 
nucleus can absorb sufficient 
linear momentum to allow the 
process to proceed.
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When we inserted the mass-energy relation to first equation
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nucleus recoils and takes away a negligible amount of energy but a considerable 
amount of momentum. The conservation of energy will now be

 hf ! E" " E# " K.E. 1nucleus 2  (3.47)

A diagram of the process is shown in Figure 3.22b. The photon energy must be 
at least equal to 2mec 2 in order to create the masses of the electron and 
positron.

 hf $ 2me c 2 ! 1.022 MeV    (for pair production) (3.48)

The probability of pair production increases dramatically both with higher pho-
ton energy and with higher atomic number Z of the atom’s nucleus because of 
the correspondingly higher electric field that mediates the process.

The next question concerns the new particle, the positron. Why is it not 
commonly found in nature? We also need to answer the question posed earlier: 
can mass be converted to energy?

Positrons are found in nature. They are detected in cosmic radiation and as 
products of radioactivity from several radioactive nuclei. However, their exis-
tences are doomed because of their interaction with electrons. When positrons 
and electrons are in proximity for even a short time, they annihilate each other, 
producing photons. A positron passing through matter will quickly lose its ki-
netic energy through atomic collisions and will likely annihilate with an electron. 
After a positron slows down, it is drawn to an electron by their mutual electric 
attraction, and the electron and positron may then form an atomlike configuration 
called pos itronium, in which they orbit around their common center of mass. 

Equation (3.44b) can be written as

 hf ! p#c cos u# " p"c cos u" (3.45)

If we insert E%
2 ! p%

2c 2 " m 2c 4  into Equation (3.44a), we 
have

 hf ! 2p"
2c 2 " m 2c 4 " 2p#

2c 2 " m 2c 4 (3.46)

The maximum value of hf is, from Equation (3.45),

 hfmax ! p#c " p"c

However, from Equation (3.46), we also have

 hf $ p#c " p"c

Equations (3.45) and (3.46) are inconsistent and cannot si-
multaneously be valid. Equations (3.44), therefore, do not 
describe a possible reaction. The reaction displayed in Fig-
ure 3.22a is not possible, because energy and momentum 
are not simultaneously conserved.

Figure 3.22 (a) A photon 
cannot decay into an electron-
positron pair in free space, but 
(b) if a nucleus is nearby, the 
nucleus can absorb sufficient 
linear momentum to allow the 
process to proceed.
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Therefore
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nucleus recoils and takes away a negligible amount of energy but a considerable 
amount of momentum. The conservation of energy will now be

 hf ! E" " E# " K.E. 1nucleus 2  (3.47)

A diagram of the process is shown in Figure 3.22b. The photon energy must be 
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positron.

 hf $ 2me c 2 ! 1.022 MeV    (for pair production) (3.48)
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ton energy and with higher atomic number Z of the atom’s nucleus because of 
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Positrons are found in nature. They are detected in cosmic radiation and as 
products of radioactivity from several radioactive nuclei. However, their exis-
tences are doomed because of their interaction with electrons. When positrons 
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The maximum value of hf is, from Equation (3.45),
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However, from Equation (3.46), we also have

 hf $ p#c " p"c

Equations (3.45) and (3.46) are inconsistent and cannot si-
multaneously be valid. Equations (3.44), therefore, do not 
describe a possible reaction. The reaction displayed in Fig-
ure 3.22a is not possible, because energy and momentum 
are not simultaneously conserved.
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linear momentum to allow the 
process to proceed.
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The two frequency equations are inconsistent and cannot 


simultaneously be valid. 


