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Bohr's Model of the Hydrogen
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The Classical Atomic Model 1% %z £ %7

/1919

The force of attraction on the electron due to the nucleus is

2 —
I
F = 2
47’(’50 (A
The electron’s radial acceleration
L e?
a - —
r Amegmr?

where v is the tangential velocity of the electron and
Newtons second law now gives

—_
62 1 va ©
Ameg 2 1 é
and
6 /
DV =
Vamemr
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The Classical Atomic Model

The total mechanical energy is

1 2
F=-m?—
2 47T80T
with the equation about v, we have
e’ e’ —e?

E p— — p—
meor  4dmegr  8megr

The total energy is negative, indicating a bound system.

According to the nonrelativistic Larmor formula, the radiated

power is

e?a?

P

~ 6megcd
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The Classical Atomic Model

After substituting the acceleration, one obtains

66

9673cim2c3r
Since radiation removes energy from the orbit,

P =

Because E depends on r, we also have

dE _dEdr
dt  dr dt
with
dF B 2
dr  Smegr?
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The Classical Atomic Model 4% %z £ %7

/1919

Therefore, ,

e” dr ef

 Smeor? dt 96m3e3m2c3rd

and hence the orbital radius evolves according to

dr e’ 1

dt 1272e2m?c3 r2
Separating variables and integrating from an initial radius r.
to r= O, one finds

0 4 t
e fall N
[ = [t
70 127‘( Eom C O //”’ Electron

which leads to

47’(‘28%777,263 3
64 TO \\\\\\\ _____ /////

Utall =
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The Classical Atomic Model 1% %z £ %7

The total mechanical energy is

1 2
F=-m?—
2 47T80T
with the equation about v, we have
e’ e’ —e?

E p— — p—
meor  4dmegr  8megr

The total energy is negative, indicating a bound system.
An accelerated electric charge continuously

radiates energy in the form of
electromagnetic radiation!

du 2¢  2rg ay )
dt  3rimdcd 34 . dric’

_—_— -
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Bohr's general assumptions

A. Certain “stationary states” exist in atoms, which differ
from the classical stable states in that the orbiting
electrons do not continuously radiate electromagnetic
energy. The stationary states are states of definite total
energy.

B. The emission or absorption of electromagnetic radiation
can occur only in conjunction with a transition between
two stationary states. The frequency of the emitted or
absorbed radiation is proportional to the difference in
energy of the two stationary states (1 and 2):

E=F, — FEy = hv

where h is Planck’s constant.
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Bohr's general assumptions

C. the angular momentum of the system in a stationary state
being an integral multiple of i=h/2n

L = mvr = nh
where n is an integer called the principal quantum number.

The velocity can be solved
nh

mr

DV =

with Newton's second law

5 e n?*h?
vV = —
dregmr — m2r?
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Bohr model

Only certain values of radii are allowed

Ty = = n“ag

me?

where the Bohr radius ao is given by

47T80h2
apgp —

me?

=053 x 107" m
The atomic radius is now quantized. The quantization of
various physical values arises because of the principal
quantum number n.
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Bohr model

Electron’s velocity in Bohr model
nh nh 1 h

’U,n — — = — —
mr, mn2ag N Mmag
or
1 €2
Uy = —
n 47T€()h
and 5
v = —— =2.2x10° m/s
may
We define the dimensionless quantity ratio of vito ¢ as
V1 h e? 1
o = — —= p— N —
C maoc  4meghe 137

This ratio is called the fine structure constant. It

appears often in atomic structure calculations.
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Bohr model

The energies of the stationary states

En - — _ — 2 D —
STEQT Smegaom

The lowest energy state (n=1) is Ei= -Eo, where

62 62 m€2

Lo

= 13.6 eV

87’(’60&0 87’(’60 47T€0h2

This is the experimentally measured ionization energy of the
hydrogen atom. Bohr's assumption C imply that the atom can

exist only in “stationary state” with define, quantized
energies En.
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Line spectra (% %z £ 4
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Line spectra

In 1859 Gustav Kirchhoff and Robert Bunsen had already
found, through joint research, that atoms only absorb or
emit light at certain discrete wavelengths 4.

These specific wavelengths that are characteristic of each
chemical element, are called the absorption or emission
spectra of the atom.

These spectra are like a fingerprint of the atom, since every
atomic species can be unambiguously recognized by its
spectrum.
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The atom spectrum

»
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The absorption spectrum ‘% %z £ %7

\\V_“
/1919

When we pass white light (composed of all visible photon
frequencies) through atomic hydrogen gas, we find that
certain frequencies are absent. This pattern of dark lines is
called an absorption spectrum.

energy level diagram spectra
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The emission spectrum

The missing frequencies are precisely the ones observed in
the corresponding emission spectrum.

. EMISSION SPECTRUM

'@"A"

ABSORPTION SPECTRUM
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The Rydberg formula

The most simple of all atoms is the H atom, consisting of
only one proton and one electron. Its emission spectrum
was measured in 1885 by Johann Jakob Balmer.

Hydrogen Emission spectrum

o o o o o 8 o o

- s 3 83 3 8 8 2
He could fit the wave numbers of its emission lines by the
simple formula 5 _ (L _ i)
K — y 2 2 ’
Ny

where the integer numbers n,, n. take the values n,= 2 and
n.= 3,4,5,..... The constant Ry = 109,678cm-is the Rydberg
constant, which is historically given by spectroscopists in
units of inverse centimeters cm-:
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Bohr model

Emission of a quantum of light occurs when - £y
the atom is in an excited state (quantum ——
number n=n,) and decays to a lower 2 =340
energy state (Qquantum number n=n,)

hv = F,, — E; TEnergy

where, v is the frequency of the emitted
light quantum (photon). Because

AV = ¢

—13.6

we have
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Bohr model

where,

Eo me* _p
he  4mch3(4meg)2 —

is called the Rydberg constant (for an infinite nuclear mass)

and
bone (L2

2
A ng  n:

which was found by J. Rydberg.

Bohr's model predicts the frequencies (and wavelengths) of
all possible transitions in atomic hydrogen.
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The spectrum of hydrogen
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The Correspondence Principle

Bohr's correspondence principle: In the limits where
classical and quantum theories should agree, the quantum
theory must reduce to the classical result.

To illustrate this principle, let us examine the predictions
of the radiation law.

Classically the frequency of the radiation emitted is equal
to the orbital frequency vorbof the electron around the

nucleus:
W 1 v

Vclassical — Vorb =— % — o 1
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The Correspondence Principle

With Newton’s second law:
1 \/ e’ B 47T80n2h2 9

Vclassical = o 47T€0mT3 Ty = 2 = N Qo

Using Bohr model, the classical frequency in terms of
fundamental constants and the principal quantum number n
met 1
Vclassical = 1203 13

In the Bohr model, the frequency of the transition from
n+l to n is

VBohr —

Eoll 1 ]:Eol2n+1]

h [n2  (n+1)2 h | n2(n+1)2
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The Correspondence Principle

It becomes for large n
QTLEQ 2E0

VBohr ~ = —
hn4 hn3

When the Ep is substituted, the result is

me* 1
VBohr — 46(2)h3 n3 — UVclassical

n VQM Vela Difference (%)
5 5.26 - 1013 7.38 - 1013 29

10 6.57 - 1012 7.72 - 1012 14

100 6.578 - 10° 6.677 - 10° 1.5

1000 6.5779 - 10°  6.5878-10°  0.15

10,000 6.5779 -10°  6.5789-10°  0.015

16/03/2026 Jinniu Hu



The Correspondence Principle

so the frequencies of the radiated energy agree between
classical theory and the Bohr model for large values of
the quantum number n. Bohr's correspondence principle is
verified for large orbits, where classical and quantum
physics should agree.

Angular momentum
Black-body radiation

The probability of particle in the Harmonic oscillator
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The Successes of Bohr Model i

A straightforward analysis derived from classical mechanics
shows that this two-body problem can be reduced to an

equivalent one-body problem
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The Successes of Bohr Model

Reduced mass
meM  me
me+ M 1+ o

e =

and M is the mass of the nucleus. In the case of the hydro-
gen atom, M is the proton mass, and the correction for the
hydrogen atom is

e = 0.999456m,

This difference can be measured experimentally. The Rydberg
constant for infinite nuclear mass should be replaced by,

4
(&4 €

R — _
Me Ameh3 (4meg)?
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The Successes of Bohr Model

The Rydberg constant for hydrogen is

Ry = 1.096776 x 10" m™"
The Bohr model may be applied to any single-electron atom

(hydrogen-like) even if the nuclear charge is greater than 1
proton charge (+e), for example He* and Li++.

The Rydberg equation becomes

1 1 1
) 2
=70 a)

Z is the nuclear charge. This equation is valid only for single-
electron atoms. Charged atoms, such as He+, Li+, and Li++, are
called ions
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Atomic Excitation by Electrons
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Atomic Excitation by Electrons % %] /’

The German physicists James Franck and Gustav Hertz
decided to study electron bombardment of gaseous vapors to
study the phenomenon of ionization.
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Atomic Excitation by Electrons

Data from Franck- Hertz experiment
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Atomic Excitation by Electrons

We can explain the experimental results of Franck and
Hertz within the context of Bohr's picture of quantized
atomic energy levels.

In the most popular representation of atomic energy states,
we say that the atom, when all the electrons are in their
lowest possible energy states, is the ground state. The first
quantized energy state above the ground state is called the
first excited state.
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Atomic Excitation by Electrons

The first excited state of Hg is

at an excitation energy of 4.88

eV. As long as the accelerating
electron’s kinetic energy is E,
below 4.88 eV, no energy can be £
transferred to Hg because not
enough energy is available to 0
excite an electron to the next
energy level in Hg
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Atomic Excitation by Electrons

The electrons suffer elastic and , |,

b1/ uA

inelastic collisions with the Hg ™ o] ,/;
. . . o 300 : A:
atoms. In inelastic collisions, ; /
250 : - ~
e (Exin) + Hg — Hg*(Ea) + e (Eiin — Ea) - f l 4
200 L/
the electrons excite the Hg 150 g % /

atoms and transfer the amount /Z k / \ f
YE.= Ewn— E.0of their Kinetic h / & / v
energy to the excitation energy V/ 4
E.of the atom. ’ s 10 15

u/v

\/
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Atomic Excitation by Electrons

The further maxima and minima in the actually measured
current I (U.) are due to the fact that at sufficiently large
voltages U the electron can regain, after n inelastic
collisions, the minimum required kinetic energy eU during
its flight path to the grid for overcoming the bias voltage
but has not enough energy for the (n + 1)th inelastic
collision

The exact form of the curve I (U) is determined by

1. The energy dependence of the excitation probability
2.The energy distribution of the electrons emitted from
the hot cathode.
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Atomic Excitation by Electrons

"With the improved experimental setup, the energy resolufion
could be substantially improved. Here, two grids are used
and the acceleration of the electrons is essentially restricted
to the short flight path between K and G, while the small

adjustable voltage U.between G.and G.does not change the
electron energy much.

____________________ q—l )
G, Gy

o=
U, l Us =" AU
=| II/ +
4N
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Atomic Excitation by Electrons 1% % £ %7

(b) § VA 4.68 (eEV) singulet triplet
10
8'S,
- = 7'Pq
8 | 7'So 7°s;
B 6'P,
s L 6.70 eV 5.46 eV
4.89 eV g°p,
4.67 eV 3
| 63P09P1/-
4
2 r 254 nm
| | | | | | -
1 2 3 4 5 6 UV B
1
/ 0 6'So v
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The limitations of Bohr Model

1. It could be successfully applied only to single-electron
atoms (H, He*, Li+*, and so on).

2. It was not able to account for the intensities or the fine
structure of the spectral lines.

3. Bohr's model could not explain the binding of atoms into

molecules. 2p(n=1,1=1)  2p  (j=3/2)
=112 Negp ), =172)
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The extension of Bohr model

Sommerfeld succeeded partially in explaining the observed
fine structure of spectral lines by introducing the
following main modifications in Bohr's theory:

1.Sommerfeld suggested that the path of an electron
around the nucleus, in general, is an ellipse with the
nucleus at one of the foci.

2. Sommerfeld took into account the relativistic variation
of the mass of the electron with velocity. Hence this
model of the atom is called the relativistic atom model.
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The extension of Bohr model

Elliptical orbits for hydrogen

(1+€)a

< >

Two quantization conditions are

]{pr dr = n,h, %pgb do = ngyh.

where n; and nrare the two quantum numbers introduced

by Sommerfeld and n=n, + ng
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The extension of Bohr model

To integrate the second condition about the radial
direction, one notes that

dr dr d¢ 1<mr2dqb> dr L dr
dt dodt 2\ dt)dop r?do’

ipr dr = 1;% (j—;>2d¢ = n,h.

In the equation of the ellipse:
b? ~a(l—e?)
a(l +ecosdp) 14ecos¢’

T =

where ¢ =+/1—5%/a’ s the eccentricity of the ellipse.
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The extension of Bohr model

Therefore

27 - 2 1
noh = ezLJ SIPdP 2nL< - 1),
0o (14 ecose) V1 —e?

and substituting

L = n¢h
then leads to

b
V1 —e? = o _2

ny + ny a
Thus, the only allowed orbits are those with (quantized)

eccentricity given by

W1 "
Cnm — — 5
n2’

m:in¢

where
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The extension of Bohr model (% %z £ %7

We can find the (quantized) energy, angular momentum,
and the semi-major and minor axes as a function of the

quantum numbers n and m:

E,, = — K = Ze* [4meg

n=4 m==4
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The Rydberg atom

Any atom in a highly excited state with high principal
quantum number n is defined as a Rydberg atom

@ A lonization

states

> Rydberg (b)
e

In particular, the Rydberg electron feels the attractive
force of a positively charged ionic core, and as a
consequence, the electron describes an elliptical orbit

Energy

around the ionic core.
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The extension of Bohr model

Sommerfeld, including the relativistic
correction in the treatment of elliptical
orbits, showed that equation of the
path of the electron was not simply

that for an ellipse but was of the form / &
a(l — e?)
=
1 +ecosyp
where, 5 ng—a’Z?
l —e” =

2
n, + \/n(% — a222]

and e is the eccentricity (#:x#%) and the path of the
electron is, therefore, a rosette (3% 373t 45).
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The extension of Bohr model

It can be shown that the total energy with a principal
quantum number n in the relativistic theory is

> N mcta?  mccat [(n 3
mhe T o2 ot \n, 4)°

The second term is Sommerfeld’s relativity correction arising
from the rosette motion of the electron orbit with principal
quantum number n and azimuthal quantum number n;.

33
3,

H, line is due to the transition

3

from n = 3 state to n = 2 state of

hydrogen atom. L 5
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Alkali Atom 1% 3l £ %7

/1919

The alkali atoms have a weakly bound outer electron, the
so-called valence electron, and all other (Z-1) electrons

are in closed shells.
E/hc

A

-
—
.
‘—‘—l—
‘—”__u—

principal series
sharp series
diffuse series

fundamental series
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Muonic Atoms

A muonic atom consists of the atomic nucleus, a negatively
charged muon /- and the electron shell with (Z-p)
electrons.

Because of the large muon mass m,= 206.76 m. the lowest
possible Bohr orbit (n = 1) of the muon is for a nuclear
charge Ze with Z = 30 only,

ri(n”)=77x 10" m,

which is of the same order of magnitude as the nuclear
radius. The muonic atom levels are very much influenced
by the spatial distribution of the nuclear charge.
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Muonic Atoms

Since the mean lifetime of /- is 2.2 s muonic atoms are
unstable even in their ground state. For light atoms (Z <
10) the /- decays according to the scheme

n —e +Vvet+vy,
info an electron, an electron antineutrino and a muon

neutrino. For heavy atoms (Z > 10) the lowest .- orbit is

already within the nucleus. In this case the muon induces
the nuclear reaction

n +p—n—+yy,
where a proton in the nucleus is converted into a neutron.
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Pionic and Kaonic Atoms %‘ %z £ %7

Instead of the muon, a negative m-meson can also be
captured by a neutral atom. The energy released by this
capture process is sufficient to eject one or several
electrons from the atomic electron shell

The nucleons (protons and neutrons) in the atomic nucleus

interact with the m-meson not only through Coulomb forces

force. (b)

oK \1p 3K
//Nuc_leus\
VAR 1K \
Ly >
LA
\ M
N\ eeee-
\

183 200 241 450 fm
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Pionic and Kaonic Atoms

N
GO

SR

19\9

44 x ¥

Exotic atoms with heavier negative mesons (K-, ) allows
probing of charge and mass distribution at even smaller
distances from the center of the nucleus.

Particle e

m/me 1

Bohr radius ry % 107
in fm

Term energy for —13.6eV
n=1,7=1
AEm=2—1) 4.1keV
for Z = 20

Mean lifetime of o0

free particle /s

Fine structure 6.6eV

splitting 22 P for
Z=20,n=2

U
207

256
Z

—2.79keV
837 keV
2.2.10°°

1.3keV

T K™

273 967

194 54.8

VA y4

—3.69keV —13.1keV
1.1MeV  3.9MeV
26-1008 12.10°8
1.8keV 6.4keV
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Positronium and Muonium

Positronium is a hydrogen-like system consisting of an
electron e and a positron et . Its investigation gives very
interesting information about a pure leptonic system of two
light particles with equal masses, which have opposite charges
and magnetic moments.

Positronium is one of the few systems where the lifetime of
the ground state is smaller than that of excited states
because the particles can come into contact and annihi- late
by the process

et +e — 2y.
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Penetrating effect I
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Effective nuclear charge % %z £ g

9

The effective nuclear charge (often symbolized as Zfr ) is
the net positive charge experienced by an electron in a
multi-electronic atom.

Electrons outside

have no effect for Positively charged
electron of interest nucleus

/—L

Electron of interest - Electrons in between
cancel some of
the nuclear charge
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Effective nuclear charge

1s

1s
2s

Jinniu Hu

H

1

1.00

Li Be

3 4

2.69 3.68

1.28 1.91

Na Mg

11 12

10.63 11.61
6.57 7.39
6.80 7.83
2151 3.3
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4.68

2.58

242

Al

13

1259
8.21
8.96
4.12
4.07

€

6

5.67

322

3.14

Si

14

13:57
9102
9.94
4.90
4.29

N
7
6.66
3.85
3.83

15

14.56
9.82

10.96
5.64
4.89

0
8
7.66
4.49
4.45

16
15.54
10.63
11.98
6.37
5.48

F
9
8.65
5.13
5.10
Cl
17
16°52
1143
12299
7.07
6.12

He

1.69
Ne

9.64
5.76
5.76
Ar
18
1751
12223
14.01
7.76
6.76
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Homework

The Physics of Atoms and Quanta

8.1, 8.2, 8.3, 8.6, 8.8, 8.18
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Exercise class

1.Determine the longest and shortest wavelengths observed
in the Paschen series for hydrogen. Which are visible?
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Exercise class

1.Determine the longest and shortest wavelengths observed
in the Paschen series for hydrogen. Which are visible?

Solution: We insert the values of n into Rydberg equation to
obtain

T —— (1.0974 x 107) (3% - %) = 5.335 x 10° m ™!
Amax = 187D nm

and 1 1 1
e (1.0974 x 107) (? — 5) = 1.219 x 10° m™*
Amin = 820 nm

The minimum and maximum wavelengths are both not visible

and are both in the infrared.
W



Exercise class

2.Calculate the wavelength for the n.=3 to ni=2 transition
(called the Hqline) for the atoms of hydrogen, deuterium,

and fritium.
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Exercise class

2.Calculate the wavelength for the n.=3 to ni=2 transition
(called the Hqline) for the atoms of hydrogen, deuterium,

and fritium.

Solution: The masses of proton, deuteron and triton are

Proton = 1.007276 u
Deuteron = 2.013553 u

Triton (tritium nucleus) = 3.015500 u
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Exercise class % i K %7

lg\q

2.Calculate the wavelength for the n.=3 to ni=2 transition
(called the Hqline) for the atoms of hydrogen, deuterium,

and fritium.

The corresponding Rydberg The wavelengths are
constants are

1

Ry = R, = 0.99946R,, Hydrogen 1 1
;. 00005486 -~ (— = 5z ) = 0-13889R
1.00728 /\
_ 1 _ : AMH_, hydrogen) = 656.47 nm
Ry = 0.0005486 R, = 0.99973R,, Deuterium ( ydrog )
T 901955 AMH,, deuterium) = 656.29 nm
R, = 1 R. = 0.99982R. Tritium A(H,, trittum) = 656.23 nm

0.0005486
3.01550
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Exercise class

3.Calculate the shortest wavelength that can be emitted by
the Lit++ion.
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Exercise class

3.Calculate the shortest wavelength that can be emitted by
the Lit++ion.

Solution: We used the Rydberg equation for Li++

1 11
—=8)°R| 5 — — ) =9R
A (3) (12 oo)

1
A=——=10.1 nm
OR
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Exercise class

4. An atom with one electron has the energy levels En=-a/

n2 . Its spectrum has two neighboring lines with 7=
97.5nm and 72 = 102.8nm in Lyman series. What is the

value of the constant a and which atomic element
belongs to this spectrum?
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Exercise class

4. An atom with one electron has the energy levels En=-a/

n2 . Its spectrum has two neighboring lines with 4=
97.5nm and 72 = 102.8nm in Lyman series. What is the
value of the constant a and which atomic element
belongs to this spectrum?

Solution: The photon energies are then

1
h"”:“(l_n_z) ﬂ_vn+1_1—1/(n+1)2
A 1 A vy 1—=1/n?
Vn—|—1—a (I’l—|—1)2
SO n—=3
1—Z2R 1 :
/1_3— A _§ Z =1
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