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Chapter 7 Introduction to Nuclear Physics
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Nuclear structure
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Nuclear physics application
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N l  Im inNuclear Imaging

Blood flow with radiopharmaceuticals Imaging software and analysis

Gamma Camera
SPEC & PEP
Isotopes & Isomers
ParmaceuticalsParmaceuticals

Tumor mapping & visualization by 
radioactive isotope accumulation. Imaging system development

Nuclear physics application
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PET-CT
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The history of nuclear physics

✓ 1896: Henri Becquerel–discovery of radioactivity

      


      Photographic plates blackened when placed near 


      certain minerals (uranium salts). Radioactivity could 


      not be explained by e-m (or gravity), and was one 


      of the unsolved problems. 


✓ 1898: Maria and Pierre Curie– discovery of 

           Polonium and Radium 

           (much more radioactive than uranium) 


Becquerel and the Curies shared the Nobel Prize in Physics in 1903.  

Later, Marie Curie isolates metallic radium and receives the Nobel Price in Chemistry in 1911.  

                                                                     Radioactivity Unit: Bacquerel and Curie
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The history of nuclear physics

Ernest Rutherford – “the father of nuclear physics”


✓ 1899: Rutherford shows 2 types of radiation exits 

           and calls them named α and β.

✓ 1900: Villard gives evidence for a 3rd type of radiation 

           coming from radium and calls it γ

✓ 1902: Curies show that β radiation is electrons

✓ 1904: Rutherford shows α particles are helium


Ernest Rutherford was awarded the Nobel Prize in Chemistry in 1908 "for his investigations 
into the disintegration of the elements, and the chemistry of radioactive substances". 

“I have dealt with many different transformations with various periods of time, but the 
quickest that I have met was my own transformation in one moment from a physicist to a 
chemist.” E. Rutherford (Nobel banquet 1908).
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The history of nuclear physics

✓ 1911: Rutherford proposed the existence of a massive nucleus 

          as a small central part of an atom


Nuclear Physics – History (3) 
Ernest Rutherford – “the father of nuclear physics” 

 
!  1911: Rutherford proposed the existence of  

a massive nucleus as a small central part of 
an atom  

J.J. Thompson’s  
Plum Pudding Model (1904)  

Rutherford’s  
Planetary Model (1911) 
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Nuclear Physics – History (5) 
 
!  1932:  Nobel Prize in Physics for James 

Chadwick for a discovery of the neutron 

Nucleus = protons + neutrons 
 (short range nuclear force) 
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(short range nuclear force)

The history of nuclear physics
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Nuclear Physics – History (5) 
Chadwick’s discovery made it possible to create elements heavier than Uranium in the lab.  
Later,  Enrico Fermi discovered nuclear reactions (slow neutrons) which led to a 
revolutionary discovery of nuclear fission (Otto Hanh and Fritz Strassmann). 
 
Chadwick's discovery was crucial for the fission of uranium 235. Unlike α particles, neutrons 
do not need to overcome Coulomb barrier and thus can penetrate and split the nuclei of  the 
heaviest elements. The release of neutrons sustains the fission reaction. 
 
These discoveries led to a development of nuclear weapons and nuclear power. 
 
 neutron 

neutrons 

Uranium-235 has the distinction of being the only 
naturally occurring fissile isotope. 
 
Uranium-238 cannot fission with low energy neutrons 
(stable nuclear shell structure)   
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✓1914: J. Chadwick shows spectrum of β radiation is 

   continuous, contrary to the fundamental principle of 

   energy conservation


✓1930:W.Pauli proposed a neutrino to explain the 

  continuous spectrum of β decay.


“I have done a terrible thing, I have postulated a particle that cannot be detected.”  
 W. Pauli 

Wolfgang Pauli was awarded the Nobel Prize in Physics in 1945 "for the discovery of the Exclusion 
Principle, also called the Pauli Principle”. 

The history of nuclear physics
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✓ 1933: E. Fermi used the neutrino to 

    explain neutron β decay 

    (model of weak interactions)

Nuclear Physics – History (8) 
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Enrico Fermi was aworded the Nobel Prize in Physics in 1938 "for his demonstrations 
of the existence of new radioactive elements produced by neutron irradiation, and for 
his related discovery of nuclear reactions brought about by slow neutrons". 
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✓ 1956: F. Reines and C. Cowan detection     

  of a neutrino via inverse beta decay 

  reaction 
     

  

From then on Reines dedicated his career to the study of the neutrino’s properties 
and interactions, including the discovery of neutrinos emitted from SN1987A by the 
Irvine-Michigan-Brookhaven Collaboration. This discovery helped to inaugurate the 
field of neutrino astronomy.


F. Reines was awarded the Nobel Prize in Physics in 1995 for his co-detection of 
the neutrino with Clyde Cowan in the neutrino experiment”

Nuclear Physics – History (9) 
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Nuclear Physics – History (10)  
 
!  1957: Lee and Yang – proposed the concept 

of parity violation in weak interactions  
     (Nobel Prize in Physics) 

Implications: if parity is not conserved in weak interactions, it means that  
                     the Universe sometimes distinguishes between left and right

26 

 
!  1958: C.S. Wu  experimentally confirmed parity 

violation in weak interactions (β decay of polarized 
cobalt-60 nuclei) 
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If parity were conserved, expect  equal rate of electrons in directions along 
and opposite to the nuclear spin. 
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parity violation in weak interactions 
  

Nuclear Physics – History (11) 

27 

The history of nuclear physics



25/05/2026 Jinniu Hu

✓1935: Hideki Yukawa proposed the force 

   between nucleons arises from meson exchange.


    Awarded the Nobel Prize in Physics in 1947 "for his prediction of the  
    existence of mesons on the basis of theoretical work on nuclear forces”. 

The meson-exchange concept (where hadrons are treated as elementary 
particles) continues to represent the best working model for a quantitative 
NN potential.

Nuclear Physics – History (6) 
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The history of nuclear physics
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1963 Mayer and  Jensen are awarded Nobel prize in physics
 "for their discoveries concerning nuclear shell structure".

✓ 1949: M. Meyer and J. Jensen used shell model 

    with spin-orbit interaction to explain magic

    number

The history of nuclear physics
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The Nobel Prize in Physics 1975 was awarded jointly to Aage Niels Bohr, Ben 
Roy Mottelson and Leo James Rainwater "for the discovery of the connection 
between collective motion and particle motion in atomic nuclei and the 
development of the theory of the structure of the atomic nucleus based on this 
connection".

✓ 1951: Collective model 

   (Bohr, Mottelson, Rainwater)


The history of nuclear physics
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✓ 1957: Nuclear superfluidity  

   (Bohr, Mottelson)


The history of nuclear physics

9 Nuclear pairing 99
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Figure 9.2: Upper panels: odd-Z pairing gaps. Lower panels: even-Z pairing gaps.
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The contents of theoretical nuclear physics

✓ Nuclear reaction

    decay, fusion, fission, heavy ion collision, ...... 


✓ Nuclear structure

    nuclear basic properties:

    nuclear size, nuclear binding, nuclear shape 


✓ Models of nuclear structure theory 

   Collective models

     The degrees of freedom are some bulk property of nucleus as a whole

    Microscopic models

     The degrees of freedom are those of the constituent particles of the 

       nucleus 
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Present nuclear physics
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Hot topics in nuclear structure theory

Limit o
f existence�

Limit of existence�

J Erler et al. Nature 486, 509 (2012) 

r-process path�

Element abundance� Supernovae� Neutron star� Superheavy nuclei�

Shape transition�

High spin�

collective 
excitation�

Halo�



25/05/2026 Jinniu Hu

Some nomenclature10.0: Introduction: Some nomenclature

A
ZXN Isotope notation
X Chemical symbol, e.g. Ca, Pb
A Atomic mass number (sum of n’s and p’s in the nucleus)
Z Atomic number (or, proton number), the number of p’s in the nucleus
N Neutron number, the number of n’s in the nucleus

Examples 3
2He1,

40
20Ca20,

208
82 Pb126

Variants 40Ca, Calcium-40, Ca-40

Note that, once X (which encodes Z) and A are given, the rest of the information is
redundant, since A = Z +N . The full form is usually used only for emphasis.

isotope Same Z, different N e.g. 40Ca and 41Ca
Mnemonic: From Greek isos (same) topos (place) (coined by F. Soddy 1913)

i.e. same place in the periodic table

isotone Different Z, same N , e.g. 13C and 12B
Mnemonic: isotoPe and isotoNe (coined by K. Guggenheimer 1934)

isobar Different Z, and N , but same A, e.g. 12C and 12B
Mnemonic: From Greek isos (same) baros (weight)

Nuclear Engineering and Radiological Sciences NERS 312: Lecture 10, Slide # 10:10.0
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Nuclear Radii

➢ A nucleons with hard spheres of radius r 

R ⇡ r0A
1/3

4

3
⇡R3 ⇡ A

4

3
⇡r3

so,
R

r

r0 ⇠ 1.20� 1.25 fm

PA322 Lecture 11 21 

Nuclear sizes, mass and charge distribution 

•  Implication of electron scattering results: 
–  central charge density ≈ constant 

⇒ ρ =Z/(4/3πR3) = constant 
as A ≈ 2Z

⇒ density of nucleons ~ constant 
and  R = R0 A1/3

•  Direct measurement of R (actually rms 
radius) from electron scattering 
experiments with wide range of 
elements show relationship holds. 

•  Experimentally R0=1.23 fm  … 
and nuclear density is enormous 

ρnucleus ~ 1012 x normal matter

2 RMS CHARGE RADII 28
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Figure 2: The rms charge radii for 687 nuclei plotted as a function of the
atomic number A. The dashed line is the liquid-drop model with a sharp surface
R = roA1/3 with ro = 1.20 fm.
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Figure 3: The rms proton radii for 687 nuclei plotted as a function of the
atomic number A. The dashed line is the liquid-drop model with a sharp surface
R = roA1/3 with ro = 1.185 fm. The solid line uses the form of Eq. (2.7) which
takes into account the diffuseness.
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Nuclear radii and density
✓ Nuclear density72 I. Angeli, K.P. Marinova / Atomic Data and Nuclear Data Tables 99 (2013) 69–95
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Fig. 1. Development of the experimental values of the proton radius during the
years: Hand, 1963 [33], Simon, 1980 [34], Melnikov, 2000 [35], Sick, 2003 [36],
Borisyuk, 2010 [37] and Pohl, 2010 [38].

For light nuclei, the contribution of higher order moments, the
so called higher moments correction (HM), is vanishingly small,
usually less than the experimental errors, and therefore � ⇡
�hr2i. For the heaviest nuclei the radial moments higher than
�hr2i contribute almost 10%. A well developed procedure has been
applied [13,14] to convert the experimental � into �hr2i. This is
done for all isotopes with Z � 36.

Traditionally, F has been evaluated from atomic electron shell
data using either semi-empirical procedures and/or Hartree–Fock
methods for calculating the relevant electronic density at the site
of the nucleus. The normal mass shift constant, given by N = ⌫me,
is calculated with the transition frequency ⌫ and the electronic
mass me. The specific mass shift constant, S, accounting for the
correlations of the electronic motion, can be calculated reliably
only for very light elements. In all cases of medium mass and
heavy elements, different kinds of semi-empirical methods have
been used. These methods of F and MS evaluation have yielded
very consistent sets of �hr2iA0,A-values [5] all over the nuclear
chart and even for very long isotopic chains. They didn’t produce
(e.g., unreasonable crossings of the isotopic course of nuclear
radii between different elements). More importantly, the results
could be interpreted in quantitative agreement with other well
established experimental facts of nuclear structure. For extracting
the nuclear parameter � from OIS, the semi-empirical approach
using optical information was preferred whenever possible (see
Table 2 and the corresponding references).

When more than one data set on OIS is available, generally the
most precise value that has been published was used. In many
cases it was necessary to compile data from different sources and
to reanalyze them.

3.2. Radii differences between isotopes from K↵ isotope shifts

Most of the 89 K↵ X-ray IS data are from Table II of Ref. [4],
which is an extended version of Ref. [24]. Original papers have
also been taken into account [25–27]. Two modifications were
performed in Table II of Ref. [4]: (1) For uranium the correct mass
interval is 233–238U instead of 235–238U (see Ref. [28]). (2) Regarding
the results of a �2/n0 test [29], the shift for 121–123Sb [30] was
omitted and some errors increased. In the table and papers referred
above, energy shifts �ECoul are given, which can be expressed in
terms of even moments of the charge distribution: �ECoul = C1�,
where the nuclear parameter � contains the information on the
size of the nucleus. Exploiting the wealth of �R data from e�

and µ� experiments, it was possible to compare the theoretically

Fig. 2. Isotopic behaviour of rms charge radii for light elements from 2He to 35Br.
For the sake of completeness the R-values obtained by non-opticalmethods are also
shown. The error bars include the total, statistical and systematic uncertainties of
the input data. The dashed vertical lines denote the conventional shell closures,
while the small-dashed lines indicate the appearance of non-traditional magic
numbers (see Ref. [7]).

calculated C1 value to experiment in a wide range of atomic
numbers, and to perform a small (0.965) correction on it. For more
details see Section 2.5 of Ref. [13].

3.3. rms radii from e� and µ� experiments

The main source for the R values is the table of Ref. [15] which
summarizes data from a large number of e� and µ� experiments,
explaines in detail the sources and selection of these data, as well
as the statistical procedure of the combined treatment of both
data types. Here we briefly mention only the changes. Change in
the evaluation: for the absolute R data from e� and µ� methods,
the simpler and more transparent averaging formulae were used
(EXCEL) instead of the lengthy (FORTRAN) procedure (see Chapter
4 in Ref. [15]). This resulted in small changes in the mean R values.
New data: for the stable isotopes of 9 elements, the table [15]
contains rms radius values evaluated model independently by
combining electron scattering, muonic atoms X-ray and optical
isotope shifts. These are: Ca, Kr, Sr, Zr, Mo, Sn, Sm, Gd and Pb.
In the first step of the present updated version of combined
treatment, the R values for these isotopes are recalculated using
only e� and µ� data sources and then, in a second step, two
different procedures [12,13] of combined analysiswithOIS data are
performed. The radii of U and Th isotopes are also recalculated in
view of critical remarks from Kozhedub [31].

Special attention deserves the new value for the radius of 6Li
obtained by analysis of electronic scattering experiments data and

✓ Nuclear radii
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Fig. 11. Same as Fig. 9 for 2°8pb where we used the data of Refs. [12,13]. The number of coefficients 
used in the fits are 12 and 11 for the FB and the Hermite basis, respectively. Full and dashed lines show the 
distributions given by the FB paramertrization in Ref. [ 15 ]. The full lines have been obtained with the 11 FB 
coefficients parametrization, the dashed lines with the 17 FB coefficients parametrization. 

localized in q space, as it is shown in Fig. 1, and it is spread in the coordinate space. 
The Hermite basis, used for the first time in this context, has analogous characteristics 
in both q and r space, the Fourier transform of a Hermite function is still a Hermite 
function. Fig. 1 shows that the contribution of  each term of the Hermite expansion is 
not localized around a specific value of  q. 

We found few advantages in using the Hermite basis with respect to the FB ones. The 
Hermite expansion seems to be more stable and usually it requires a smaller number 
of  expansion terms to obtain fits of  the same quality (see Figs. 3 and 4). In addition, 
while with FB one should impose that the distribution should be zero after a certain 
radius, the Hermite expansion is not requiring any hypothesis on the shape of  the charge 
density. 

In any case the aim of  our work was not the proposal of  a new expansion basis to 
be used in model independent method, but rather the investigation of  the uncertainties 
related to the method in itself. We found that in both the expansion bases it is not 
possible to increase at will the number of  expansion terms. There is an upper limit 
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Fig. 10. Same as Fig. 9 for 4°Ca. The experimental data are from Ref. [ 11 ] and we used 10 coefficients for 
both FB and Hermite basis. As in Fig. 9 the full lines give the FB density of Ref. [ 15]. 

differences between the FB and the Hermite densities bands are compatible with zero. 
Looking in detail, however, we found that they are not always equally spaced around the 
zero, contrary to the result we have obtained with the pseudodata. This, together with 
the relatively low values of the confidence levels shown in Table 3, can be an indication 
of the fact that the set of data we have used are not a good statistical sample. 

4. Conclusions 

The work we have presented in this paper has been addressed to the study of the the- 
oretical uncertainties in the procedure of extracting the charge distributions from elastic 
electron scattering cross sections. We have worked within the direct scattering approach 
to investigate the uncertainties of the the so-called model independent techniques con- 
sisting in expanding the charge distributions on a orthonormal basis and finding the 
coefficients of the expansion to obtain the best fit to the data. 

In order to obtain information independent from the choice of the expansion basis 
we have used two bases with different analytical properties. The FB basis is rather 
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Nuclear density

➢ Woods-Saxon distribution

Nuclear density

Fermi distribution

Function which approximates well true nuclear density distribution is

the Fermi function

⇢(r) = ⇢0
1

1 + exp

⇣
r�R1/2

a

⌘ (9)

The radius R1/2 corresponds to a point at which density drops to half

of that in the centre. Indeed

⇢(R1/2) = ⇢0
1

1 + exp

⇣
R1/2�R1/2

a

⌘ = ⇢0
1

1 + 1
=

1

2
⇢0 (10)

Experiments indicate that R1/2 = 1.12A
1
3 fm.

Note that there is no sharp cut o↵ on the surface, on the contrary,

the density distribution extends to infinity!
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➢ nuclear radii
Nuclear density

Fermi distribution
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Nuclear density

Fermi distribution

Charge and matter radii are not the same for true nuclear density

distributions, especially far from stability.

NUCS 342 (Lecture 1) January 12, 2011 19 / 33
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Form factor

➢ A uniform charge distribution

In spherical case

10.1.1: F (q⃗) for spherical charge distributions

For spherical charge distributions (the usual case), ρp(x⃗) = ρp(r), (10.7) can be further
reduced. We start with:

F (q⃗) =

∫

dx⃗ ρp(x⃗)e
iq⃗·x⃗

Now, we convert (x, y, z) −→ (r, θ,φ) and align q⃗ −→ qẑ.
Since the charge distribution is spherically symmetric, we can choose any axis to align q⃗
with, and the ẑ-axis is the most convenient.

F (q) =

∫ 2π

0
dφ

∫ ∞

0
r2dr ρp(r)

∫ π

0
sin θ dθ eiqr cos θ [note F (q⃗) −→ F (q)] (10.8)

= 2π

∫ ∞

0
r2dr ρp(r)

∫ π

0
sin θ dθ eiqr cos θ [did the integral over φ]

= 2π

∫ ∞

0
r2dr ρp(r)

∫ 1

−1
dµ eiqrµ [change of variable µ = cos θ]

= 2π

∫ ∞

0
rdr ρp(r)

(

2

q

)

sin qr [did the integral over µ]

=
4π

q

∫ ∞

0
rdr ρp(r) sin qr [in final form] (10.9)
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Form factor

➢ A uniform charge distribution

➢ Form factor from in uniform charge distribution

10.1.1: Example |F (q⃗)|2 from a uniform charge distribution

In this case, the normalized proton density takes the form:

ρp(r) =
3

4πR3
N

Θ(RN − r) . (10.11)

Thus, combining (10.9) and (10.11), gives, after some reorganization:

F (q) =
3

(qRN)3

∫ (qRN )

0
dz z sin z , (10.12)

which is easily evaluated to be,

F (q) =
3[sin(qRN)− qRN cos(qRN)]

(qRN)3
, (10.13)

for which F (0) = 1, as expected.

Technical side note:
The following Mathematica code was useful in deriving the above relations.

(* Here Z == q*R_N: *)

(3/Z^3)*Integrate[z Sin[z], {z,0,Z}]

Series[3*(Sin[Z] - Z*Cos[Z])/Z^3,{Z,0,2}]
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10.1.1: ...Example |F (q⃗)|2 from a uniform charge distribution...

Note the minima when tan(qRN) = qRN . Measurements do not have such deep minima,
because: 1) the nuclear edge is blurred, not sharp, 2) the projectiles are polyenergetic,
3) the detectors have imperfect resolution.
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0|
f(q
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)|2

Figure 10.8: Graphical output corresponding to (10.13).
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Form factor

➢ A delta charge distribution

➢ Form factor from in delta charge distribution

10.1.1: Another example (this one is not in the book)

Just for practice, we will try another example . . . . . . . . . . . . . . . ρp(r) = δ(RN − r)/4πR2
N

Following the same procedure as the previous example . . . . . . . . . .F (q) = sin(qRN)/qRN
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−6
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lo
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q*
R
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)|2

Form factor for a spherical shell
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Nuclear mass

➢ Mass excess

1 NUCLEAR MASSES 6

1 Nuclear masses

1.1 Masses and binding energies

A basic quantity which can be measured for the ground states of nuclei is the atomic
mass M(N, Z) of the neutral atom with atomic mass number A and charge Z. Atomic
masses are usually tabulated in terms of the mass excess defined by

∆(N, Z) ≡ M(N, Z) − uA, (1.1)

where u is the Atomic Mass Unit defined by u = M(12C)/12 = 931.49386 MeV/c2.
1 I will use the data from the 2003 compilation of Audi, Wapstra and Thibault [1].
Fig. (1.1) shows the position on the nuclear chart for these measured masses together
with the experimental error. There are 2127 nuclei measured with an accuracy of 0.2
MeV or better and 101 nuclei measured with an accuracy of greater than 0.2 MeV.
For heavy nuclei one observes several chains of nuclei with a constant N − Z value
whose masses are obtained from the alpha-decay Q values.

Nuclear binding energy is defined as the energy required to break up a given
nucleus into its constituent parts of N neutrons and Z protons. In terms of the
atomic masses M(N, Z) the binding energy B(N, Z) 2 is defined by:

B(N, Z) = ZMHc2 + NMnc
2 − M(N, Z)c2, (1.2)

where MH is the mass of the hydrogen atom and Mn is the mass of the neutron.3 In
terms of the mass excess the binding energy is given by:

B(N, Z) = Z∆Hc2 + N∆nc2 − ∆(N, Z)c2, (1.3)

where ∆Hc2 = 7.2890 MeV and ∆nc2 = 8.0713 MeV.

How do we know that nuclei are made up of protons and neutrons? In the 1920’s
when it was observed that nuclei decay by the emission of alpha particles, protons and
electrons one tried to make nuclear models out of constituent protons and electrons.
4 However, after the discovery of the neutron in 1932, it was observed that the

1This and other constants can be found on the website:
http://physics.nist.gov/cuu/Constants/index.html

2The binding energy will also be denoted by BE.
3This binding energy also includes contribution from the Coulomb interaction between electrons

which is approximately given by −1.43x10−5 Z2.39 MeV. On the scale of nuclear binding this can
usually be ignored. It is most important for heavy nuclei where, for example, for Z = 120 the
electronic contribution is −1.34 MeV.

4“Just because barks come out of dogs does not mean that dogs are made of barks.” (Denys
Wilkinson).

➢ Atomic Mass Unit
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Nuclei with measured masses
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Figure 1: Nuclei with measured masses. The solid line is for N = Z. The
dashed lines indicate the locations of the magic numbers 8, 20, 28, 40, 50, 82
and 126

atomic masses can be qualitatively understood by the contribution of the masses of
the individual protons and neutrons which make up the nucleus. To emphasize this
point the ratio

M(N, Z) − [ZMH + NMn]

[ZMH + NMn]

is plotted in Fig. (1.2) as a function of mass. The largest deviation is found near
A = 60 where the total mass is only about one percent smaller than expected from
the sum of nucleon masses. The intrinsic properties of neutrons and protons inside
the nucleus are essentially the same as those of the free nucleons. Nuclear properties
are a result of these nucleons interacting with each other through the exchange of
mesons. At some level we will need to include small admixtures of other baryons.

We are interested in understanding the binding energy as a function of N and
Z. The total BE are shown in Fig. (1.3) as a function of A. One observes an overall
linear increase with A reaching a maximum value of about 2 GeV for the heaviest
nuclei. One can bring out more detail by plotting BE/A as in Figs. (1.4) and (1.5)
[Note that Fig. (1.4) is the inverse Fig. (1.2)]. The maximum as a function of A in
Fig. (1.4) are shown separately in the bottom of Fig. (1.6). These represent the nuclei
which are most stable and the most abundant in nature. An expanded portion for
the experimental for light nuclei is shown in Fig. (1.7). These are the nuclei at the
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Nuclear binding energy

➢ Nuclear binding energy

10.3: ...Nuclear binding energy (con’t)...

By analogy, the formula for the nuclear binding energy, BN(Z,A), for atom X , with
atomic mass m(AX) is

BN(Z,A) =
{

Zmp +Nmn −
[

m(AX)− Zme

]}

c2 , (10.34)

or,

BN(Z,A) =
[

Z(mp +me) +Nmn −m(AX)
]

c2 ,

Using mp +me ≈ m(1H), (10.34) −→

BN(Z,A) = [Zm(1H) +Nmn −m(AX)]c2 . (10.35)

Note, with electron binding energy, (10.34) −→

BN(Z,A) = [Z(mp +me) +Nm
N
−m(AX)]c2 −Be(Z,A) .

Atomic masses usually quoted in atomic mass unit, u, uc2 = 931.494028(23) MeV
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Figure 2: Deviation of the atomic masses from that expected from the sum of
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➢ Binding energy per nucleon
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Nuclear mass table

19/03/2015 Jinniu Hu
Although chemists do not doubt that this mass loss actually occurs, at present there are no

instruments of sufficient sensitivity to measure such small changes.

The energy changes in nuclear reactions are much larger. This can be seen if we use

the relationship between electron volts and joules (or calories) in Appendix IV, and

Table 4.1 Atomic masses and binding energies

Element Z N A
Atomic mass
MA (u)

Mass
excess
MA ! A (μu)

Mass
defect
DMA (μu)

Binding
energy
EB (MeV)

EB/A
(MeV/A)

n 0 1 1 1.008665 8665 0 e e
H 1 0 1 1.007825 7825 0 e e
D 1 1 2 2.014102 14102 !2388 2.22 1.11
T 1 2 3 3.016049 16049 !9106 8.48 2.83
He 2 1 3 3.016029 16029 !8286 7.72 2.57
He 2 2 4 4.002603 2603 !30377 28.30 7.07
He 2 4 6 6.018886 18886 !31424 29.27 4.88
Li 3 3 6 6.015121 15121 !34348 32.00 5.33
Li 3 4 7 7.016003 16003 !42132 39.25 5.61
Be 4 3 7 7.016928 16928 !40367 37.60 5.37
Be 4 5 9 9.012182 12182 !62442 58.16 6.46
Be 4 6 10 10.013534 13534 !69755 64.98 6.50
B 5 5 10 10.012937 12937 !69513 64.75 6.48
B 5 6 11 11.009305 9305 !81809 76.20 6.93
C 6 6 12 12.000000 0 !98940 92.16 7.68
N 7 7 14 14.003074 3074 !112356 104.7 7.48
O 8 8 16 15.994915 !5085 !137005 127.6 7.98
F 9 10 19 18.998403 !1597 !158671 147.8 7.78
Ne 10 10 20 19.992436 !7564 !172464 160.6 8.03
Na 11 12 23 22.989768 !10232 !200287 186.6 8.11
Mg 12 12 24 23.985042 !14958 !212837 198.3 8.26
Al 13 14 27 26.981539 !18461 !241495 225.0 8.33
Si 14 14 28 27.976927 !23073 !253932 236.5 8.45
P 15 16 31 30.973762 !26238 !282252 262.9 8.48
K 19 20 39 38.963707 !36293 !358266 333.7 8.56
Co 27 32 59 58.933198 !66802 !555355 517.3 8.77
Zr 40 54 94 93.906315 !93685 !874591 814.7 8.67
Ce 58 82 140 139.905433 !94567 !1258941 1172.7 8.38
Ta 73 108 181 180.947993 !52007 !1559045 1452.2 8.02
Hg 80 119 199 198.968254 !31746 !1688872 1573.2 7.91
Th 90 142 232 232.038051 38051 !1896619 1766.7 7.62
U 92 143 235 235.043924 43924 !1915060 1783.9 7.59
U 92 144 236 236.045563 45563 !1922087 1790.4 7.59
U 92 146 238 238.050785 50785 !1934195 1801.7 7.57
Pu 94 146 240 240.053808 53808 !1946821 1813.5 7.56

Nuclear Mass Stability 71
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Nuclear mass table

https://www-nds.iaea.org/relnsd/vcharthtml/VChartHTML.html
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Separation energy

1 NUCLEAR MASSES 10

top of the “ridge-of-stability” in binding energy or those at the bottom of the “valley-
of-stability” in mass. For a fixed A value nuclei away from the valley of stability beta
decay until they reach the bottom of the valley. Nuclear structure models are used
to understand the overall features of these data as well as the deviations from the
averge.

The maximum in the binding energy per nucleon occurs for 58Fe. 58Fe represents
the most bound (lowest energy) state for nucleons. Thus fusion of two light nuclei
with a combined mass of A < 58 usually results in energy release. The fusion of
deuterium and tritium is the main reaction being investigated for controlled fusion
reactors. Other fusion processes are important for solar energy and for the creation
of elements up to A = 58 in stellar environments. The falloff in binding energy per
nucleon above A = 58 implies that most of these nuclei can spontaneously decay into
lighter products. The most common of these decay processes are alpha decay, where a
4He is emitted, and fission, where the nucleus breaks up into two roughly equal mass
fragments. The fission products are usually accompanied by neutrons. Intermediate
decay modes, where light fragments such as 14C are emitted, are also possible and
have also been observed, but their decay rate relative to alpha decay is extremely
small. Although most heavy nuclei have a positive Q value for spontaneous decay,
many of them have lifetimes on the order of the age of the universe and thus exist in
nature, due to the hindrance of tunneling through the Coulomb barrier.

1.2 Q values and separation energies

In this section we consider energy conservation for nuclear transformations that in-
clude, for example, the fussion of two nuclei a and b into the combined system c

[N, Z]a + [N, Z]b → [N, Z]c (1.4)

or the decay of nucleus a into two other nuclei b and c

[N, Z]a → [N, Z]b + [N, Z]c (1.5)

In general we consider the combinations

∑

i

[N, Z]i →
∑

f

[N, Z]f (1.6)

where N and Z are conserved.

∑

i

Ni =
∑

f

Nf and
∑

i

Zi =
∑

f

Zf (1.7)

➢ Nuclear combinations

➢ Particle conserved 
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➢ Q values 
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Figure 7: An expanded portion of the experimental values for BE/A (points
connected by a line). The liquid-drop model is shown by the dashed line.

This process is characterized by the Q value:

Q =
∑

i

M(Ni, Zi)c
2 −

∑

f

M(Nf , Zf)c
2 =

∑

f

B(Nf , Zf) −
∑

i

B(Ni, Zi). (1.8)

Spontaneous decay involves a single initial nuclear state and is allowed if Q > 0. In
the decay, energy is released in the form of the kinetic energy of the final products.
Reactions involving two initial nuclei and are endothermic (a net loss of energy) if
Q < 0; the reactions are exothermic (a net release of energy) if Q > 0.

We can consider the Q values associated with the removal of one or two nucleons
from a nucleus. These are conventionally defined in terms of the one-nucleon and
two-nucleon separation energies, S:

Sn = −Qn = B(N, Z) − B(N − 1, Z), (1.9)

Sp = −Qp = B(N, Z) − B(N, Z − 1), (1.10)

S2n = −Q2n = B(N, Z) − B(N − 2, Z), (1.11)

and
S2p = −Q2p = B(N, Z) − B(N, Z − 2). (1.12)

➢ One neutron separation energy
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This process is characterized by the Q value:

Q =
∑

i

M(Ni, Zi)c
2 −

∑

f

M(Nf , Zf)c
2 =

∑

f

B(Nf , Zf) −
∑

i

B(Ni, Zi). (1.8)

Spontaneous decay involves a single initial nuclear state and is allowed if Q > 0. In
the decay, energy is released in the form of the kinetic energy of the final products.
Reactions involving two initial nuclei and are endothermic (a net loss of energy) if
Q < 0; the reactions are exothermic (a net release of energy) if Q > 0.

We can consider the Q values associated with the removal of one or two nucleons
from a nucleus. These are conventionally defined in terms of the one-nucleon and
two-nucleon separation energies, S:

Sn = −Qn = B(N, Z) − B(N − 1, Z), (1.9)

Sp = −Qp = B(N, Z) − B(N, Z − 1), (1.10)

S2n = −Q2n = B(N, Z) − B(N − 2, Z), (1.11)

and
S2p = −Q2p = B(N, Z) − B(N, Z − 2). (1.12)
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➢ One proton separation energy
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Figure 7: An expanded portion of the experimental values for BE/A (points
connected by a line). The liquid-drop model is shown by the dashed line.

This process is characterized by the Q value:

Q =
∑

i

M(Ni, Zi)c
2 −

∑

f

M(Nf , Zf)c
2 =

∑

f

B(Nf , Zf) −
∑

i

B(Ni, Zi). (1.8)

Spontaneous decay involves a single initial nuclear state and is allowed if Q > 0. In
the decay, energy is released in the form of the kinetic energy of the final products.
Reactions involving two initial nuclei and are endothermic (a net loss of energy) if
Q < 0; the reactions are exothermic (a net release of energy) if Q > 0.

We can consider the Q values associated with the removal of one or two nucleons
from a nucleus. These are conventionally defined in terms of the one-nucleon and
two-nucleon separation energies, S:

Sn = −Qn = B(N, Z) − B(N − 1, Z), (1.9)

Sp = −Qp = B(N, Z) − B(N, Z − 1), (1.10)

S2n = −Q2n = B(N, Z) − B(N − 2, Z), (1.11)

and
S2p = −Q2p = B(N, Z) − B(N, Z − 2). (1.12)

➢ Two neutron separation energy
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Figure 7: An expanded portion of the experimental values for BE/A (points
connected by a line). The liquid-drop model is shown by the dashed line.

This process is characterized by the Q value:

Q =
∑

i

M(Ni, Zi)c
2 −

∑

f

M(Nf , Zf)c
2 =

∑

f

B(Nf , Zf) −
∑

i

B(Ni, Zi). (1.8)

Spontaneous decay involves a single initial nuclear state and is allowed if Q > 0. In
the decay, energy is released in the form of the kinetic energy of the final products.
Reactions involving two initial nuclei and are endothermic (a net loss of energy) if
Q < 0; the reactions are exothermic (a net release of energy) if Q > 0.

We can consider the Q values associated with the removal of one or two nucleons
from a nucleus. These are conventionally defined in terms of the one-nucleon and
two-nucleon separation energies, S:

Sn = −Qn = B(N, Z) − B(N − 1, Z), (1.9)

Sp = −Qp = B(N, Z) − B(N, Z − 1), (1.10)

S2n = −Q2n = B(N, Z) − B(N − 2, Z), (1.11)

and
S2p = −Q2p = B(N, Z) − B(N, Z − 2). (1.12)

➢ Two proton separation energy
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Figure 7: An expanded portion of the experimental values for BE/A (points
connected by a line). The liquid-drop model is shown by the dashed line.

This process is characterized by the Q value:

Q =
∑

i

M(Ni, Zi)c
2 −

∑

f

M(Nf , Zf)c
2 =

∑

f

B(Nf , Zf) −
∑

i

B(Ni, Zi). (1.8)

Spontaneous decay involves a single initial nuclear state and is allowed if Q > 0. In
the decay, energy is released in the form of the kinetic energy of the final products.
Reactions involving two initial nuclei and are endothermic (a net loss of energy) if
Q < 0; the reactions are exothermic (a net release of energy) if Q > 0.

We can consider the Q values associated with the removal of one or two nucleons
from a nucleus. These are conventionally defined in terms of the one-nucleon and
two-nucleon separation energies, S:

Sn = −Qn = B(N, Z) − B(N − 1, Z), (1.9)

Sp = −Qp = B(N, Z) − B(N, Z − 1), (1.10)

S2n = −Q2n = B(N, Z) − B(N − 2, Z), (1.11)

and
S2p = −Q2p = B(N, Z) − B(N, Z − 2). (1.12)
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Figure 10: Measured one-neutron separation energies.

obtained from the observation of resonances in nuclear reactions. As such, it would
be better to call these quantities resonance energies rather than masses or binding
energies. In addition, there are several light nuclei not shown in Fig. (1.9) whose
non-observation in experimental studies implies that they lie outside of the drip lines
[3]. For light nuclei the proton and neutron drip lines are experimentally established
only up to about A = 24. For heavier nuclei the proton-drip line is observed in
a few regions from the observation of proton decays with relatively long lifetimes.
The HF1 model gives a prediction for the neutron and proton drip lines. Between
A = 40 and A = 200 nearly half of the nuclei expected to be inside the drip lines have
not yet been observed in experiments. The properties for many of these unobserved
nuclei are critical for the understanding of nuclear models as well as the astrophysical
processes in element production. New generations of accelerators such are RIA (the
Rare Isotope Accelerator project in the US) are being planned to produce and study
these nuclei.

The systematics of the one-neutron separation energies, Sn, are shown in Fig.
(1.10) for experiment and in Fig. (1.11) for the HF1 model. As one moves from the
proton to the neutron drip lines, the one-neutron separation energies decrease. This
decrease is not smooth but shows odd-even oscillations associated with the two-body
pairing nature of the strong interaction between neutrons(*).
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Figure 11: HF1 results for the one-neutron separation energies.

The Sn values vs neutron number for the even-even nuclei with N > Z are shown
in Fig. (1.12). Just after the magic numbers 28, 50, 82 and 126 there is sudden
decrease in the separation energy due to the fact that neutrons go into valence shells
which are loosely bound compared to those which have just been filled at the magic
numbers(*).

This jump at the magic numbers can be emphasized by taking the differences in
one-neutron separation energy:

∆Sn = B(N, Z) − B(N − 1, Z) − [B(N + 1, Z) − B(N, Z)]

= 2B(N, Z) − B(N − 1, Z) − B(N + 1, Z). (1.13)

The values of ∆Sn for the even-even nuclei (N, Z) are shown in the bottom panel
of Fig. (1.12). One observes clear peaks at the magic numbers 50, 82 and 126. The
magic numbers 8, 20 and 28 also appear as peaks, but the peak for 20 goes away for
Z = 10 and 12. The value of peak height is related to the size of the shell gaps(*).
Similar results are found for the proton separation energies.
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➢ Pairing energy
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Figure 11: HF1 results for the one-neutron separation energies.

The Sn values vs neutron number for the even-even nuclei with N > Z are shown
in Fig. (1.12). Just after the magic numbers 28, 50, 82 and 126 there is sudden
decrease in the separation energy due to the fact that neutrons go into valence shells
which are loosely bound compared to those which have just been filled at the magic
numbers(*).

This jump at the magic numbers can be emphasized by taking the differences in
one-neutron separation energy:

∆Sn = B(N, Z) − B(N − 1, Z) − [B(N + 1, Z) − B(N, Z)]

= 2B(N, Z) − B(N − 1, Z) − B(N + 1, Z). (1.13)

The values of ∆Sn for the even-even nuclei (N, Z) are shown in the bottom panel
of Fig. (1.12). One observes clear peaks at the magic numbers 50, 82 and 126. The
magic numbers 8, 20 and 28 also appear as peaks, but the peak for 20 goes away for
Z = 10 and 12. The value of peak height is related to the size of the shell gaps(*).
Similar results are found for the proton separation energies.
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Figure 9.1: Upper panels: odd-N pairing gaps. Lower panels: even-N pairing gaps.
Typically, the odd-N nuclei are less bound than the average of their even-N neighbors by
about 1 MeV. However, one sees that there can be about a factor of two scatter around
the average value at a given N .
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Figure 9.2: Upper panels: odd-Z pairing gaps. Lower panels: even-Z pairing gaps.
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Semi-empirical mass formula
10.3: ...Nuclear binding energy (con’t)...

Semi-empirical Mass Formula – Binding Energy per Nucleon

The formula for B(Z,A) is given conventionally as:

B(Z,A) = a
V
A (“volume” term)

−a
S
A2/3 (“surface” term)

−a
C
Z(Z − 1)A−1/3 (“Coulomb repulsion” term)

−asym
(A−2Z)2

A (“symmetry” term)

+ap
(−1)Z [1+(−1)A]

2 A−3/4 (“pairing” term) (10.38)

ai [MeV] Description Source
a
V

15.5 Volume attraction Liquid Drop Model
a
S

16.8 Surface repulsion Liquid Drop Model
a
C

0.72 Coulomb repulsion Liquid Drop Model + Electrostatics
asym 23 n/p symmetry Shell model
ap 34 n/n, p/p pairing Shell model

Table 10.1: Fitting parameters for the nuclear binding energy
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➢ Semi-empirical mass formula
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Semi-empirical mass formula

10.3: ...Nuclear binding energy (con’t)...
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The above plot shows the contributions of the components of B(Z,A)/A). The Z
employed is the most stable from the standpoint of β decay, discussed later in this chapter.
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10.3: ...Nuclear binding energy (con’t)...

Using the expression (10.38), viz.

B(Z,A) = a
V
A− a

S
A2/3 − a

C
Z(Z − 1)A−1/3 − asym

(A− 2Z)2

A

+ap

(−1)Z[1 + (−1)A]

2
A−3/4

and adapting (10.35), viz.

BN(Z,A) = [Zm(1H) +Nmn −m(AX)]c2

we obtain the semi-empirical mass formula:

m(AX) = Zm(1H) +Nmn −B(Z,A)/c2 , (10.39)

that one may use to estimate m(AX) from measured values of the binding energy, or
vice-versa.
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10.3: ...Nuclear binding energy (con’t)...
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The above plot gives a comparison of B(Z,A)/A) measured data
(from WikiPedia “nuclear binding energy”) .
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4 OVERVIEW OF NUCLEAR DECAYS 52

test this idea. In 1957 parity nonconservation was confirmed by experiments carried
out by Wu, Ambler, Hayward, Hoppes and Hudson on the beta decay of 60Co.

The modern theory of beta decay is based upon the Standard Model which uni-
fies the weak and electromagnetic interactions. The Standard Model of beta decay
involves the W± bosons at an intermediate stage of the decay process. The most
elementary of these processes involved in nuclear beta decays are:

d → u + W− → u + e− + ν̄e, (4.20)

and
u → d + W+ → d + e+ + νe, (4.21)

where u and d are the “up” and “down” quarks, respectively. These transformations
are examples of a larger class of transformations that involve all quarks and leptons.
Each step in the elementary decay process is proportional to the weak-interaction
coupling constant g. The Standard Model relates the value of g to the mass of the
W boson and value of the electric charge e. Also in the standard model, beta decay
is unified with a larger class of weak interaction processes that involve the Z boson
as an intermediate particle.

4.3.1 Beta decay Q values

Beta minus, β−, decay involves the emission of an electron and electron antineutrino:

AZ → A(Z + 1) + e− + ν̄e. (4.22)

The Q value for β− decay is given in terms of nuclear masses M and nuclear binding
energies BV by

Q(β−) = [M(A, Z) − M−1(A, Z + 1) − me]c
2 = [M(A, Z) − M(A, Z + 1)]c2

= B(A, Z + 1) − B(N, Z) + δnH , (4.23)

where mec2 = 0.511 MeV is the mass of the electron,

M−1(A, Z + 1) = M(A, Z + 1) − me (4.24)

is the mass of the final nucleus with one electron missing, and

δnH = ∆nc2 − ∆Hc2 = 0.782 MeV (4.25)

comes from the mass difference between the neutron and the Hydrogen atom. In
these expressions we assume that the mass of the neutrino is zero and we ignore the
electronic binding energy.

➢ 𝛃- decay

➢ 𝛃+ decay

4 OVERVIEW OF NUCLEAR DECAYS 53

Beta plus, β+, decay involves emission of a positron and electron neutrino:

AZ → A(Z − 1) + e+ + νe, (4.26)

The Q value for β+ decay is given by

Q(β+) = [M(A, Z) − M+1(A, Z − 1) − me]c
2 = [M(A, Z) − M(A, Z − 1) − 2me]c

2

= B(A, Z − 1) − B(A, Z) − 2mec
2 − δnH . (4.27)

where
M+1(A, Z − 1) = M(A, Z − 1) + me (4.28)

is the mass of the final nucleus with one extra electron.

Another form of beta decay that competes with β+ decay is electron capture
(EC) in which one of the atomic electrons is captured by the nucleus and an electron-
neutrino is emitted:

e− + AZ → A(Z − 1) + νe. (4.29)

The Q value for electron capture decay is given by

Q(EC) = [M(A, Z) − M(A, Z − 1)]c2 = B(A, Z − 1) − B(A, Z) − δnH . (4.30)

The experimental beta decay Q values are shown in Fig. (4.10) and those for the
HF1 predictions are shown in (4.11). The energy released in β− or β+ decay is shared
between the recoiling nucleus, the electron and the neutrino. Since the nucleus is
heavy compared to the electron and neutrino, most of the energy is shared between
the electron and the neutrino with a probability distribution for each that can be be
accurately calculated. Usually only the electron or positron is detected, and it has a
range of kinetic energies ranging from zero up to Qβ (the end-point energy), assuming
that the mass of the neutrino is zero. If the neutrino has a mass, the end-point energy
of the electron would be reduced. The end-point energy of the tritium beta decay
has been used to set a limit of about mν < 9 eV/c2 for the mass of the electron
antineutrino. In the electron-capture process is all of the energy goes into that of the
neutrino. An experimental signature of electron capture is the X ray emitted when
the vacancy left by the inner electron that was absorbed by the nucleus is filled by
one of outer electrons.

4.3.2 Allowed beta decay

The allowed beta decay rate W between a specific set of initial and final states is
given by:

Wi,f = (f/Ko)
[

g2
V Bi,f(F±) + g2

A Bi,f(GT±)
]

, (4.31)

➢ Light fragment emission

➢ 𝛂 decay
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The Heisenberg uncertainty relation in terms of Γ and τ is

Γτ = h̄ = 6.58 × 10−22 MeV s = 6.58 × 10−4 eV ps. (4.8)

In nuclear physics we may describe the decay of a state in terms of its lifetime in units
of s, ms (10−3), µs (10−6), ns (10−9), ps (10−12) or fs (10−15), or alternatively with
Eq. (4.8) in terms of its width in MeV. Hitorically one usually the mean lifetime τ
for gamma decay of excited-state lifetimes and the half-life T1/2 = ln(2) τ for ground-
state lifetimes for beta decay and alpha decay. (Note that the Table of Isotopes by
Firestone et al. uses T1/2 for excited states.)

A given initial state may decay to several final states. The total transition rate
is:

W =
∑

f

Wi,f , (4.9)

where Wi,f is the partial decay rate to the particular final state f . The branching
fraction to this state is: 6

b(i → f) =
Wi,f

W
. (4.10)

When the total lifetime and the branching fraction for a given decay are known, we
can find the partial lifetime τp related to that specific decay channel by:

τp = τ/b. (4.11)

4.2 Alpha and cluster decay

Alpha decay occurs when a parent nucleus (A, Z) with atomic mass number A and
nuclear charge number Z spontaneously emits an alpha particle leaving a residual
(daughter) nucleus (A − 4, Z − 2):

AZ → (A−4)(Z − 2) + 4He. (4.12)

Alpha decay usually occurs from the nuclear ground state, but decay from excited
states may also occur. The alpha decay of a given parent nucleus often leads to
daughter nuclei that are themselves alpha or beta radioactive, thus giving rise to a
disintegration series. By 1935 the detailed decay schemes for three naturally occurring
series that started with 238U (Z=92), 235U, and 232Th (Z=90) had been discovered.
The alpha particles observed for these naturally occurring decays have energies in the
range of 5 to 10 MeV, and were used as a source of projectiles for nuclear reaction
experiments until the use of particle accelerators took over in the 1940’s.

6The branching fraction is often denoted by BR and is given in percent.

➢ Electron capture

4 OVERVIEW OF NUCLEAR DECAYS 53

Beta plus, β+, decay involves emission of a positron and electron neutrino:

AZ → A(Z − 1) + e+ + νe, (4.26)

The Q value for β+ decay is given by

Q(β+) = [M(A, Z) − M+1(A, Z − 1) − me]c
2 = [M(A, Z) − M(A, Z − 1) − 2me]c

2

= B(A, Z − 1) − B(A, Z) − 2mec
2 − δnH . (4.27)

where
M+1(A, Z − 1) = M(A, Z − 1) + me (4.28)

is the mass of the final nucleus with one extra electron.

Another form of beta decay that competes with β+ decay is electron capture
(EC) in which one of the atomic electrons is captured by the nucleus and an electron-
neutrino is emitted:

e− + AZ → A(Z − 1) + νe. (4.29)

The Q value for electron capture decay is given by

Q(EC) = [M(A, Z) − M(A, Z − 1)]c2 = B(A, Z − 1) − B(A, Z) − δnH . (4.30)

The experimental beta decay Q values are shown in Fig. (4.10) and those for the
HF1 predictions are shown in (4.11). The energy released in β− or β+ decay is shared
between the recoiling nucleus, the electron and the neutrino. Since the nucleus is
heavy compared to the electron and neutrino, most of the energy is shared between
the electron and the neutrino with a probability distribution for each that can be be
accurately calculated. Usually only the electron or positron is detected, and it has a
range of kinetic energies ranging from zero up to Qβ (the end-point energy), assuming
that the mass of the neutrino is zero. If the neutrino has a mass, the end-point energy
of the electron would be reduced. The end-point energy of the tritium beta decay
has been used to set a limit of about mν < 9 eV/c2 for the mass of the electron
antineutrino. In the electron-capture process is all of the energy goes into that of the
neutrino. An experimental signature of electron capture is the X ray emitted when
the vacancy left by the inner electron that was absorbed by the nucleus is filled by
one of outer electrons.

4.3.2 Allowed beta decay

The allowed beta decay rate W between a specific set of initial and final states is
given by:

Wi,f = (f/Ko)
[

g2
V Bi,f(F±) + g2

A Bi,f(GT±)
]

, (4.31)

➢ Fission



25/05/2026 Jinniu Hu

Nuclear stability



25/05/2026 Jinniu Hu

Nuclear stability



25/05/2026 Jinniu Hu

Nuclear stability



25/05/2026 Jinniu Hu

Nuclear stability

➢ Nuclear stability

10.3: ...Nuclear binding energy (con’t)...

Application to β-decay

β-decay occurs when a proton or a neutron in a nucleus converts to the other form of
nucleon, n → p, or p → n. (An unbound neutron will also β-decay.) This process
preserves A. Therefore, one may characterize β-decay as an isobaric (i.e. same A)
transition. For fixed A, (10.39) represents a parabola in Z, with the minimum occurring
at (Note: There is a small error in Krane’s formula below.):

Zmin =
[mn −m(1H)]c2 + a

C
A−1/3 + 4asym

2aCA
−1/3 + 8asymA

−1
. (10.40)

We have to use some caution when using this formula. When A is odd, there is no
ambiguity. However, when the decaying nucleus is odd-odd, the transition picks up an
additional loss in mass of 2apA

−3/4, because an odd-odd nucleus becomes an even-even
one. Similarly, when an even-even nucleus decays to an odd-odd nucleus, it picks up a
gain of 2apA

−3/4 in mass, that must be more than compensated for, by the energetics of
the β-decay.
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(the surface energy). In the fifth term, which accounts for the odd-even effect, a positive

sign is used for even proton-even neutron nuclei and a negative sign for odd proton-odd

neutron nuclei. For nuclei of odd A (even-odd or odd-even) this term has the value of

zero. Comparison of this equation with actual binding energies of nuclei yields a set

of coefficients; e.g.

av ¼ 15:5; aa ¼ 23; ac ¼ 0:72; as ¼ 16:8; ad ¼ 34

With these coefficients the binding energy equations (4.5) and (4.10) give agreement

within a few percent of the measured values for most nuclei of mass number greater

than 40.

When the calculated binding energy is compared with the experimental binding

energy, it is seen that for certain values of neutron and proton numbers, the disagreement

is more serious. These numbers are related to the so-called “magic numbers”, which we

have indicated in Figure 4.1, whose recognition led to the development of the nuclear

shell model described in a later chapter.

4.7. VALLEY OF b-STABILITY

If the semiempirical mass equation is written as a function of Z, remembering that N ¼
A " Z, it reduces to a quadratic equation of the form

EB ¼ a Z2 þ bZ þ c $ d=A3=4 (4.16)

where the terms a, b and c also containA. This quadratic equation describes a parabola for

constant values of A. Consequently, we would expect that for any family of isobars (i.e.

constant A) the masses should fall upon a parabolic curve. Such a curve is shown in

Figure 4.5. In returning to Figure 4.1, the isobar line with constant A but varying Z cuts

Figure 4.5 Isobar cut across the val-
ley of stability showing schematically
the position of different kinds of
nuclei.

Nuclear Mass Stability 77

diagonally through the line of stable nuclei. We can picture this as a valley, where the

most stable nuclei lie at the bottom of it (cf. Figs. 4.1 and 4.5), while unstable nuclei lie

up the valley sides as shown in Figure 4.5. Any particular isobaric parabola can

be considered as a cross-section of the valley of stability; Figure 4.5 would be seen by

someone standing up to the right of Figure 4.1 and looking down the valley. The isobars

located on the sides of the parabola (or slope of the valley) are unstable to radioactive

decay to more stable nuclides lower on the parabola, though usually the most stable

nucleus is not located exactly at the minimum of the parabola. Nuclides on the left hand

side of the parabola (lower atomic numbers) are unstable to decay by b!emission. Isobars

to the right of the valley of stability are unstable to bþ decay or electron capture. At the

bottom of the valley the isobars are stable against b decay. The curved line in Figure 4.1 is

calculated for maximum stability according to (4.15), and indicates the theoretical

bottom of the valley. The minimum of the curve can be calculated from (4.15) to be

Z ¼ 2A=½4þ ðac=aaÞA2=3' (4.17)

and is shown in Figure 4.1. For small A values (4.17) reduces to Z¼ A/2 orN¼ Z; thus

the bottom of the stability valley follows theN¼ Z line as indicated in Figure 4.1 for the

lighter nuclides.

Figure 4.6 Isobar parabolas for odd mass numbers (I: odd-even or even-odd nuclides) and for even
mass numbers (cases II - V). The stable nuclides are indicated by heavier dots.
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10.3: ...Nuclear binding energy (con’t)...

(10.40) can very nearly be approximated by:

Zmin ≈
A

2

1

1 + (1/4)(a
C
/asym)A

2/3
. (10.41)

This shows clearly the tendency for Z ≈ N for lighter nuclei. For heavier nuclei, A ≈ 0.41.
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Angular momentum and parity

10.4: Angular momentum and parity...

Some notation:

Symbol meaning
li orbital angular momentum of the i’th nucleon
si intrinsic spin angular momentum of the i’th nucleon

ji total angular momentum of the i’th nucleon, i.e. ȷ⃗i = l⃗i + s⃗i
L⃗ sum of all orbital angular momenta in a nucleus i.e. L⃗ =

∑A
i=1 l⃗i

S⃗ sum of all intrinsic spin angular momenta in a nucleus i.e. S⃗ =
∑A

i=1 s⃗i

The total angular momentum of a nucleus is formed from the sum of the individual
constituents angular momentum, l⃗, and spin, s⃗, angular momentum. The symbol given
to the nuclear angular momentum is I .
Thus,

I⃗ =
A
∑

i=1

(⃗li + s⃗i) = L⃗ + S⃗ . (10.42)
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➢ Nuclear angular momentum

10.4: Angular momentum and parity...

Some notation:

Symbol meaning
li orbital angular momentum of the i’th nucleon
si intrinsic spin angular momentum of the i’th nucleon

ji total angular momentum of the i’th nucleon, i.e. ȷ⃗i = l⃗i + s⃗i
L⃗ sum of all orbital angular momenta in a nucleus i.e. L⃗ =

∑A
i=1 l⃗i

S⃗ sum of all intrinsic spin angular momenta in a nucleus i.e. S⃗ =
∑A

i=1 s⃗i

The total angular momentum of a nucleus is formed from the sum of the individual
constituents angular momentum, l⃗, and spin, s⃗, angular momentum. The symbol given
to the nuclear angular momentum is I .
Thus,

I⃗ =
A
∑

i=1

(⃗li + s⃗i) = L⃗ + S⃗ . (10.42)
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10.4: Angular momentum and parity...

These angular momenta add in the Quantum Mechanical sense. That is:

⟨I⃗2⟩ = !
2I(I + 1)

I = 0,
1

2
, 1,

3

2
· · ·

⟨Iz⟩ = !m
I

m
I

: −I ≤ m
I
≤ I

∆m
I

: integral jumps (10.43)
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I = n~ for odd-odd nuclei

I = (n+
1

2
)~ for odd-A nuclei

I = 0 for even-even nuclei
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Nuclear magnetic moment

10.7: ...Nuclear magnetic and electric moments...

A moving charge (positive in this case) generates a similar magnetic field and dipole
moment. For a negative charge moving in the same direction, the direction of the magnetic
moment would be reversed.

Nuclear Engineering and Radiological Sciences NERS 312: Lecture 10, Slide # 81:10.7

10.10.1: Magnetic dipole of nucleons...

Nucleons, in a tightly-bound nucleus, all in close proximity to each other, all moving with
velocities of about 0.001 → 0.1c. This is a radical departure from the leisurely orbit of
an electron about a nucleus. This is a “mosh pit” of thrashing, slamming nucleons. The
forces between them are considerable, and play a vital role in the determination of nuclear
structure.

The orbital angular momentum can be characterized in classical electrodynamics in terms
of a magnetic moment, µ⃗:

µ⃗ =
1

2

∫

dx⃗ x⃗× J(x⃗) , (10.45)

where J(x⃗) is the current density. For the purpose of determining the orbital angular
momentum’s contribution to the magnetic moment, the nucleons can be considered to be
point-like particles.
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➢ Nuclear magnetic moment
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Nuclear magnetic moment

➢ Nuclear magnetic moment
µz = gllz + gssz

so
µ = glj + (gs � gl)hszi

finally
µ = gl

✓
j � 1

2

◆
+

1

2
gs, j = l +

1

2

µ = gl
j(j + 3

2 )

j + 1
� jgs

2(j + 1)
, j = l � 1

2

where, we used
hszi =

*
(~j · ~s)jz

j2

+

=
j

2j(j + 1)
[j(j + 1)� l(l + 1) + s(s+ 1)]

CHAPTER 2. ჰሰࠎ֥ނЧྟᇉ 16

೏ჰሰ֥ނ๝໊࿈ູݺਈሰඔđ֒T=0ൈ

µ =< II|
1
2
Jz + 0.38Sz|II >=

I

2
+ 0.38 < II|Sz|II > (2.54)

ఃᇏSzູނሰሹሱ࿈b

೏קࡌodd-A֥ނՈइປಆႮໃ஥֥ؓቋު၂۱ނሰิ܂,౏అނሰԩႿ™nljm෿,ᄵ

µ =< ljm|µz|ljm > |m=j =< ljj|g(l)lz + g(s)sz|ljj > (2.55)

০Ⴈ

|ljm >=
X

mlms

| < lml
1
2
ms|jm > |lml > |

1
2
ms > (2.56)

ᄵ

µ =
X

mlms

| < lml
1
2
ms|jj > |

2(mlg
(l) + msg

(s)) (2.57)

ႨC-G༢ඔսೆ,ᄵ:

µ =

8
<

:
l0g(l) + 1

2g(s) j = l + 1/2

[(l + 1)g(l)
°

1
2g(s)] 1

j(j+1) j = l ° 1/2
(2.58)

ՎࠧނՈइ֥Schmit܄ൔb

༝ܸഈ෮ඪ֥Ոइ:

µ =< IM |µz|IM > |M=I (2.59)



25/05/2026 Jinniu Hu

Nuclear magnetic moment

10.10.1: ...Magnetic dipole of nucleons

Iπ assignments: p, n = 1
2
+
, 2
1H1= 1+, 17

8 09=
5
2
+
, 57
26Fe31=

1
2
−
, 57
27Co30=

7
2
−
, 93
41Nb52=

9
2
+
.

Can you draw any conclusions?
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2 第一章 引言

原子核的磁矩仅由最外一个价核子决定, 直接应用公式 (1.1), 可以得到

µs = j(gl ±
gs − gl
2l + 1

), (1.2a)

=

{
gll +

1
2gs, j = l + 1/2,

j
j+1 [gl(l + 1)− 1

2gs], j = l − 1/2.
(1.2b)

上式中 j 和 l 分别是价核子的总角动量和轨道角动量, j = l ± 1
2 是一对自旋轨道伙伴态. 如

果给出磁矩 µs 随 j 变化的图, 则可以得到两条线, 通常被称作 Schmidt 线 [5], 根据公式 (1.2)

得到的磁矩值又被称作 Schmidt值.由于 Schmidt磁矩值对定性解释原子核的磁矩有重要参

考意义, 表 1.1 给出了一些单粒子态对应的 Schmidt 磁矩值.

表 1.1 一些单粒子态对应的 Schmidt 磁矩值, 磁矩的单位是 µN.

轨道 s1/2 p1/2 p3/2 d3/2 d5/2 f5/2 f7/2 g7/2 g9/2 h9/2 h11/2 i11/2 i13/2

质子 2.79 −0.26 3.79 0.12 4.79 0.86 5.79 1.72 6.79 2.62 7.79 3.56 8.79

中子 −1.91 0.64 −1.91 1.15 −1.91 1.37 −1.91 1.49 −1.91 1.57 −1.91 1.62 −1.91

早在上世纪 50 年代人们已注意到, 几乎所有奇 A 原子核实验磁矩值都在两条 Schmidt

线之间 [1,8]. 随后的几十年中,在非相对论框架下做了很多工作去解释磁矩实验值与 Schmidt

值之间的偏差. 研究表明,这种偏差可以解释为下面两种效应.一是介子交换流效应 [9–13],即

核子之间交换带电介子所产生的电流对磁矩的修正, 实际效果是对自由核子磁矩算符有修

正. 二是核芯极化 (组态混合) 效应, 即独立粒子模型中忽略的价核子与核芯波函数的耦合

效应 [8,14–22]. 考虑这两种效应研究原子核磁矩的相关工作可见综述文章 [23–28].
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图 1.1 一些具有双满壳核芯加减一个核子的奇 A原子核磁矩的实验值和 Schmidt值以及对

应的自旋, 左图是奇中子原子核, 右图是奇质子原子核. 红色和蓝色分别表示 j = l + 1/2 和

j = l − 1/2 的 Schmidt 线. 实心圆表示实验磁矩值, 取自文献 [3].

基于 Schmidt值并考虑两种效应,对具有双满壳核芯加减一个核子的球形奇 A原子核的

磁矩研究最多,如 16O, 40Ca和 208Pb核芯. 图 1.1给出了这些原子核磁矩的实验值和 Schmidt
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Nuclear quadrupole moment

➢ Electrostatic potential of nuclei

10.10.2: Quadrupole moments of nuclei...

The electric quadrupole moment is derived from the following considerations.
The electrostatic potential of the nucleus is given by:

V (x⃗) =
Ze

4πϵ0

∫

dx⃗′
ρp(x⃗′)

|x⃗− x⃗′|
. (10.49)

Now, imagine that we are probing the nucleus from a considerable distance, so far away
from it, that we can only just discern the merest details of its shape. Given that ρp(x⃗′)
is highly localized in the vicinity of the nucleus and our probe is far removed from it, we
may expand (10.49) in a Taylor expansion in |x⃗′|/|x⃗|. Thus we obtain:

V (x⃗) =
Ze

4πϵ0

[

1

|x⃗|

∫

dx⃗′ ρp(x⃗
′) +

x⃗

|x⃗|3
·
∫

dx⃗′ x⃗′ρp(x⃗
′)+

1

2|x⃗|5

∫

dx⃗′
(

3(x⃗ · x⃗′)2 − |x⃗|2|x⃗′|2
)

ρp(x⃗
′) · · ·

]

. (10.50)
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➢ Taylor expansion

10.10.2: Quadrupole moments of nuclei...

The electric quadrupole moment is derived from the following considerations.
The electrostatic potential of the nucleus is given by:

V (x⃗) =
Ze

4πϵ0

∫

dx⃗′
ρp(x⃗′)

|x⃗− x⃗′|
. (10.49)

Now, imagine that we are probing the nucleus from a considerable distance, so far away
from it, that we can only just discern the merest details of its shape. Given that ρp(x⃗′)
is highly localized in the vicinity of the nucleus and our probe is far removed from it, we
may expand (10.49) in a Taylor expansion in |x⃗′|/|x⃗|. Thus we obtain:

V (x⃗) =
Ze

4πϵ0

[

1

|x⃗|

∫

dx⃗′ ρp(x⃗
′) +

x⃗

|x⃗|3
·
∫

dx⃗′ x⃗′ρp(x⃗
′)+

1

2|x⃗|5

∫

dx⃗′
(

3(x⃗ · x⃗′)2 − |x⃗|2|x⃗′|2
)

ρp(x⃗
′) · · ·

]

. (10.50)
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It can be simplified 

10.10.2: Quadrupole moments of nuclei...

This simplifies to:

V (x⃗) =
Ze

4πϵ0

[

1

|x⃗|
+

Q

2|x⃗|3
· · ·

]

, (10.51)

where

Q =

∫

dx⃗
(

3z2 − r2
)

ρp(x⃗) . (10.52)

We have used
∫

dx⃗ ρp(x⃗) ≡ 1 for the first integral in (10.50). This is simply a statement
of our conventional normalization of ρp(x⃗). We also used

∫

dx⃗ x⃗ρp(x⃗) ≡ 0 in the second
integral in (10.50). This is made possible by choosing the “center of charge” as the origin
of the coordinate system for the integral. Finally, the third integral resulting in (10.52),
arises from the conventional choice, when there is no preferred direction in a problem, and
set the direction of x⃗′ to align with the z′-axis, for mathematical convenience.
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where 

10.10.2: Quadrupole moments of nuclei...

This simplifies to:

V (x⃗) =
Ze

4πϵ0

[

1

|x⃗|
+

Q

2|x⃗|3
· · ·

]

, (10.51)

where

Q =

∫

dx⃗
(

3z2 − r2
)

ρp(x⃗) . (10.52)

We have used
∫

dx⃗ ρp(x⃗) ≡ 1 for the first integral in (10.50). This is simply a statement
of our conventional normalization of ρp(x⃗). We also used

∫

dx⃗ x⃗ρp(x⃗) ≡ 0 in the second
integral in (10.50). This is made possible by choosing the “center of charge” as the origin
of the coordinate system for the integral. Finally, the third integral resulting in (10.52),
arises from the conventional choice, when there is no preferred direction in a problem, and
set the direction of x⃗′ to align with the z′-axis, for mathematical convenience.
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Nuclear quadrupole moment

➢ Nuclear quadrupole moment

10.10.2: Quadrupole moments of nuclei...

The quantum mechanics analog to (10.52) is:

Q =

∫

dx⃗ ψ∗
N(x⃗)(3z

2 − r2)ψN(x⃗) , (10.53)

where ψN(x⃗) is the composite nuclear wave function. The electric quadrupole moment
of the nucleus is also a physical quantity that can be measured, and predicted by nuclear
model theories. See Krane’s Table 3.3.
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➢ For j=l+1/2 case
 =

ul(r)

r
Yll(✓,�)�spin�isospin

so

Q =

Z
u2
l (r)|Yll(✓,�)|2r2(3 cos2 ✓ � 1) sin ✓drd✓d�

finally

Q = �hr2i2j � 1

2j + 2
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Nuclear quadrupole moment
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Figure 4: Scaled experimental quadrupole moments for the ground states of
odd-even nuclei for a region of nuclei. The dashed lines show the magic numbers
50 and 82 for protons and 82 and 126 for neutrons.
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Excited state of nuclei

10.11:Nuclear excited states

Nuclear Engineering and Radiological Sciences NERS 312: Lecture 10, Slide # 95:10.11
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Excited state of nuclei

First excited state of even-even nuclei
Excitation energy (keV)

Ground state
Configuration.
Spin/parity Iπ=0+ ;
Ex = 0 keV

2+

0+
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Nucleon properties

➢ Standard model of particle physics
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Nucleon properties

➢ Baryon decuplet states ➢ Baryon octet states



25/05/2026 Jinniu Hu

Nucleon properties
➢ Isospin operator

➢ Proton and neutron

p =

✓
1
0

◆
, n =

✓
0
1

◆

➢ Charge operator

Qp = 1p, Qn = 0

[tx, ty] = i~tz, [ty, tz] = i~tx, [tz, tx] = i~ty

Q =

✓
1 0
0 0

◆
=

1

2
(1 + tx)

~t =
1

2
~⌧
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Nucleon properties
➢ Baryonic number

➢ Strangeness number

➢ Gell-Mann–Nishijima formula

B =

8
<

:

1 Baryon
0 Meson
�1 Antibaryon

S = (ns � ns̄)

Q = I3 +
1

2
(B + S)

= I3 +
1

2
Y
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Nucleon properties
➢ Parity operator

➢ Parity operator on spherical function

➢ Parities of meson and baryons

P (~r) = �~r

PYlm(~r) = Ylm(�~r) = (�1)lYlm(~r)

P =

⇢
(�1)l Baryon
(�1)l+1 Meson

 The parity of 𝛑 is -1 
 The parities of proton and neutron are 1 
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◆ Strength Strong 
◆ Short range repulsive

Interactions Theory Relative strength Range(m)
Strong QCD 1038 10-15

Electromagnetic QED 1036 infinity

Weak Electroweak 1025 10-18

Gravity General Relativity 1 infinity

Basic interactions

➢ Characters of Strong interaction
◆ Gauge field 
◆ Non perturbative at low energy 
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Nucleon-nucleon 
interaction
➢ Realistic nucleon-nucleon (NN) interaction: 
     NN interaction in free space 

➢ Effective nucleon-nucleon interaction 
     NN interaction in nuclear medium 
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Effective NN interaction
➢ Effective nucleon-nucleon interaction 

       Density functional theory from the properties of nuclear matter or finite nuclei 

➢ Skyrme interaction (zero range) 

      J. W. Negele and D. Vautherin, Phys. Rev. C 5(1972)1472 

➢ Gogny interaction  (Finite range) 

   J. Decharge and D. Gogny, Phys. Rev. C 21(1980)1568 

➢ Relativistic mean field (RMF) (meson exchange force) 

      H. P. Duerr, Phys. Rev.  103(1956)469, PK1 

➢ Relativistic Hartree Fock (RHF)  
      A. Bouyssy, J. -F Mathiot, and N. Van Giai, Phys. Rev. C 36(1987)380, PKO, PKA,... 

➢ Point coupling interaction  (zero range) 

       B.A. Nikolaus, T. Hoch, and D.G. Madland, Phys. Rev. C 46(1992)1757, PC-PK1, 
 ...
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Realistic NN interaction

History
➢One pion exchange          Yukawa (1935) 

➢Multi-pion                    Taketani et al. (1951) 

➢Repulsive                      Jastrow (1951) 

➢One Boson exchange         Bonn Group (1970~) 

➢EFT                            Weinberg (1990) 

➢High precision potentials     (1990~) 

➢Lattice                         (2000~)
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Realistic NN interaction

Rutherford scattering NN scattering 
BAYESIAN TRUNCATION ERRORS IN CHIRAL . . . PHYSICAL REVIEW C 96, 024003 (2017)

For the noninformative set Cε , where c̄< → 0
and c̄> → ∞, Eq. (A9) simplifies to a t-distribution:

pr(C)
h ("|ck) = 1

√
πq2c2

k

$
( 1+nc

2

)

$
( 1

2nc

)
(

c2
k

c2
k + "2/q2

)(1+nc)/2

.

(A11)

Rather than integrating Eq. (A11), d
(p)
k can be found by

numerically solving the transcendental equation

p = 2d
(p)
k√

πq2c2
k

$
(

nc+1
2

)

$
(

nc

2

) 2F1

[
1
2
,
nc + 1

2
;

3
2

; −
(
d

(p)
k

)2

q2c2
k

]

,

(A12)

where 2F1 is the hypergeometric function.

APPENDIX B: DETAILS ON NN OBSERVABLES

For convenience of the reader and because of the multitude
of different conventions in the literature, we have gathered in
this Appendix the formulas used here in the calculation of NN
observables [15,33,42–46].

1. Kinematics

In the context of NN scattering, one particle (the beam),
with kinetic energy Elab, is incident on a stationary particle
(the target). For np scattering, the laboratory system (l.s.) is
often taken to be the rest frame of the initial proton. In the
center-of-momentum (c.m.) system, each particle has a relative
momentum of prel. It is convenient to relate these quantities
for each NN experiment:

proton-proton: p2
rel = 1

2
MpElab, (B1)

neutron-neutron: p2
rel = 1

2
MnElab, (B2)

neutron-proton: p2
rel =

ElabM
2
p(Elab + 2Mn)

(Mp + Mn)2 + 2MpElab
, (B3)

where relativistic kinematics is used [20]. Unless otherwise
stated, θ is the c.m. polar scattering angle while φ denotes
the azimuthal scattering angle. For our purposes, φ can be set
to zero because all observables can be defined relative to the
scattering plane.

The spin states of the initial and final states can be expressed
in the uncoupled basis |i〉spin = |m′

1m
′
2〉 and |f 〉spin = |m1m2〉,

respectively, where we have suppressed s1 = s2 = 1/2. We can
also use the coupled singlet-triplet basis, where |i〉spin = |s ′m′〉
and |f 〉spin = |sm〉.

2. Observables

Because nucleons have nonzero intrinsic spin, observables
in general are dependent not only on kinematic variables
(Elab,θ,φ), but also on the relative orientation of the particles’
spin. A generic spin observable can be written as

dσ

d(
Xpqik = 1

4
Tr σ (1)

p σ (2)
q Mσ

(1)
i σ

(2)
k M†, (B4)

k

s kf

!

m

k′

s′

k′′

s′′
k′

R1

s′R1

k′′
R2

s′′R2

θ
θ
2

α

θ1

θ2

α
Ω1

α
α

Ω2

FIG. 28. The kinematics for nucleon-nucleon scattering [43].

where dσ/d( is the (unpolarized) differential cross section,
M(kf ,ki) is the spin-scattering matrix and σv = σ · v. The
subscripts p, q, i, and k refer to the polarization directions of
the scattered, recoil, beam, and target particles, respectively. If
a final-state subscript is zero, its polarization is not analyzed.
If a initial-state subscript is zero, the corresponding particle
was unpolarized.

When an observable is considered in the c.m. system, the
polarization of each particle is often decomposed in a common
basis using the unit vectors ", m, n defined as

" =
(
sin θ

2 cos φ, sin θ
2 sin φ, cos θ

2

)
, (B5)

m =
(
cos θ

2 cos φ, cos θ
2 sin φ, − sin θ

2

)
, (B6)

n = (− sin φ, cos φ, 0), (B7)

and shown in Fig. 28. Here we consider pure experiments,
where the spin projections are solely along the basis vectors.
Hence, for a c.m. observable, the subscripts p, q, i, and k are
some combination of ), m, n, and 0.

It is often convenient to express spin observables in the
l.s., where the scattered and recoil particles deflect at angles
θ1 and θ2, respectively. Lab system observables often use
three sets of bases to define spin observables, defined by
the beam, scattered, and recoil particle directions. The beam
(scattered, recoil) frame aligns k (k′, k′′) with the laboratory
particle momentum and defines n (= n′ = n′′) to be normal
to the scattering plane, which leaves s (s′, s′′) in the scattering
plane such that s = n × k (s′ = n × k′, s′′ = n × k′′). The
initial-state subscripts i and k are then chosen to be k, s, n,
or 0. Similarly, the scattered-state subscript p is k′, s ′, n or 0,
and the recoil-state subscript q is k′′, s ′′, n or 0.

024003-19

J. Bystricky, F. Lehar, and P. Winternitz, J. Phys. 39(1978)1. 
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Differential cross section
Differential cross section  
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and energy are inverse to each other with the conversion factor 197.327053 fm
MeV = 1.

General Setup in the Spinless Case

It is instructive to review firstly the spinless case ignoring the spin complications in
the interaction, which happens to be a good approximation in np and pp scattering
below 50MeV LAB energy. Most of the material presented here is well known
and belongs to quantum scattering theory textbooks for which good references
are Landau (1990), Newton (1966), and Goldberger and Watson (1964). Actually,
much of the progress on scattering theory itself has been motivated by the study
of the nuclear force which takes the form of an inverse problem; to what extent
NN scattering experiments set constraints on the NN interaction. The simplified
presentation is meant as a reminder which should be read in conjunction with
Landau (1990), Newton (1966), and Goldberger and Watson (1964) and will be
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e.g., Fernandez and Ripka 2013). Nin particles emitted from a source of surface S
are collimated forming a beam which is scattered at a given solid angle ! ≡ (θ,φ),
andNout particles are counted on a detector at a far distanceR. The differential cross
section is defined as the ratio:

σexp(θ,φ) =
Nout(θ,φ)/∆!
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, (1)

over a given time interval and detector of surface SD corresponding to an angular
resolution ∆! = sin θ∆θ∆φ = SD/R

2. In general, absolute determinations of
differential cross sections are difficult, and there exists a normalization constant,
which can be determined by comparing with a theoretically known cross section or
by checking the total cross section σT ≡

∫
d!σ (!) with a forward transmission

experiment where the mean free path is determined l = 1/nσT and the density
of scatterers per unit volume, n, is known. In nuclear physics total cross sections
are measured in barns, 1barn = 10−24 cm2 = 100 fm2. Compared to the classical
geometrical value of a disk of radius a, one has σ = πa2, whereas two billiard balls
of radii a and b have σ = π(a+b)2, which means that, for instance, σ = 10mbarn
corresponds to a + b ∼ 0.56 fm.

Experiments are often carried out in the LAB system where the targets at rest
are bombarded by the beam containing projectiles. For the case of NN scattering
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For the noninformative set Cε , where c̄< → 0
and c̄> → ∞, Eq. (A9) simplifies to a t-distribution:
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Rather than integrating Eq. (A11), d
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numerically solving the transcendental equation
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where 2F1 is the hypergeometric function.

APPENDIX B: DETAILS ON NN OBSERVABLES

For convenience of the reader and because of the multitude
of different conventions in the literature, we have gathered in
this Appendix the formulas used here in the calculation of NN
observables [15,33,42–46].

1. Kinematics

In the context of NN scattering, one particle (the beam),
with kinetic energy Elab, is incident on a stationary particle
(the target). For np scattering, the laboratory system (l.s.) is
often taken to be the rest frame of the initial proton. In the
center-of-momentum (c.m.) system, each particle has a relative
momentum of prel. It is convenient to relate these quantities
for each NN experiment:

proton-proton: p2
rel = 1

2
MpElab, (B1)

neutron-neutron: p2
rel = 1

2
MnElab, (B2)

neutron-proton: p2
rel =

ElabM
2
p(Elab + 2Mn)

(Mp + Mn)2 + 2MpElab
, (B3)

where relativistic kinematics is used [20]. Unless otherwise
stated, θ is the c.m. polar scattering angle while φ denotes
the azimuthal scattering angle. For our purposes, φ can be set
to zero because all observables can be defined relative to the
scattering plane.

The spin states of the initial and final states can be expressed
in the uncoupled basis |i〉spin = |m′

1m
′
2〉 and |f 〉spin = |m1m2〉,

respectively, where we have suppressed s1 = s2 = 1/2. We can
also use the coupled singlet-triplet basis, where |i〉spin = |s ′m′〉
and |f 〉spin = |sm〉.

2. Observables

Because nucleons have nonzero intrinsic spin, observables
in general are dependent not only on kinematic variables
(Elab,θ,φ), but also on the relative orientation of the particles’
spin. A generic spin observable can be written as
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4
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FIG. 28. The kinematics for nucleon-nucleon scattering [43].

where dσ/d( is the (unpolarized) differential cross section,
M(kf ,ki) is the spin-scattering matrix and σv = σ · v. The
subscripts p, q, i, and k refer to the polarization directions of
the scattered, recoil, beam, and target particles, respectively. If
a final-state subscript is zero, its polarization is not analyzed.
If a initial-state subscript is zero, the corresponding particle
was unpolarized.

When an observable is considered in the c.m. system, the
polarization of each particle is often decomposed in a common
basis using the unit vectors ", m, n defined as

" =
(
sin θ

2 cos φ, sin θ
2 sin φ, cos θ

2

)
, (B5)

m =
(
cos θ

2 cos φ, cos θ
2 sin φ, − sin θ

2

)
, (B6)

n = (− sin φ, cos φ, 0), (B7)

and shown in Fig. 28. Here we consider pure experiments,
where the spin projections are solely along the basis vectors.
Hence, for a c.m. observable, the subscripts p, q, i, and k are
some combination of ), m, n, and 0.

It is often convenient to express spin observables in the
l.s., where the scattered and recoil particles deflect at angles
θ1 and θ2, respectively. Lab system observables often use
three sets of bases to define spin observables, defined by
the beam, scattered, and recoil particle directions. The beam
(scattered, recoil) frame aligns k (k′, k′′) with the laboratory
particle momentum and defines n (= n′ = n′′) to be normal
to the scattering plane, which leaves s (s′, s′′) in the scattering
plane such that s = n × k (s′ = n × k′, s′′ = n × k′′). The
initial-state subscripts i and k are then chosen to be k, s, n,
or 0. Similarly, the scattered-state subscript p is k′, s ′, n or 0,
and the recoil-state subscript q is k′′, s ′′, n or 0.
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and energy are inverse to each other with the conversion factor 197.327053 fm
MeV = 1.

General Setup in the Spinless Case

It is instructive to review firstly the spinless case ignoring the spin complications in
the interaction, which happens to be a good approximation in np and pp scattering
below 50MeV LAB energy. Most of the material presented here is well known
and belongs to quantum scattering theory textbooks for which good references
are Landau (1990), Newton (1966), and Goldberger and Watson (1964). Actually,
much of the progress on scattering theory itself has been motivated by the study
of the nuclear force which takes the form of an inverse problem; to what extent
NN scattering experiments set constraints on the NN interaction. The simplified
presentation is meant as a reminder which should be read in conjunction with
Landau (1990), Newton (1966), and Goldberger and Watson (1964) and will be
illustrated with actual NN results whose ultimate justification is postponed for later
sections.

Statement of the Problem

Scattering experiments are designed after the original Rutherford experiment which
lead to the discovery of the atomic nucleus in 1908 (for a historical overview, see,
e.g., Fernandez and Ripka 2013). Nin particles emitted from a source of surface S
are collimated forming a beam which is scattered at a given solid angle ! ≡ (θ,φ),
andNout particles are counted on a detector at a far distanceR. The differential cross
section is defined as the ratio:

σexp(θ,φ) =
Nout(θ,φ)/∆!

Nin/S
, (1)

over a given time interval and detector of surface SD corresponding to an angular
resolution ∆! = sin θ∆θ∆φ = SD/R

2. In general, absolute determinations of
differential cross sections are difficult, and there exists a normalization constant,
which can be determined by comparing with a theoretically known cross section or
by checking the total cross section σT ≡

∫
d!σ (!) with a forward transmission

experiment where the mean free path is determined l = 1/nσT and the density
of scatterers per unit volume, n, is known. In nuclear physics total cross sections
are measured in barns, 1barn = 10−24 cm2 = 100 fm2. Compared to the classical
geometrical value of a disk of radius a, one has σ = πa2, whereas two billiard balls
of radii a and b have σ = π(a+b)2, which means that, for instance, σ = 10mbarn
corresponds to a + b ∼ 0.56 fm.

Experiments are often carried out in the LAB system where the targets at rest
are bombarded by the beam containing projectiles. For the case of NN scattering
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For the noninformative set Cε , where c̄< → 0
and c̄> → ∞, Eq. (A9) simplifies to a t-distribution:
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Rather than integrating Eq. (A11), d
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where 2F1 is the hypergeometric function.

APPENDIX B: DETAILS ON NN OBSERVABLES

For convenience of the reader and because of the multitude
of different conventions in the literature, we have gathered in
this Appendix the formulas used here in the calculation of NN
observables [15,33,42–46].

1. Kinematics

In the context of NN scattering, one particle (the beam),
with kinetic energy Elab, is incident on a stationary particle
(the target). For np scattering, the laboratory system (l.s.) is
often taken to be the rest frame of the initial proton. In the
center-of-momentum (c.m.) system, each particle has a relative
momentum of prel. It is convenient to relate these quantities
for each NN experiment:

proton-proton: p2
rel = 1

2
MpElab, (B1)

neutron-neutron: p2
rel = 1

2
MnElab, (B2)

neutron-proton: p2
rel =

ElabM
2
p(Elab + 2Mn)

(Mp + Mn)2 + 2MpElab
, (B3)

where relativistic kinematics is used [20]. Unless otherwise
stated, θ is the c.m. polar scattering angle while φ denotes
the azimuthal scattering angle. For our purposes, φ can be set
to zero because all observables can be defined relative to the
scattering plane.

The spin states of the initial and final states can be expressed
in the uncoupled basis |i〉spin = |m′

1m
′
2〉 and |f 〉spin = |m1m2〉,

respectively, where we have suppressed s1 = s2 = 1/2. We can
also use the coupled singlet-triplet basis, where |i〉spin = |s ′m′〉
and |f 〉spin = |sm〉.

2. Observables

Because nucleons have nonzero intrinsic spin, observables
in general are dependent not only on kinematic variables
(Elab,θ,φ), but also on the relative orientation of the particles’
spin. A generic spin observable can be written as

dσ

d(
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4
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FIG. 28. The kinematics for nucleon-nucleon scattering [43].

where dσ/d( is the (unpolarized) differential cross section,
M(kf ,ki) is the spin-scattering matrix and σv = σ · v. The
subscripts p, q, i, and k refer to the polarization directions of
the scattered, recoil, beam, and target particles, respectively. If
a final-state subscript is zero, its polarization is not analyzed.
If a initial-state subscript is zero, the corresponding particle
was unpolarized.

When an observable is considered in the c.m. system, the
polarization of each particle is often decomposed in a common
basis using the unit vectors ", m, n defined as

" =
(
sin θ

2 cos φ, sin θ
2 sin φ, cos θ

2

)
, (B5)

m =
(
cos θ

2 cos φ, cos θ
2 sin φ, − sin θ

2

)
, (B6)

n = (− sin φ, cos φ, 0), (B7)

and shown in Fig. 28. Here we consider pure experiments,
where the spin projections are solely along the basis vectors.
Hence, for a c.m. observable, the subscripts p, q, i, and k are
some combination of ), m, n, and 0.

It is often convenient to express spin observables in the
l.s., where the scattered and recoil particles deflect at angles
θ1 and θ2, respectively. Lab system observables often use
three sets of bases to define spin observables, defined by
the beam, scattered, and recoil particle directions. The beam
(scattered, recoil) frame aligns k (k′, k′′) with the laboratory
particle momentum and defines n (= n′ = n′′) to be normal
to the scattering plane, which leaves s (s′, s′′) in the scattering
plane such that s = n × k (s′ = n × k′, s′′ = n × k′′). The
initial-state subscripts i and k are then chosen to be k, s, n,
or 0. Similarly, the scattered-state subscript p is k′, s ′, n or 0,
and the recoil-state subscript q is k′′, s ′′, n or 0.
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TABLE II. Comparison of notations for selected NN scattering
observables.

Name Xpqik Others

Differential cross section I0000 σ, dσ/d"

Vector analyzing power A00n0 Ay, Pb

Polarization transfer Ds′0k0 A

Dn0n0 D

Spin correlation parameters A00ss Axx

A00nn Ayy

One added complication of calculating l.s. observables
involves accounting for the relativistic spin rotation angles

"1 = θ − 2θ1 = 2α, (B8)

"2 = −π + θ + 2θ2 = −π + 2β, (B9)

which rotate the primed and double primed vectors about n,
respectively. It is the rotated vectors, denoted with subscripts
R1 and R2, that correspond to the l.s. subscripts for the scattered
and recoil particles. In the nonrelativistic case, α = 0 and β =
π/2, which implies that

! ∼ k′ ∼ k′
R1

∼ s′′ ∼ s′′
R2

, (B10)

m ∼ s′ ∼ s′
R1

∼ −k′′ ∼ −k′′
R2

. (B11)

This too is illustrated in Fig. 28. Whether an observable is
defined in the c.m. system or the l.s. should be clear from the
chosen subscripts. All of the observables considered here use
the l.s. notation.

Notational inconsistencies abound in the literature. While
the subscripts of Eq. (B4) completely determine a given spin
observable, often the X is changed to match historical usage.
Other times, the subscript notation is abandoned completely
for a nondescript letter. Table II attempts to reconcile some
differences by matching a common name with Eq. (B4) and
other popular notations found in literature.

The spin-scattering matrix is the part of the scattering S
matrix that is due to interactions. In our convention, they are
related via M = (2π/ip)(S − 1). To evaluate M , it is useful to
write it in singlet-triplet space, and then make a partial-wave
expansion

Ms ′s
m′m(θ,φ) =

√
4π

2ip
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j,(,(′

(−1)s−s ′
i(−(′

Ĵ 2L̂Y (′
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×
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(′ s ′ j
m − m′ m′ −m

)(
( s j
0 m −m

)

× 〈(′s ′|Sj − 1|(s〉, (B12)

where Ĵ ≡
√

2j + 1 and L̂ ≡
√

2( + 1, the second line
contains two Wigner 3j symbols, and J = L + S is the total
angular momentum decomposed into orbital and intrinsic
angular momentum. The nuclear potential conserves the total
angular momentum j , but generally mixes the states of ( and
s. Equation (B12) becomes useful only if a small number of j
waves are needed to accurately determine Ms ′s

m′m.
When a partial wave state is uncoupled, such as when j = 0,

then Sj can be parametrized by a real phase δ̄
sj
( such that Sj ≡

e2iδ̄
sj
( . For j > 0, Sj is four dimensional in angular momentum

space and can be written compactly using the triplet submatrix
S

j
T and the singlet-triplet submatrix S

j
ST via

Sj *=0 =
(

S
j
T 0
0 S

j
ST

)
. (B13)

The triplet submatrix S
j
T can be parametrized by introducing

another real parameter, the mixing angle ε̄j . Using the common
notation that subscripts + and − refer to ( = j + 1 and j − 1,
respectively, then

S
j
T =

(
cos 2ε̄j e

2iδ̄
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− i sin 2ε̄j e
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(B14)

and similarly

S
j
ST =
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. (B15)

In the present work, γ̄j = 0 for all j , leaving the singlet-triplet
submatrix uncoupled and thus s ′ = s.

Equations (B14) and (B15) employ the “Stapp”- or “bar”-
phase shift parametrization. Another parametrization, with
phases and mixing angle denoted here by δ

sj
( and εj , was

made by Blatt and Biedenharn [47]:

S
j
T = U−1

(
e2iδ

1j
− 0

0 e2iδ
1j
+

)

U, (B16)

where

U =
(

cos εj sin εj

− sin εj cos εj

)
. (B17)

The Blatt eigenphases are related to the Stapp phases via

δ̄
sj
− + δ̄

sj
+ = δ

sj
− + δ

sj
+ , (B18)

sin(δ̄sj
− − δ̄

sj
+ ) = tan 2ε̄j

tan 2εj

, (B19)

sin(δsj
− − δ

sj
+ ) = sin 2ε̄j

sin 2εj

. (B20)

Given the partial-wave-projected potential V
sj
(′((p′,p), it is

convenient and numerically accurate to solve the Lippmann-
Schwinger (LS) equation with standing wave boundary con-
ditions,

R
sj
(′(

(
p′,p; p2

rel

)

= V
sj
(′((p′,p)

+
∑

(′′

2
π
P

∫ ∞

0
dq

q2V
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(′(′′(p′,q)Rsj

(′′(

(
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)

p2
rel − q2

,

(B21)

for the partial-wave-projected R matrix (known as the
K matrix in other contexts). In the present work
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TABLE II. Comparison of notations for selected NN scattering
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This too is illustrated in Fig. 28. Whether an observable is
defined in the c.m. system or the l.s. should be clear from the
chosen subscripts. All of the observables considered here use
the l.s. notation.

Notational inconsistencies abound in the literature. While
the subscripts of Eq. (B4) completely determine a given spin
observable, often the X is changed to match historical usage.
Other times, the subscript notation is abandoned completely
for a nondescript letter. Table II attempts to reconcile some
differences by matching a common name with Eq. (B4) and
other popular notations found in literature.

The spin-scattering matrix is the part of the scattering S
matrix that is due to interactions. In our convention, they are
related via M = (2π/ip)(S − 1). To evaluate M , it is useful to
write it in singlet-triplet space, and then make a partial-wave
expansion
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)(
( s j
0 m −m

)

× 〈(′s ′|Sj − 1|(s〉, (B12)

where Ĵ ≡
√

2j + 1 and L̂ ≡
√

2( + 1, the second line
contains two Wigner 3j symbols, and J = L + S is the total
angular momentum decomposed into orbital and intrinsic
angular momentum. The nuclear potential conserves the total
angular momentum j , but generally mixes the states of ( and
s. Equation (B12) becomes useful only if a small number of j
waves are needed to accurately determine Ms ′s

m′m.
When a partial wave state is uncoupled, such as when j = 0,

then Sj can be parametrized by a real phase δ̄
sj
( such that Sj ≡

e2iδ̄
sj
( . For j > 0, Sj is four dimensional in angular momentum

space and can be written compactly using the triplet submatrix
S

j
T and the singlet-triplet submatrix S

j
ST via

Sj *=0 =
(

S
j
T 0
0 S

j
ST

)
. (B13)

The triplet submatrix S
j
T can be parametrized by introducing

another real parameter, the mixing angle ε̄j . Using the common
notation that subscripts + and − refer to ( = j + 1 and j − 1,
respectively, then

S
j
T =
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cos 2ε̄j e
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. (B15)

In the present work, γ̄j = 0 for all j , leaving the singlet-triplet
submatrix uncoupled and thus s ′ = s.

Equations (B14) and (B15) employ the “Stapp”- or “bar”-
phase shift parametrization. Another parametrization, with
phases and mixing angle denoted here by δ

sj
( and εj , was

made by Blatt and Biedenharn [47]:

S
j
T = U−1

(
e2iδ

1j
− 0

0 e2iδ
1j
+
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U, (B16)

where
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− sin εj cos εj

)
. (B17)

The Blatt eigenphases are related to the Stapp phases via
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+ , (B18)
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− − δ

sj
+ ) = sin 2ε̄j

sin 2εj

. (B20)

Given the partial-wave-projected potential V
sj
(′((p′,p), it is

convenient and numerically accurate to solve the Lippmann-
Schwinger (LS) equation with standing wave boundary con-
ditions,

R
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p′,p; p2
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= V
sj
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+
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(′′

2
π
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∫ ∞

0
dq

q2V
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q,p; p2

rel

)

p2
rel − q2

,

(B21)

for the partial-wave-projected R matrix (known as the
K matrix in other contexts). In the present work
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Scattering observables
NN scattering observables  

J. A. MELENDEZ, S. WESOLOWSKI, AND R. J. FURNSTAHL PHYSICAL REVIEW C 96, 024003 (2017)

TABLE II. Comparison of notations for selected NN scattering
observables.

Name Xpqik Others

Differential cross section I0000 σ, dσ/d"

Vector analyzing power A00n0 Ay, Pb

Polarization transfer Ds′0k0 A

Dn0n0 D

Spin correlation parameters A00ss Axx

A00nn Ayy

One added complication of calculating l.s. observables
involves accounting for the relativistic spin rotation angles

"1 = θ − 2θ1 = 2α, (B8)

"2 = −π + θ + 2θ2 = −π + 2β, (B9)
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∼ s′′ ∼ s′′
R2

, (B10)

m ∼ s′ ∼ s′
R1

∼ −k′′ ∼ −k′′
R2

. (B11)

This too is illustrated in Fig. 28. Whether an observable is
defined in the c.m. system or the l.s. should be clear from the
chosen subscripts. All of the observables considered here use
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 E. Epelbaum, H. Krebs, and U.-G. Meissner, Eur. Phys. J. A 51(2015)53
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Fig. 10. (Color online) Estimated theoretical uncertainty of the chiral EFT results for np differential cross section dσ/dΩ,
vector analyzing power A, polarization transfer coefficients D and A and spin correlation parameters Axx and Ayy at laboratory
energy of Elab = 50MeV. The light-(yellow), medium-(green) and dark-(blue) shaded bands depict the estimated theoretical
uncertainties at NLO, N2LO and N3LO, respectively. Open circles refer to the result of the NPWA. The upper (lower) panel
shows the results based on the optimal (softest) cutoff choice of R = 0.9 fm (R = 1.2 fm). Data for the cross section are taken
from [114,115] and for the analyzing power from [116–120].

The formulated approach for error estimation can
be straightforwardly applied to the deuteron properties
as well. For example, one finds for the optimal cutoff
choice of R = 0.9 fm the uncertainty of the asymptotic
S state normalization AS to be ∼ 0.013 fm−1/2 at NLO,
∼ 0.003 fm−1/2 at N2LO and ∼ 0.0008 fm−1/2 at N3LO.

The uncertainty of the D/S state ratio η is estimated to
be ∼ 0.001 at NLO, ∼ 0.0003 at N2LO and ∼ 0.0001 at
N3LO. Here we have assumed that the expansion param-
eter is given by Q = Mπ/Λb. For both observables, the
theoretical uncertainties at N3LO already appear to be
below the ones of the empirical numbers.
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 NN scattering data
R. Navarro Pérez, J. E. Amaro, and E. Ruiz Arriola, Phys. Rev. C 89(2014)064006  

8125!
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 Features of NN interaction

➢ Short range repulsive and strong intermediate attractive 

➢ Spin dependent 

➢ Spin-orbit force 

➢ Charge independent (almost) 

➢ Non-central
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 Symmetries of NN interaction

➢ Translation invariance  

➢ Galilean invariance 

➢ Rotation invariance 

➢ Space reflection invariance 

➢ Time reversal invariance 

➢ Interchange of particle 1 and 2 invariance 

➢ Almost isospin symmetry
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 Spin structures of two nucleon system

A function f(𝞂1,𝞂2) represents a 4×4 matrix elements 
can be spanned by a linear combination of 16 matrices. 

Type Operators Parity Time 
reversal

Number

Scalar 1 + + 1

Scalar 𝜎1·𝜎2 + + 1

Vector 𝜎1×𝜎2 + + 3

Vector 𝜎1-𝜎2 + - 3

Vector 𝜎1+𝜎2 + - 3

Tensor [𝜎1×𝜎2 ][2] + + 5



25/05/2026 Jinniu Hu

 Tensors build from r and p

Type Operators Parity Time reversal

Scalar r2 + +
Scalar p2 + +
Scalar r·p + -
Vector r - +
Vector p - -
Vector r×p + -
Tensor [r×r][2] + +
Tensor [p×p][2] + +
Tensor [r×p][2] + -
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Linear combinations

➢Vector-vector : spin-orbit operator 

L · S =
1

2
(r⇥ p) · (�1 + �2)

➢Tensor-Tensor 

h
r[1] ⇥ r[1]

i[2]
·
h
�[1]
1 ⇥ �[1]

2

i[2]
= (�1 · r)(�2 · r)� 1

3
�1 · �2r

2

h
p[1] ⇥ p[1]

i[2]
·
h
�[1]
1 ⇥ �[1]

2

i[2]
= (�1 · p)(�2 · p)� 1

3
�1 · �2p

2

h
�[1]
1 ⇥ �[1]

2

i[2]
·
h
r[1] ⇥ p[1]

i[2]
r · p
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Simple nucleon-nucleon potential form

➢Nucleon-nucleon potential 

V (1, 2) = VC + VS(�1 · �2) + VTS12(r) + VTS12(p) + VLSL · S+ VQ(L · S)2

where the operator S12 is  

S12 = 3
⇣
�1 ·

r

r

⌘⇣
�2 ·

r

r

⌘
� (�1 · �2)

Vi   is the scalar function of the remaining scalars, 
r2 , p2  and (r·p) 2. Due to 

(r · p)2 = r2p2 � L2

r2 , p2 and L2 are independent ones.  
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 Isospin of two nucleon system

➢Uncoupled basis 

|p1i|p2i, |n1i|n2i, |p1i|n2i, |n1i|p2i
➢Coupled basis 

T = 1

Tz = +1 |p1i|p2i

Tz = 0
1p
2
(|p2i|n1i+ |n1i|p2i)

Tz = �1 |n1i|n2i

Tz = 0
1p
2
(|p1i|n2i � |n1i|p2i)T = 0

Triplet

Singlet
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Isospin in nucleon-nucleon potential

➢Isospin in NN potential
Vi = Vi0 + Vi1⌧1 · ⌧2

➢Isospin exchange operator

Vt(r)
1

2
(1 + ⌧1 · ⌧2) = Vt(r)Pr

➢Central part of NN potential
VC(r) = VW (r) + Vr(r)Pr + V�(r)P� + Vt(r)Pt

Wigner  
potential 

Majorana  
potential 

Bartlett  
potential 
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Partial wave representation

The good quantum numbers in NN scattering problem 

    Momentum k,                Total angular momentum J, 
     Total spin S,                  Total isospin T 

The wave function of NN scattering states 

The NN interaction in partial wave representation
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Two nucleon states

States Central Tensor and spin-orbit 

J=0, S=0, T=1, L=0 1S0 (pp,np,nn) -

J=0, S=1, T=1, L=1 3P0 (pp,np,nn) -

J=1, S=0, T=0, L=1 1P1 (np) -

J=1, S=1, T=1, L=1 3P1 (pp,np,nn) -

J=1, S=1, T=0, L=0,2 3S1 – 
3D1 (np) 3S1 – 

3D1 (np)

J=2, S=0, T=1, L=2 1D2 (pp,np,nn) -

J=2, S=1, T=0, L=2 3D2 (np) -

J=2, S=1, T=1, L=1,3 3P2 – 
3F2 (pp,np,nn) 3P2 – 

3F2 (pp,np,nn)

J=3, S=0, T=0, L=3 1F3 (np) -

J=3, S=1, T=1, L=3 3F2 (pp,np,nn) -

J=3, S=1, T=0, L=2,4 3D3 – 
3G3 (np) 3D3 – 

3G3 (np)
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 Types of realistic NN interaction

Phenomenological interaction 
  Based upon the standard non-relativistic   operator structure 

➢Gammel-Thaler potential                   Hard core 
   J. L. Gammel, and R. M. Thaler, Phys. Rev. 107(1957)291 
➢Hamada-Johnston potential          Hard core 
   T. Hamada, and I. D. Johnston, Nucl. Phys. 34 (1962)382 
➢Reid potential                          soft core 
   R.V. Reid, Ann. Phys. (N.Y.) 50(1968)411 
➢Argonne V14 potential  
   R. B. Wiringa, R. A. Smith, and T. L. Ainsworth, Phys. Rev. C 29(1984)1207 
➢Argonne V18 potential 
   R. B. Wiringa, V. G. J. Stoks, and R. Schiavilla, Phys. Rev. C 51(1995)38
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 Hamada-Johnston potential

the Moscow-group potentials [59] and the Oxford potential [60] are mentionable. Nevertheless,
some potentials, such as the high-quality Nijmegen-group ones [28] (and even two former ones)

use a mixture of the mesons and quarks in some parts of the interaction.
Meanwhile, many phenomenological potentials composed of meson-exchanges, operators and
functions with adjusted parameters to fit experimental data, with wide applications in nuclear

computations, were constructed. Among them are the Reid [26] and UrbanaV14 [29] potentials,
and the high-precession Nijmegen-group potentials [28] and ArgonneV18 [31] potential.

By coming EFT and applying it to the low-energy QCD, first by Weinberg [68], the new
phase to set up NN potentials got started. In such models, one usually starts by writing the

most general Lagrangian including the assumed symmetries and especially chiral symmetry of
QCD. In low-energies, chiral symmetry breaks down and then the suitable degrees of freedom
are not quarks and gluons but there are pions and nucleons, while heavy mesons and nucleon

resonances are integrated out. So, it seems that we are going back to the meson theory! of
course with much more experiences.

The chiral effective Lagrangian is composed of a set of the sentences increasing in derivative
terms or nucleon fields. Indeed, one use a perturbative expansion in (Q/ΛQCD)ν , where Q

refers to the soft scale associated with external momenta or pion mass, ΛQCD ≈ 1 GeV is the
chiral symmetry breaking scale and ν ≥ 0. By applying the Lagrangian to NN scattering,
there are the suiting Feynman diagrams whose importance becomes less as the order of the

chiral perturbation theory (χPT) expansion increases. Besides describing the nuclear two-body
problem, the model makes some good predictions for nuclear few-body forces as well. The first

potential of this type was constructed by Texas-group (Ordonez, Ray and van Kolck) [77] and
among the further developed ones are those by Idaho-group [80] and Bochum-Julich-group [81]
up to NNNLO. These new CHPT potentials are quantitatively and qualitatively best so far

candidates to describe two-nucleon as well as few-nucleon interactions.
It is also notable that there are some tries to construct NN potentials based on renormalization-

group (RG) approach to NN interaction by another Stony-Brook group [101]. As a result, they
have earned many creditable and satisfactory results that we comment more in Section 4.

Anyway, in what follows we continue studying some of the potentials which are of course more
important with established results in nuclear structure calculations, briefly.

4.3 Hamada-Johnston Potential

The Hamada-Johnston (HJ) potential [24] is a leading phenomenological NN (pp+np here)
energy-independent potential. It described well the scattering data below 350 MeV and
deuteron properties as well as the effective-range parameters. The general form of HJ po-

tential [24] reads
V = Vc(r) + Vt(r)S12 + Vls(r)L⃗.S⃗ + Vll(r)L12, (4.5)

where
S12 = 3(σ⃗1.r̂)(σ⃗2.r̂)− (σ⃗1.σ⃗2), L12 = (δℓj + σ⃗1.σ⃗2)L

2 − (L⃗.S⃗)2, (4.6)
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and
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

Vc(r) = 0.08
(

1
3mpi

)

(τ⃗1.τ⃗2) (σ⃗1.σ⃗2)Y (x) [1 + ac Y (x) + bc Y 2(x)],
Vt(r) = 0.08

(

1
3mpi

)

(τ⃗1.τ⃗2)Z(x) [1 + at Y (x) + bt Y 2(x)],

Vls(r) = mpi Gls Y 2(x) [1 + blsY (x)],
Vll(r) = mpi Gllx−2Z(x) [1 + all Y (x) + bll Y 2(x)],

(4.7)

in which mpi, x and M are the pion mass (139.4 MeV), the internucleon distance measured in

the units of the pion Compton’s wavelength (r0 = 1.415fm), and the nucleon mass (taken to
be 6.73µ), respectively. Note also that x = µr, µ = mpic/! = r−1

0 with respect to Eq. (2.1),

and that

Y (x) =
e−x

x
, Z(x) =

(

1 +
3

x
+

3

x2

)

Y (x). (4.8)

We should note that the quadratic spin-orbit potential was mainly introduced to describe np
data satisfactorily. For the r large enough, Vc(r) and Vt(r) reduce to the well-known OPEP

with the pseudovector coupling constant of 0.08. The coefficients ac, bc, at and bt represent
the potential diversion from OPEP at small r’s. Gls is the strength of the short ranged spin-

orbit potential Vls(r) and is depended on the parity of state. Gll, as the strength of Vll(r),
originated from special evaluations, is determined phenomenologically. All the coefficients are

determined from the detailed fit to scattering data and are given in the original paper [24].
The hard cores are considered for all states with their radius at xc = 0.343. The HJ potential,
as originally proposed, included a strong long-range quadratic spin-orbit potential in triplet-

even states, and also a strong short-range spin-orbit potential in triplet (ℓ = j)-odd states,
where it is known that the latter does not exist. So, the potential for triplet-odd states was

modified as follows [102]: It was defined to be - 0.26744 mpi around xc < x ≤ 0.487 and by
above standard relations for x > 0.487. The values of the binding energy, electric quadratic-
moment, effective-range, D-state probability and the asymptotic D-wave to S-wave ratio of

deuteron were determined by the potential to be 2.226 MeV, 0.285 fm2, 1.77 fm, 6.97 % and
AD/AS = 0.02656, respectively.

An improvement of HJ potential was made in [103] (we call it Massachusetts-group
potential) to replace mainly the HJ hard cores (for x ≤ xc) by finite square-well cores. Outside

the square-well radius (for x > xc), the potential is the same as HJ except for a few changes in
parameters such as considering the pion mass differences, and that the ac values of the singlet-
even and triplet-odd states as well as the triplet-odd bc are changed slightly. The pion mass

splitting leads to charge-independent breaking (CIB) while CS is still preserved. Now, mpi is
replaced by the effective pion mass and xc = 0.4852, which in turn implies the larger core-

radius of 0.7 fm. Describing NN scattering data and deuteron properties with the potential
were good. Indeed, the main aim to form the latter potential was to show that the hard cores

were not necessary since all data could be described by the finite soft-core potentials.

4.4 Yale-Group Potential

The Yale-group potential [25] is a pp+np phenomenological potential similar to HJ potential
[24] that is fitted to its time phase parameters as well. There, an OPEP is included directly
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replaced by the effective pion mass and xc = 0.4852, which in turn implies the larger core-

radius of 0.7 fm. Describing NN scattering data and deuteron properties with the potential
were good. Indeed, the main aim to form the latter potential was to show that the hard cores
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4.4 Yale-Group Potential
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 Types of realistic NN interaction

Relativistic interaction 
  Based upon the quantum field theory 
➢One boson exchange potential 
  R. Machleidt, K. Holinde, and Ch. Elster, Phys. Rep. 149(1987)1  
➢CD Bonn potential 
  R. Machleidt, Phys. Rev. C 63(2001)024001 
➢Chiral effective potential                                    
  R. Machleidt, and D. R. Entem, Phys. Rep. 503(2011)1 
➢Lattice QCD potential  
   N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99(2007)022001
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Chiral NN interaction

➢N2LO chiral potential 
 S. Weinberg, Nuclear Phys. B 363 (1991) 3
 C. Ordonez, L. Ray, U. van Kolck, Phys. Rev. Lett. 72 (1994) 1982
 C. Ordonez, L. Ray, U. van Kolck, Phys. Rev. C 53 (1996) 2086 

➢N3LO chiral potential 
 D. R. Entem, R. Machleidt, Phys. Rev. C 66 (2002) 014002
 E. Epelbaum, W. Gloeckle, U.-G. Meissner, Nucl. Phys. A 747 (2005) 362

➢N4LO chiral potential
D. R. Entem, N. Kaiser, R. Machleidt, and Y. Nosyk, Phys. Rev. C 91 (2015) 014002
E. Epelbaum, H. Krebs, U.-G. Meissner, Phys. Rev. Lett. 115 (2015) 122301
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The shape of NN interaction
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 Argonne V18 potential
➢ Argonne V18 potential composed by EM and nuclear short, 

intermediate and 1 pion exchange term

➢ Electromagnetic terms include pp, pn and nn
➢ The pion-exchange term

     Yπ  is the Yukawa function with cutoff

     Tπ  is the corresponding function to the tensor term
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The basic concept of the FermiThe basic concept of the Fermi--gas modelgas model

The theoretical concept of a Fermi-gas may be applied for systems of weakly 
interacting fermions, i.e. particles obeying Fermi-Dirac statistics leading to the Pauli
exclusion principle !!!!
• Simple picture of the nucleus:
— Protons and neutrons are considered as moving freely within the nuclear volume. 
The binding potential is generated by all nucleons
— In a first approximation, these nuclear potential wells are considered as
rectangular: it is constant inside the nucleus and stops sharply at its edge 
— Neutrons and protons are distinguishable fermions and are therefore situated in 
two separate potential wells

— Each energy state can be ocupied by two
nucleons with different spin projections
— All available energy states are filled by 
the pairs of nucleons !!!! no free states , no 
transitions between the states
— The energy of the highest occupied state 
is the Fermi energy EF

— The difference B‘ between the top of the well and the Fermi level is constant for 
most nuclei and is just the average binding energy per nucleon B‘/A = 7–8 MeV.
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Nuclear mean potential

Square-well potential

7.3 Phenomenological Single-Particle Models 
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• The Woods--Saxon potential [WoS4, R068] 

V(r) = _ Vo 
1 + exp[(r - R)/a] 

(7.120) 

Typical values for the parameters are: depth Vo :::::: SOMeV, radius R :::::: 
1.1 fmA 1/3, and surface thickness a :::::: O.S fm. Although this potential fol-
lows a similar form as the experimental nuclear density distributions and has 
the general behavior discussed above, it has the practical disadvantage of not 
leading to analytic forms for the wave functions. It is thus used usually in 
those cases where the asymptotic form of the wave functions is important and 
calculational expense not prohibitive. 

• The harmonic-oscillator potential 

(7.121) 

with nw :::::: 41 MeV x A -1/3 typically. This is very convenient for computation 
but as it goes to infinity instead of zero at large distances, it clearly does not 
produce the correct large-distance behavior of the wave functions, which fall 
off as exp( -k2r2) instead of exp( -kr) and there are no scattering states at all. 
The A -I /3 dependence of the oscillator constant implies that on the nuclear 
surface, i.e., for R = roA 1 /3, there is the same potential regardless of the value 
of A, thus simulating the constant depth of the potential well. 

• Finally, for some applications, the square-well potential 

for 
for 

r'5,R 
r>R 

(7.122) 
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Fig.7.4 Level structures in 
the harmonic-oscillator (left), 
Woods-Saxon (center), and 
square-well potentials (right). 
For each level the conven-
tional quantum number des-
ignation is given consisting 
of the radial quantum num-
ber and the angular momen-
tum. The number of particles 
in each state, including the 
two-fold spin degeneracy, is 
indicated in parantheses for 
the level, while the total oc-
cupation up to that level is 
given in square brackets. 
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Fig. 7.3 Sketch of the functional form of three popular phenomenological shell-model poten-
tials: Woods-Saxon, harmonic oscillator, and the square well. The parameters are applicable 
to 208Pb. Note that for the harmonic oscillator the absolute value of the energy is unimpor-
tant, as it does have the natural limit of vanishing energy for large distances; for this figure 
it was adjusted to agree with the other potentials in the center of the nucleus. 

• a larger total binding energy of the nucleus, 

• a larger energy required to separate a single nucleon, 

• a higher energy of the lowest excited states, and 

• a large number of isotopes or isotones with the same magic number for protons 
(neutrons) 

(all of these in comparison to neighboring nuclei in the table of nuclides). The 
lower magic numbers are the same for protons and neutrons, namely 2, 8, 20, 
28, 50, and 82, whereas the next number, 126, is established only experimentally 
for neutrons. Theoretically one would expect additional magic numbers near 114 
for protons and 184 for neutrons (the exact prediction depends on the theory) 
leading to superheavy nuclei [Gr69, Ni69, Fin, Ra74] (for an extended treatment, 
see [lr75 , Ku89]), but these have not been confirmed in experiment, although there 
are hints of an increase of lifetimes in the heaviest elements observed up to now. 
We will come to this question in Sect. 9.2. 

A phenomenological shell model thus is based on the SchrOdinger equation for 
the single-particle levels: 

( - \72 + V(r») '¢i(r) = Ci '¢i(r) (7.118) 

with a prescribed potential V(r). 
What kind of function should be chosen for V (r)? It should be relatively 

constant inside heavier nuclei to explain the constant density suggested by the fact 
that the nuclear radius behaves as 

(7.119) 

but go to zero quite rapidly outside the nuclear surface. Popular and successful 
choices are given below (assuming spherical symmetry). 

    where V0 ~ -50 MeV, R~1.1 fm A1/3, 
    a ~ 0.5 fm

    where 𝜔~ 41 MeV A-1/3

Single particle equation in mean field
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it was adjusted to agree with the other potentials in the center of the nucleus. 

• a larger total binding energy of the nucleus, 

• a larger energy required to separate a single nucleon, 

• a higher energy of the lowest excited states, and 

• a large number of isotopes or isotones with the same magic number for protons 
(neutrons) 
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A phenomenological shell model thus is based on the SchrOdinger equation for 
the single-particle levels: 

( - \72 + V(r») '¢i(r) = Ci '¢i(r) (7.118) 

with a prescribed potential V(r). 
What kind of function should be chosen for V (r)? It should be relatively 

constant inside heavier nuclei to explain the constant density suggested by the fact 
that the nuclear radius behaves as 
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but go to zero quite rapidly outside the nuclear surface. Popular and successful 
choices are given below (assuming spherical symmetry). 
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 Nuclear shell model
Schroedinger equation with harmonics oscillator potential

Chapter 2

The Harmonics oscillator basis

2.1 Harmonic Oscillator in Schrödinger equation

The Schrödinger equation for a particle in a harmonic-oscillator potential reads,
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Kinetic energy in spherical coordinate

Chapter 2

The Harmonics oscillator basis
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Wave function

Chapter 2

The Harmonics oscillator basis
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Chapter 2

The Harmonics oscillator basis
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CHAPTER 2. THE HARMONICS OSCILLATOR BASIS 4

The !!"(", $) are called spherical harmonics; they contain the orbit angular momentum

dependence of the eigenfunction with % being the orbital angular momentum, and & its

projection along the ' axis. The ("
! is known as the associated Legendre functions.

The radial equation is solved by introducing the dimensionless variable ) = */, where

, =
√
ℏ- is the size parameter, which plays the role of the characteristic length of the

harmonic oscillator. This leads to the equation

1

2

[
− 1

)2
.

.)

(
)2
.

.)

)
+ )2 +

%(% + 1)

)

]
/()) = 0̃/()), (2.7)

where 0̃ = 0/ℏ-. Then we can introduce a new radius wave function 1!()) = )/!()), which

satisfies,

[
.2

.2)
− %(% + 1)

)2
− )2 + 2

]
1!()) = 0, (2.8)

where, 2 = 20̃. Let 1!()) = )!+13−#2/24!()) and make a transform, ' = )2, the radius

equation will become a confluent hypergeometric equation,

'
.24!(')

.'2
+ (5− ')

.4!(')

.'
− 64!(') = 0, (2.9)

where

5 = % +
3

2
, 6 =

1

2

(
% +

3

2

)
− 2

4
(2.10)

The boundary condition )→ 0 require the solution is the confluent hypergeometric function

7 (6, 5'). To keep 1!()) → 0 when ) → ∞, the 6 in 7 (6, 5, ') should be zero or negative

integer,

6 = −8, (8 = 0, 1, 2, . . . ), (2.11)

the confluent hypergeometric function will be cut as Laguerre polynomial,

4%!(') = :%!;
!+1/2
% (') (2.12)

Finally, we can obtain

/%!(*) =

[
28!

,3Γ(8+ % + 3
2)

]1/2 (*
,

)!
3−&2/2'2;!+1/2

% (*2/,2), (2.13)

where Γ(<) is the gamma function. The energy spectrum is

0%! = (28+ % +
3

2
)ℏ-. (2.14)
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 Nuclear shell model
Nuclear parameters

CHAPTER 2. THE HARMONICS OSCILLATOR BASIS 5

In nuclear physics, for the number of nucleons, A, the value of ℏ! can be obtained from

a simple argument resulting in formulas

ℏ! = 41"−1/3 MeV, $ = 1.005"1/6 fm. (2.15)

Introducing & = 2'+ (, we can rewrite the energy spectrum as

)"# = (& +
3

2
)ℏ!, (2.16)

which shows that & can be interpreted as the number of oscillator quanta, the term 3ℏ!/2
being accounted for the zero-point motion of an oscillation in three dimensions; & is called

the major oscillator quantum number. The allowed values of the orbital angular momentum

are

( = &,& − 2, . . . , 0 or 1. (2.17)

We can give the classification of states of a single particle in a harmonic-oscillator potential

up & = 6.

If the spin degeneracy of the quantum number ('(+,) is taken into account, stable shell

structures are obtained at the nucleon numbers 2, 8, 20, 40, 70, 112, . . . . These are the magic

number of the harmonic oscillator. How to explain the differences between the observed

magic numbers (2, 8, 20, 28, 50, 82, 126) and those of the harmonic oscillator? The observed

ones can be reproduced in a independent-particle model if to the harmonic-oscillator Hamil-

tonian -ℎ% a spin-orbit coupling is added of the form,

.&% = /'%l ⋅ s. (2.18)

The eigenvalue problem associated with the Hamiltonian -ℎ% + .&% is not, in general, ana-

lytically solved but the dominant characteristics can be found from the expectation values,

⟨'(+,∣.&%∣'(+,⟩ =
1

2
⟨/&%(0)⟩"#

[
+(+ + 1)− ((( + 1)− 3

4

]
(2.19)

=

⎧
⎨

⎩
−1

2(( + 1)⟨/&%(0)⟩"# for + = ( − 1/2

1
2 (⟨/&%(0)⟩"# for + = ( + 1/2

with radial integral defined as

⟨/(0)⟩"# =
∫ ∞

0

/(0)12
"#(0)0

220. (2.20)

Empirically, one finds that the radial integrals approximately satisfy the relation

⟨/(0)⟩"# ≈ −20"−2/3 MeV (2.21)

New quantum number 
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 Nuclear shell model

The total degeneracy at level N

(N+1)(N+2)
The magic number in harmonics oscillator
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 Nuclear shell model
Spin-orbit force 

CHAPTER 2. THE HARMONICS OSCILLATOR BASIS 5

In nuclear physics, for the number of nucleons, A, the value of ℏ! can be obtained from

a simple argument resulting in formulas

ℏ! = 41"−1/3 MeV, $ = 1.005"1/6 fm. (2.15)

Introducing & = 2'+ (, we can rewrite the energy spectrum as

)"# = (& +
3

2
)ℏ!, (2.16)

which shows that & can be interpreted as the number of oscillator quanta, the term 3ℏ!/2
being accounted for the zero-point motion of an oscillation in three dimensions; & is called

the major oscillator quantum number. The allowed values of the orbital angular momentum

are

( = &,& − 2, . . . , 0 or 1. (2.17)

We can give the classification of states of a single particle in a harmonic-oscillator potential

up & = 6.

If the spin degeneracy of the quantum number ('(+,) is taken into account, stable shell

structures are obtained at the nucleon numbers 2, 8, 20, 40, 70, 112, . . . . These are the magic

number of the harmonic oscillator. How to explain the differences between the observed

magic numbers (2, 8, 20, 28, 50, 82, 126) and those of the harmonic oscillator? The observed

ones can be reproduced in a independent-particle model if to the harmonic-oscillator Hamil-

tonian -ℎ% a spin-orbit coupling is added of the form,

.&% = /'%l ⋅ s. (2.18)

The eigenvalue problem associated with the Hamiltonian -ℎ% + .&% is not, in general, ana-

lytically solved but the dominant characteristics can be found from the expectation values,

⟨'(+,∣.&%∣'(+,⟩ =
1

2
⟨/&%(0)⟩"#

[
+(+ + 1)− ((( + 1)− 3

4

]
(2.19)

=

⎧
⎨

⎩
−1

2(( + 1)⟨/&%(0)⟩"# for + = ( − 1/2

1
2 (⟨/&%(0)⟩"# for + = ( + 1/2

with radial integral defined as

⟨/(0)⟩"# =
∫ ∞

0

/(0)12
"#(0)0

220. (2.20)

Empirically, one finds that the radial integrals approximately satisfy the relation

⟨/(0)⟩"# ≈ −20"−2/3 MeV (2.21)
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2 CHAPTER 17. NUCLEAR REACTIONS

Figure 17.1: A typical nuclear reaction.

Some nomenclature

reaction name example
X(a,γ)Y radiative capture A

ZXN (n, γ)A+1
Z XN+1

X(γ,b)Y nuclear photoeffect A
ZXN (γ, p)A−1

Z−1XN

X(a,a)X nuclear scattering A
ZXN (α,α)A

ZXN , Rutherford scattering
X(a,a)X∗ inelastic scattering AX(n, n)AX∗

knock out reaction A
ZXN (n, nn)A

ZXN−1, A
ZXN (n, np)A

Z−1XN

transfer reaction A
ZXN (n, p)A

Z−1XN+1

direct reactions “a” interacts with only one or a few nucleons in X
compound reactions a + X → Ym

t1/2#∼10−23s → fragments

resonance reaction n or p + X → Ym → decay products

Chapter 17

Nuclear Reactions

Note to students and other readers: This Chapter is intended to supplement Chapter 11 of

Krane’s excellent book, ”Introductory Nuclear Physics”. Kindly read the relevant sections in
Krane’s book first. This reading is supplementary to that, and the subsection ordering will
mirror that of Krane’s, at least until further notice.

17.1 Types of Reactions and Conservation Laws

A typical nuclear reaction is depicted in Figure 17.1. The following two ways of describing
that reaction are equivalent:

a + X → Y + b ,

or

X(a, b)Y .

From now on, we shall usually use the latter because it is more compact (and easier to type!).

The above reaction is the kind we shall focus on because they represent most of the important
reactions in Nuclear Physics and Engineering and the Radiological Sciences. There are only
two bodies in the final state: a and Y. The particle labelled “a” is the projectile. We
will generally restrict ourselves to considering light projectiles, with A ≤ 4, and projectile
energies, Ta ! 10 MeV. The particle labelled “X” is to be thought of as the “target”. The
particle labelled “b” is generally the lighter reaction product, and is often the particle that
is observed by the measurement apparatus. The remaining reaction product, is “Y”. The
is generally the heavier of the two reaction products, and is usually unobserved, as it stays
within the target “foil”.
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! Transfer (strong interaction) 

• 15N(p,α)12C    σ~0.5 b at E= 2.0 MeV 

! Capture (electromagnetic interaction) 

• 3He(α,γ)7Be     σ~10-6 b at E= 2.0 MeV 

! β-decay or electron capture (weak interaction) 

• p(p,e+ν)d         σ~10-20 b at E= 2.0 MeV 

Types of Nuclear Reactions 

adopted from KH Langanke 

Sherrill HUGS Lecture 4 , Slide 8 
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! Elastic Scattering – projectile and target stay in their ground state 
! Inelastic scattering – projectile and/or target are left in an excited state 
! Transfer reaction – one or more nucleons move  
! Breakup (nuclear or Coulomb) – projectile is broken into pieces (target is 

normally ignored 
! Charge Exchange – atomic mass, A, of target and projectile remain the 

same, but the atomic charge, Z, changes 
! Knockout – one or more nucleons are removed from a nucleus (could be 

target or projectile) 
! Spallation – a light ion breaks (spalls) pieces of a nucleus 
! Deeply inelastic – highly excited states are produced; many nucleons 

are transferred 
! Capture – beam is absorbed and nucleus deexcites 
! Fusion  (incomplete, fusion-fission, fusion-evaporation) – nuclei stick 

together 

 

Types of nuclear reactions 

Sherrill HUGS Lecture 4 , Slide 9 

Direct 
Compond 
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Stability Stability of of nnucleucleii

Stable nucleiStable nuclei

Stability Stability of of nnucleucleii

UnsUnstable nucleitable nuclei

Decay schemes Decay schemes ::

! αααα-decay – emission of αααα-particle (4He):     238U → 234Th + α

! ββββ-decay - emission of electron (ββββ−−−−)))) or positron (ββββ++++) by the weak 
interaction

β− decay: the weak interaction converts a neutron (n) into a 
proton (p) while emitting an electron (e−) and an electron 
antineutrino (νe):

β+ decay: the weak interaction converts a proton (p) into a 
neutron (n) while emitting a positron (e+) and an electron neutrino 
(νe):

! fission - spontaneous decay into two or more lighter nuclei 

! proton or neutron emission

eenp νννν++++++++→→→→ ++++

evepn ++++++++→→→→ −−−−
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RadionuclidesRadionuclides

Unstable nuclides are radioactive and are called radionuclides.
Their decay products ('daughter' products) are called radiogenic nuclides. 

About 256 stable and about 83 unstable (radioactive) nuclides exist naturally 
on Earth.

The probability per unit time for a radioactive nucleus to decay is expressed  by the
decay constant λ. It is related to the lifetime τ and the half life t 1/2 by:

τ = 1/λ and t 1/2 = ln 2/λ

The measurement of the decay constants of radioactive nuclei is based upon 
finding the activity (the number of decays per unit time):

A = −dN/dt = λN 

where N is the number of radioactive nuclei in the sample. 

The unit of activity is defined 1 Bq [Becquerel] = 1 decay/s. 
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11

Binding energyBinding energy of of nnucleucleii

EB is the binding energy per nucleon or mass defect (the strength of the nucleon binding ).
The mass defect reflects the fact that the total mass of the nucleus is less than the sum of the 
masses of the individual neutrons and protons that formed it. The difference in mass is 
equivalent to the energy released in forming the nucleus. 

The mass of the nucleus:

! The general decrease in binding energy 
beyond iron (58Fe) is due to the fact that, as 
nuclei get more massive, the ability of the 
strong force to counteract the electrostatic 
repulsion between protons becomes weaker. 
! The most tightly bound isotopes are 62Ni, 
58Fe, and 56Fe, which have binding energies 
of 8.8 MeV per nucleon.
! Elements heavier than these isotopes can 
liberate energy by nuclear fission; lighter 
isotopes can yield energy by fusion. 

Fusion - two atomic nuclei fuse together to form a heavier nucleus
Fission - the breaking of a heavy nucleus into two (or more rarely three) lighter nuclei
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NNucleuclear reactionsar reactions
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NNucleuclear reactionsar reactions

The proton size: ∆∆∆∆L ~ 1 fm = 10-15m =10-13 cm

In order to study experimentally such small objects, one needs a probe of the same or 
smaller size!

Quantum mechanics !!!! wave-corpuscular duality:

the particle exhibits both wave and particle properties 

" de-Broglie wave-length λλλλ or reduced wave-length

with the kinetic energy Ekin=E-mc2,  the total energy E2=mc2+p2c2

!!!! in order to localize the particle to small size, one needs to accelerate it to hight energy, 
i.e. to resolve small structures, large beam energies are required. 

The largest wavelength that can resolve structures of linear extension ∆x, is of the same 
order:

(nonrelativistic)

(relativistic)
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NNucleuclear reactionsar reactions

From the Heisenberg’s uncertainty principle the corresponding particle momentum is:

!Thus to study nuclei, whose radii are of a few 
fm, beam momenta of the order of 10-100 MeV/c 
are necessary. 

!Individual nucleons have radii of about 0.8 fm 
and may be resolved if the momenta are above ≈
100 MeV/c.

!To resolve the constituents of a nucleon, the 
quarks, one has to penetrate deeply into the 
interior of the nucleon. For this purpose, beam 
momenta of many GeV/c are necessary

The connection between kinetic energy, momentum and reduced wave-length of photons (γ), 
electrons (e), muons (µ), protons (p), and 4He nuclei (α). 

Atomic diameters are typically a few ˚A (10−10 m), nuclear diameters a few fm (10−15 m) :
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NNucleuclear reactionsar reactions

A nuclear reaction is a process in which two nuclei collide to produce products 
different from the initial particles. 

initial particles final particles

initial channel

final channel

Types nuclear reactions:

elastic reactions: 
the initial channel = the final channel

inelastic reactions:
the final channel differs from the initial channel

Example: 
p+14N !!!!
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Elastic reactionsElastic reactions

The target b remains in its ground state, absorbing merely the recoil momentum and 
hence changing its kinetic energy. 

The scattering angle and the energy of the projectile particle a and the production 
angle and energy of target b are unambiguously correlated. 

target b

In an elastic process 

a + b → a‘ + b‘

the same particles are present both before and after 
the scattering, i.e. the initial and in the final state are 
identical (including quantum numbers) up to
momenta and energy. 

incoming particle:
projectile a

scattering angle θθθθ

scattered outgoing particle a‘

beam of particles a 

Pa

Pa‘

Q=Pa‘ - Pa

momentum transfer Q:

θθθθ

target bPa

Pa‘
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Inelastic reactionsInelastic reactions

i) In inelastic reactions 

a part of the kinetic energy transferred from a to the target b 
excites it into a higher energy state b*. The excited state will 
afterwards return to the ground state by emitting a light particle (e. 
g. a photon or a π-meson) or it may decay into two or more 
different particles.

!A measurement of a reaction in which only the scattered particle a is observed 
(and the other reaction products are not), is called an inclusiveinclusive measurementmeasurement. 

!If all reaction products are detected, one speaks of an exclusiveexclusive measurementmeasurement.

ii) In inelastic reactions 

a+b """" c+d+e

the beam particle may completely disappear in the reaction. 
Its total energy then goes into the production of new particles.
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Conservation laws of nConservation laws of nucleuclear reactionsar reactions

! Electric charge conservation law 

! Baryon number conservation law

! Energy conservation law

! Momentum conservation law

! Angular momentum conservation law

! Parity conservation law

! Isospin and its projection conservation law

Example: Consequences of the electric charge and baryon number conservation law:

One can find a missing product X of the reaction (e.g.):  p + 7Li """" 4He + X

Zinitial = Z(p) + Z(7Li) = 1 + 3 = 4 = Zfinal = Z(4He) + Z(x) = 2 + Z(x) #### Z(x) = 2 
Ainitial = A(p)+A(7Li) = 1 + 7 = 8 = Afinal = A(4He) + A(x) = 4 + A(x) #### A(x) = 4 

#### X = αααα-particle
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EnergyEnergy--momentum conservation momentum conservation 

!Energy and momentum conservation :          

a+b """" c+d +…

∑∑

∑∑

==

==

=⇔++=+

=⇔++=+

finalinitial

finalinitial

Ν

1i
i

Ν

1i
idcba

Ν

1i
i

Ν

1i
idcbα

pp...pppp

ΕΕ...ΕΕΕΕ

rrrrrr 2

i
mcpcΕ 42

i
22

i +=where

Kinetic energy: i
2

ii mcΕT −=

from (1) =>

(2)

QTTT

)cm(TcmTcmT

final

final

N

1i
iba

2
i

N

1i
i

2
bb

2
aa

−=+

+=+++

∑

∑

=

=

Nfinal – number of the particles in the final state; Ninitial=2 for (1)

Energy transfer of the reaction:
2

N

1i
i

2
N

1i
i cmcmQ

finalinitial

∑∑
==

−=

(3)

(1)

(4)

Exothermic reaction: Q>0 : reaction in which energy is released by the system into 
the surrounding environment.
Endothermic reaction: Q<0: reaction in which energy is absorbed by the system 
from the surrounding environment 
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EnergyEnergy--momentum conservation momentum conservation 

(6)

(5)

Let‘s find the threshold energy for the reaction – the minimal kinetic energy
when the reaction is possible 

! Consider laboratory frame:
4-momenta θθθθ

target bPa

Pa‘

,0)(mp),p,(Ep bbaaa ==
r

Energy and momentum conservation laws """"
the invariant energy s is conserved

2
N

1i
i

2
ba )p()p(ps

final

∑
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=+=
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42
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2

bkin
4

b
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akin
42

b
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2
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pcmcm2EEppEE)p(ps

++=+++=

−++=+−+=+=
rrr

In the laboratory frame:

bbb mE0,p ==
r

The threshold (=minimal kinetic) energy of incoming particle a #### all goes to the 
mass production  of the final particles which are at rest (i.e. Ti kin =0 for i=1,…Nfinal) 
"""" The threshold (minimal) invariant energy:

4

2N

1i
i

42
ba

2
bthth cmc)m(mcm2Ts

final









=++= ∑

=

(7)
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EnergyEnergy--momentum conservationmomentum conservation
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!!!! Threshold energy:
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where Q is the energy of the reaction – eq.(4)

" In the  nonrelativistic limit where 
2

bc2mQ <<









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b

a
th

m

m
1QT (11)

(in the laboratory frame)

(in the laboratory frame)
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Cross section of the nCross section of the nucleuclear reactionar reaction

The cross section  gives the probability of a reaction between the two colliding particles. 

Consider an idealised experiment:

• we bombard the target with a
monoenergetic beam of point-like 
particles a with velocity va.

• a thin target of thickness d and total aria 
A with Nb scattering centres b and with a 
particle density nb. 

• each target particle has a cross-sectional 
area σσσσb, which we have to find by 
experiment!

σσσσb

⇒ Some beam particles are scattered by the scattering centres of the target, i. e. 
they are deflected from their original trajectory.  The frequency of this process is a 
measure of the cross-section area of the scattering particles σσσσb
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Cross section of the nCross section of the nucleuclear reactionar reaction

aa
a

a vn
A

NΦ ==

•

ΦΦΦΦa is the flux - the number of projectiles hitting the target 
per unit area A and per unit time dt and has dimensions 
[(area×time)−1]:

(13)

The total number of target particles within the beam area is

The total reaction rate (i.e. the total number of reactions per
unit time):

bba σNΦ
dt

dN
N =≡
•

(12)

dAnN bb = (14)

from (12) !!!! σσσσb reaction cross-section:

ba

b
NΦ

Nσ
•

= (15)

σσσσb
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Cross section of the nCross section of the nucleuclear reactionar reaction

This naive description of the geometric reaction cross section as the effective cross
sectional area of the target particles is in many cases a good approximation to the 
true reaction cross-section (e.g.: as for pp-scattering at high energy )

2) Total reaction (or scattering) cross-section

The reaction probability for two particles, however, generally may be very different
from these geometric considerations. 

Furthermore, a strong energy dependence is also observed (e.g.: the reaction rate 
for the capture of thermal neutrons by uranium, for example, varies by several 
orders of magnitude within a small energy range) – resonant scattering.

⇒ In experiment one measures the reaction cross section which generally is not 
equal to the geometrical reaction cross section determined by the size of the 
interacting particles. The reaction cross section depends on the strength of the 
interaction and the presence of intermediate resonant states.

Physical interpretation of σσσσb:

1) Geometric reaction cross-section
the area presented by a single scattering centre to the incoming
projectile a
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Cross section of the nCross section of the nucleuclear reactionar reaction

(16)

Total reaction (or scattering) cross-section

In analogy to the total cross-section, cross-sections for elastic reactions σel and for 
inelastic reactions σinel may also be defined. The inelastic part can be further divided 
into different reaction channels.

The total cross-section is the sum of these parts:

ineleltot σσσ +=

The cross-section is a physical quantity with dimension of [area],
and is independent of the specific experimental design. 

A commonly used unit is the barn, which is defined as:

1 barn = 1 b = 10−28 m2

1 millibarn = 1 mb = 10−31 m2

Typical total cross-sections at a beam energy of 10 GeV, for example, are

σpp(10 GeV) ≈ 40 mb for proton-proton scattering; 

σνp(10 GeV) ≈ 7 · 10−14 b = 70 fb for neutrino-proton scattering.

(17)
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Luminosity of the nLuminosity of the nucleuclear reactionar reaction

The quantity

is called the luminosity. 

Like the flux, it has the dimension of [(area×time)−1].

From (12):                     and (14): Nb = nb · d · A !!!!

⇒ the luminosity is the product of 

• the number of incoming beam particles per unit time

• the target particle density in the scattering material nb

• and the target’s thickness d

Or

• the beam particle density na

• their velocity υυυυa

• and the number of target particles Nb exposed to the beam

(18)

(19)

bba σNΦ
dt

dN
N =≡
•
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Differential cross sectionDifferential cross section

In practice, only a fraction of all the reactions are measured. A detector of area AD is 
placed at a distance r and at an angle θ with respect to the beam direction, covering a 
solid angle ∆Ω = AD/r2. 

The rate of reactions seen by this detector is then proportional to the differential 
cross-section dσ(E, θ)/dΩ:

(20)

If the detector can determine the energy E of the scattered particles then one can 
measure the doubly differential cross-section d2σ(E,E‘, θ)/dΩ dE‘.

The total cross-section σ is then the
integral over the total solid angle and
over all scattering energies:

(21)
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NNucleuclear fissionar fission
Nuclear fission

- decay into two or more lighter nuclei :

� spontaneous fission (tunneling effect)

� induced fission – due to  nuclear reactions, e.g. 
under neutron bombardment 

•Fission is energetically more favourable for heavy 
isotopes

•Fission products: the two nuclei produced are most 
often of comparable size, typically with a mass ratio 
around 3:2 for common fissile isotopes.


