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The Schrödinger equation, for a particle of mass m, in 
three spatial dimensions reads as 


Schrödinger equation in Cartesian Coordinates 

Chapter 5

Quantum Mechanics in Three Spatial Dimensions

So far we have discussed only one-dimensional problems. They serve as approximate
models in several realistic situations and help us understand the basic features of quantum
mechanics. However, in atomic, molecular and nuclear physics, we have to deal with
problems in three spatial dimensions. Therefore, in what follows, we shall discuss the
three-dimensional Schrödinger equation, its basic properties and the methods of its
solution.

5.1 Three-dimensional Schrödinger Equation in Cartesian
Coordinates

The Schrödinger equation, for a particle of mass m, in three spatial dimensions reads as

ih̄
∂ψ(!r, t)

∂ t
= Ĥψ(!r, t), (5.1.1)

where Ĥ is the Hamiltonian operator, given by

Ĥ =
!̂p2

2m
+V (!r). (5.1.2)

Note that the wave function and the potential energy are now functions of!r = x î+y ĵ+ k̂ z
and t. Here, in (5.1.2), !̂p is the three-dimensional momentum operator:

!̂p = −ih̄!∇, !∇ = î
∂
∂x

+ ĵ
∂
∂y

+ k̂
∂
∂ z

. (5.1.3)

With this !̂p, the Hamiltonian operator takes the form

Ĥ = − h̄2

2m
!∇2 +V (x,y,z), (5.1.4)
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∂
∂y

+ k̂
∂
∂ z

. (5.1.3)

With this !̂p, the Hamiltonian operator takes the form
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where

!∇2 =
∂ 2

∂x2 +
∂ 2

∂y2 +
∂ 2

∂ z2 , (5.1.5)

is the Laplacian (Laplace’s operator) in Cartesian coordinates.
In the same way as in the one-dimensional case, the quantity |ψ(!r, t)|2dV ,

dV = dx dy dz is interpreted as the probability of finding the particle in an infinitesimal
volume element dV = dx dy dz around the point with position vector!r. Hence, as in the
one-dimensional case, the normalization of the wave function reads

∫ +∞

−∞
|ψ(!r, t)|2dV = 1. (5.1.6)

Note that sometimes we shall also use the symbols d3r or d3x for the infinitesimal volume
element dV .

If the potential is time independent, the three-dimensional Schrödinger equation can
also be solved by the method of separation of variables. The solution, in complete analogy
with the one-dimensional case, allows us to write the stationary state solutions in the form

ψ(!r, t) = φn(!r)e−
i
h̄ Et , (5.1.7)

where E is the total energy. The function φ (!r, t) satisfies the following time-independent
three-dimensional Schrödinger equation

− h̄2

2m
!∇2φ (!r)+V (!r)φ (!r) = Eφ (!r). (5.1.8)

For the special case of a potential, V (x,y,z), that can be written in the form

V (!r) = V1(x)+V2(y)+V3(z), (5.1.9)

the three-dimensional TISE reduces to a system of one-dimensional TISE. Indeed, if we
write the solution in the form

φ (!r) = X(x)Y (y)Z(z), (5.1.10)

substitute it in (5.1.8) and divide throughout by X(x)Y (y)Z(z), we obtain

[
− h̄2

2m
1
X

d2X
dx2 +V1(x)

]
+

[
− h̄2

2m
1
Y

d2Y
dy2 +V2(y)

]

+

[
− h̄2

2m
1
Z

d2Z
dz2 +V3(z)

]
= E, (5.1.11)

is the Laplacian (Laplace’s operator) in Cartesian coordinates.
If the potential is time independent, the three-dimensional 
Schrödinger equation can also be solved by the method of 
separation of variables. 
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where E is the total energy. The function !(r,t) satisfies the 
following time-independent Schrödinger equation
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For the special case of a potential, V (x, y, z), that can be 
written in the form
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dimensional TISE. Indeed, if we write the solution in the 
form 
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This is possible only if each of these terms is a constant 
such that their sum is equal to E. In other words, 
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where E plays the role of the separation constant. Each term in the equation (5.1.11)
depends on only one of the variables x,y,z and the sum of the three terms is a constant.
This is possible only if each of these terms is a constant such that their sum is equal to E.
In other words,

− h̄2

2m
1
X

d2X
dx2 +V1(x) = E1, (5.1.12)

− h̄2

2m
1
Y

d2Y
dy2 +V2(y) = E2, (5.1.13)

− h̄2

2m
1
Z

d2Z
dz2 +V3(z) = E3, (5.1.14)

where E1,E2 and E3 are constants such that E1 + E2 + E3 = E. It is obvious that the
solution of the aforementioned differential equations depends on the concrete form of the
potentials. In what follows, we shall take up some important examples.

5.2 The Free Particle Solution in Cartesian Coordinates

Consider a particle of mass m moving freely in space in the absence of any external force
field. In this case, V (!r) = 0 in the Schrödinger equation, and the system of equations
(5.1.12)-(5.1.14) reduces to

− h̄2

2m
d2X
dx2 = E1X , (5.2.1)

− h̄2

2m
d2Y
dy2 = E2Y , (5.2.2)

− h̄2

2m
d2Z
dz2 = E3Z. (5.2.3)

The normalized solutions of these equations are

X(x) =
1√
2π

eikxx, (5.2.4)

Y (y) =
1√
2π

eikyy, (5.2.5)

Z(z) =
1√
2π

eikzz, (5.2.6)

where E1, E2 and E3 are constants such that 
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Consider a particle of mass m moving freely in space in the 
absence of any external force field. 


The Free Particle Solution 
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where k2
j = 2mE j/h̄2, j = 1,2,3 = x,y,z and hence, E j = h̄2k2

j /2m. As a result, the
solution to the free time-independent Schrödinger equation (5.1.8) is given by

ψ(x,y,z) =
1

(2π)3/2 eik1xeik2yeik3z =
1

(2π)3/2 ei!k·!r, (5.2.7)

where!k = îk1 + ĵk2 + k̂k3 = îkx + ĵky + k̂kz is the wave vector. The total energy of the
particle E is given by the sum of the energy eigenvalues E1,E2 and E3:

E = E1 +E2 +E3 =
h̄2
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where!k = îk1 + ĵk2 + k̂k3 = îkx + ĵky + k̂kz is the wave vector. The total energy of the
particle E is given by the sum of the energy eigenvalues E1,E2 and E3:

E = E1 +E2 +E3 =
h̄2

2m
(k2

1 + k2
2 + k2

3) =
h̄2

2m
!k2. (5.2.8)

We note here that the energy, E, depends on the magnitude of the wave vector!k but not on
its direction. Hence, different orientations of!k satisfying the condition

|!k|=
√

k2
1 + k2

2 + k2
3 = const., (5.2.9)

lead to different eigenfunctions without changing the energy. Since there are infinite
number of possible orientations of!k, the energy eigenvalue, E, is infinitely degenerate.

Thus, the solution to the time-dependent Schrödinger equation (5.1.1), for this special
case of zero potential, is given by

ψ!k(!r, t) =
1

(2π)3/2 eik1xeik2yeik3ze−i E
h̄ t =

1
(2π)3/2 ei(!k·!r−ωt), (5.2.10)

where ω = E/h̄. Note that it is nothing but de Broglie’s plane wave solution given by
(1.4.7). The orthonormality condition, for the wave functions (5.2.10), reads

〈ψ!k′(!r, t)|ψ!k(!r, t)〉= 1
(2π)3

∫ +∞

−∞
ei(!k−!k′)·!rd3r = δ (!k−!k′). (5.2.11)

Once again, due to the infinite extension of the plane wave solutions, representation of
free particles by such solutions leads to the same difficulties as mentioned in Chapter 3.
Therefore, a free quantum particle is represented by a spatially localized wave whose
amplitude is large and non-zero in a small region near the particle and tends to zero
outside this region. Such a solution, as we know, is given by a wave packet, which is
nothing but a superposition of an infinite (large) number of plane waves. Hence, a free
particle is represented by the following three-dimensional wave packet:

ψ(!r, t) =
1

(2π)3/2

∫ +∞

−∞
A(!k, t)ψ!k(!r, t)d3k =

1
(2π)3/2

∫ +∞

−∞
A(!k, t)ei(!k·!r−ωt)d3k, (5.2.12)

A free particle is represented by the following three-
dimensional wave packet: 


190 Fundamentals of Quantum Mechanics

where k2
j = 2mE j/h̄2, j = 1,2,3 = x,y,z and hence, E j = h̄2k2

j /2m. As a result, the
solution to the free time-independent Schrödinger equation (5.1.8) is given by

ψ(x,y,z) =
1

(2π)3/2 eik1xeik2yeik3z =
1

(2π)3/2 ei!k·!r, (5.2.7)
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The Infinite Rectangular Well Potential 

Consider a spinless particle confined to move in an infinite 
rectangular potential well given by 
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where

A(!k, t) =
1

(2π)3/2

∫ +∞

−∞
ψ(!r, t)e−i(!k·!r−ωt)d3r. (5.2.13)

The position of the particle is given by the centre of the wave packet, which moves with
the group velocity vg = ∂ω

∂k (see Fig.4 of Chapter 3).

5.3 The Infinite Rectangular Well Potential

Consider a spinless particle confined to move in an infinite rectangular potential well
(rectangular box) given by

V (x,y,z) =
{

0 for 0 < x < a, 0 < y < b, 0 < z < c
+∞ elsewhere

(5.3.1)

in three spatial dimensions. We want to find the solutions to the TISE for the given
potential. In this case too, the variables separate because the potential can be written as
V (x,y,z) = V1(x) +V2(y) +V3(z). If we write ψ(x,y,z) = X(x)Y (y)Z(z), the original
time-independent Schrödinger equation separates into three independent equations for
X(x), Y (y) and Z(z), each of which coincides with the TISE for the case of 1D
asymmetric square well potential of Chapter 3. Therefore, the normalized solution of the
three-dimensional Schrödinger equation, satisfying the required boundary conditions, can
be written as

ψn1n2n3(x,y,z) =
√

8
abc

sin
(n1π

a
x
)

sin
(n2π

b
y
)

sin
(n3π

c
z
)

, n1,n2,n3 = 1,2,3, ... (5.3.2)

The corresponding energies are given by

En1n2n3 =
h̄2π2

2m

(
n2

1
a2 +

n2
2

b2 +
n2

3
c2

)
, (5.3.3)

where n1,n2 and n3 can take all integer values starting from 1.
If a = b = c = L, the potential is called the infinite cubic well potential of side L. In

this case, the wave functions are

ψn1n2n3(x,y,z) =
√

8
L3 sin

(n1π
L

x
)

sin
(n2π

L
y
)

sin
(n3π

L
z
)

, n1,n2,n3 = 1,2,3, . . . (5.3.4)

and the corresponding energy eigenvalues are given by

En1n2n3 =
h̄2π2

2mL2

(
n2

1 + n2
2 + n2

3
)

, n1,n2,n3 = 1,2,3, . . . (5.3.5)

The normalized solution of the three-dimensional 
Schrödinger equation 
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Note that most of the energy levels in the cubic well 
potential are degenerate. 
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Note that most of the energy levels in the cubic well potential are degenerate. The ground
state, with n1 = n2 = n3 = 1 and energy

E111 =
3h̄2π2

2mL2 , (5.3.6)

is not degenerate. The first excited state is characterized by three sets of quantum numbers
(n1,n2,n3) = (2,1,1), (n1,n2,n3) = (1,2,1) and (n1,n2,n3) = (1,1,2) and its energy is
given by

E211 = E121 = E112 =
6h̄2π2

2mL2 . (5.3.7)

Since the same value energy corresponds to three distinct sets of quantum numbers n1,n2
and n3, the first excited state is three-fold degenerate. The corresponding wave functions
are as follows:

ψ211(x,y,z) =
√

8
L3 sin
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, (5.3.8)
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The second excited state is again characterized by three sets of quantum numbers
(n1,n2,n3) = (2,2,1), (n1,n2,n3) = (2,1,2) and (n1,n2,n3) = (1,2,2), and it is also
threefold degenerate with energy

E221 = E212 = E122 =
9h̄2π2

2mL2 . (5.3.11)

The third excited state is three-fold degenerate too with (n1,n2,n3) = (3,1,1),
(n1,n2,n3) = (1,3,1) and (n1,n2,n3) = (1,1,3) yielding the same value of energy.
Similarly, one can determine the degeneracy of all other excited states.

It is worth mentioning here that degeneracy of energy levels is a consequence of some
underlying symmetry of the potential (discussed in detail in Chapter 11). In the given case
of cubic well potential, the symmetry is related to the equivalence of all the three spatial
directions, which is absent in the case of rectangular well potential.

5.4 Schrödinger Equation in Spherical Coordinates

In most of the problems in atomic and molecular physics, the potential is spherically
symmetric, that is, it depends only on the distance from the origin. In such cases, it is
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Since the same value energy corresponds to three distinct sets of quantum numbers n1,n2
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The second excited state is again characterized by three sets of quantum numbers
(n1,n2,n3) = (2,2,1), (n1,n2,n3) = (2,1,2) and (n1,n2,n3) = (1,2,2), and it is also
threefold degenerate with energy
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The third excited state is three-fold degenerate too with (n1,n2,n3) = (3,1,1),
(n1,n2,n3) = (1,3,1) and (n1,n2,n3) = (1,1,3) yielding the same value of energy.
Similarly, one can determine the degeneracy of all other excited states.

It is worth mentioning here that degeneracy of energy levels is a consequence of some
underlying symmetry of the potential (discussed in detail in Chapter 11). In the given case
of cubic well potential, the symmetry is related to the equivalence of all the three spatial
directions, which is absent in the case of rectangular well potential.

5.4 Schrödinger Equation in Spherical Coordinates

In most of the problems in atomic and molecular physics, the potential is spherically
symmetric, that is, it depends only on the distance from the origin. In such cases, it is

The second excited state is again characterized by three 
sets of quantum numbers (n1,n2,n3) = (2,2,1), (n1,n2,n3) = 
(2,1,2) and (n1,n2,n3) = (1,2,2), and it is also threefold 
degenerate with energy 
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Table 6.1 Energy levels and their degeneracies for the cubic potential, with E1 � H2 �h2
2mL2 .

Enxnynz�E1 �nx � ny� nz� gn
3 (111) 1
6 (211), (121), (112) 3
9 (221), (212), (122) 3
11 (311), (131), (113) 3
12 (222) 1
14 (321), (312), (231), (213), (132), (123) 6

6.2.3.2 The Cubic Potential

For the simpler case of a cubic box of side L, the energy expression can be inferred from (6.26)
by substituting a � b � c � L:

Enxnynz �
�h2H2
2mL2

�n2x � n2y � n2z �� nx � ny� nz � 1� 2� 3� � � � � (6.27)

The ground state corresponds to nx � ny � nz � 1; its energy is given by

E111 �
3H2 �h2
2mL2

� 3E1� (6.28)

where, as shown in Chapter 4, E1 � H2 �h2��2mL2� is the zero-point energy of a particle in a
one-dimensional box. Thus, the zero-point energy for a particle in a three-dimensional box is
three times that in a one-dimensional box. The factor 3 can be viewed as originating from the
fact that we are confining the particle symmetrically in all three dimensions.
The first excited state has three possible sets of quantum numbers �nx � ny� nz� � �2� 1� 1�,

�1� 2� 1�, �1� 1� 2� corresponding to three different statesO211�x� y� z�,O121�x� y� z�, andO112�x� y� z�,
where

O211�x� y� z� �
U
8
L3
sin
t
2H
L
x
u
sin
rH
L
y
s
sin
rH
L
z
s
� (6.29)

the expressions for O121�x� y� z� and O112�x� y� z� can be inferred from O211�x� y� z�. Notice
that all three states have the same energy:

E211 � E121 � E112 � 6
H2 �h2
2mL2

� 6E1� (6.30)

The first excited state is thus threefold degenerate.
Degeneracy occurs only when there is a symmetry in the problem. For the present case of a

particle in a cubic box, there is a great deal of symmetry, since all three dimensions are equiv-
alent. Note that for the rectangular box, there is no degeneracy since the three dimensions are
not equivalent. Moreover, degeneracy did not exist when we treated one-dimensional problems
in Chapter 4, for they give rise to only one quantum number.
The second excited state also has three different states, and hence it is threefold degenerate;

its energy is equal to 9E1: E221 � E212 � E122 � 9E1.
The energy spectrum is shown in Table 6.1, where every nth level is characterized by its

energy, its quantum numbers, and its degeneracy gn .

The Energy levels and their degeneracies for the Infinite 
Rectangular Well Potential 

Degeneracy occurs only when there is a symmetry in the 
problem. For the present case of a particle in a cubic box, 
there is a great deal of symmetry, since all three 
dimensions are equivalent. 
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6.2.4 The Harmonic Oscillator
We are going to begin with the anisotropic oscillator, which displays no symmetry, and then
consider the isotropic oscillator where the xyz axes are all equivalent.

6.2.4.1 The Anisotropic Oscillator

Consider a particle of mass m moving in a three-dimensional anisotropic oscillator potential

V � x� y� z� � 1
2
m�2x X2 �

1
2
m�2y Y 2 �

1
2
m�2z Z2� (6.31)

Its Schrödinger equation separates into three equations similar to (6.9):

� �h
2

2m
d2X �x�
dx2

� 1
2
m�x x2X �x� � Ex X �x�� (6.32)

with similar equations for Y �y� and Z�z�. The eigenenergies corresponding to the potential
(6.31) can be expressed as

Enxnynz � Enx � Eny � Enz �
t
nx �

1
2

u
�h�x �

t
ny �

1
2

u
�h�y �

t
nz �

1
2

u
�h�z�

(6.33)
with nx � ny� nz � 0� 1� 2� 3� � � �. The corresponding stationary states are

Onxnynz �x� y� z� � Xnx �x�Yny �y�Znz �z�� (6.34)

where Xnx �x�, Yny �y�� and Znz �z� are one-dimensional harmonic oscillator wave functions.
These states are not degenerate, because the potential (6.31) has no symmetry (it is anisotropic).

6.2.4.2 The Isotropic Harmonic Oscillator

Consider now an isotropic harmonic oscillator potential. Its energy eigenvalues can be inferred
from (6.33) by substituting �x � �y � �z � �,

Enxnynz �
t
nx � ny � nz �

3
2

u
�h�� (6.35)

Since the energy depends on the sum of nx , ny , nz , any set of quantum numbers having the
same sum will represent states of equal energy.
The ground state, whose energy is E000 � 3�h��2, is not degenerate. The first excited state

is threefold degenerate, since there are three different states, O100, O010, O001, that correspond
to the same energy 5�h��2. The second excited state is sixfold degenerate; its energy is 7�h��2.
In general, we can show that the degeneracy gn of the nth excited state, which is equal to

the number of ways the nonnegative integers nx � ny� nz may be chosen to total to n, is given by

gn �
1
2
�n � 1��n � 2�� (6.36)

where n � nx � ny � nz . Table 6.2 displays the first few energy levels along with their
degeneracies.
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The ground state, whose energy is E000 � 3�h��2, is not degenerate. The first excited state

is threefold degenerate, since there are three different states, O100, O010, O001, that correspond
to the same energy 5�h��2. The second excited state is sixfold degenerate; its energy is 7�h��2.
In general, we can show that the degeneracy gn of the nth excited state, which is equal to

the number of ways the nonnegative integers nx � ny� nz may be chosen to total to n, is given by
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convenient to work with spherical polar coordinates (r,θ ,ϕ) (shown in Figure 5.1). The
transformation from the Cartesian system to the spherical system of coordinates is given
by the following set of equations

x = r sinθ cosϕ ,y = r sinθ sinϕ ,z = r cosθ , (5.4.1)

where

r =
√

x2 + y2 + z2, θ = cos−1
( z

r

)
, ϕ = tan−1

(y
x

)
. (5.4.2)

In these expressions, r measures the radial distance from the origin, θ is the polar angle
measured from the z-axis and ϕ is the azimuthal angle measured from the x-axis, as shown
in the figure.
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j

r

q

Figure 5.1 Spherical system of coordinates (r,θ ,ϕ). r̂, θ̂ , and ϕ̂ are the unit vectors
along the r, θ and ϕ axes, respectively.

Using the transformation formulae, we obtain

∂
∂x

= sinθ cosϕ ∂
∂ r

+
cosθ cosϕ

r
∂

∂θ
− sinϕ

r sinθ
∂

∂ϕ
, (5.4.3)

∂
∂y

= sinθ sinϕ ∂
∂ r

+
cosθ sinϕ

r
∂

∂θ
+

cosϕ
r sinθ

∂
∂ϕ

, (5.4.4)

∂
∂ z

= cosθ ∂
∂ r
− sinθ

r
∂

∂θ
. (5.4.5)

The unit vectors of the spherical system of coordinates can also be calculated to be

r̂ =
(
sinθ cosϕ î+ sinθ sinϕ ĵ+ cosθ k̂

)
, (5.4.6)

where
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θ̂ =
(
cosθ cosϕ î+ cosθ sinϕ ĵ− sinθ k̂

)
, (5.4.7)

ϕ̂ =
(
− sinϕ î+ cosϕ ĵ

)
. (5.4.8)

Taking these results into account, the gradient operator, !∇, can be written as

!∇ =
(
sinθ cosϕ î+ sinθ sinϕ ĵ+ cosθ k̂

) ∂
∂ r

+
1
r
(
cosθ cosϕ î+ cosθ sinϕ ĵ− sinθ k̂

) ∂
∂θ

+
1

r sinθ
(
− sinϕ î+ cosϕ ĵ

) ∂
∂ϕ

. (5.4.9)

Or, using equations (5.4.6)–(5.4.8), we have

!∇ = r̂
∂
∂ r

+ θ̂ 1
r

∂
∂θ

+ ϕ̂ 1
r sinθ

∂
∂ϕ

. (5.4.10)

The Laplacian (Laplace operator), !∇2 ≡ ∆, can now be written as

!∇2 =
1
r2

∂
∂ r

(
r2 ∂

∂ r

)
+

1
r2 sinθ

∂
∂θ

(
sinθ ∂

∂θ

)
+

1
r2 sin2 θ

∂ 2

∂ϕ2 . (5.4.11)

As a consequence, in spherical coordinates, the time-independent Schrödinger equation
takes the form

− h̄2

2m

[
1
r2

∂
∂ r

(
r2 ∂φ

∂ r

)
+

1
r2 sinθ

∂
∂θ

(
sinθ ∂φ

∂θ

)
+

1
r2 sin2 θ

∂ 2φ
∂ϕ2

]
+V (r)φ = Eφ . (5.4.12)

In the following sections,we shall discuss the solutions of this equation for some important
cases.

5.5 Spherically Symmetric Potentials and Separation of Variables

If the potential is spherically symmetric, that is it is independent of the angles θ and φ and
depends only on the radial distance r, the radial and angular variables in the Schrödinger
equation can be separated. In such cases, we look for the solution in the form

φ (r,θ ,φ ) = R(r)Y (θ ,ϕ). (5.5.1)

Substitution of (5.5.1) into (5.4.12) with subsequent division throughout by RY gives
[

1
R

d
dr

(
r2 dR

dr

)
− 2mr2

h̄2 (V −E)
]
+

1
Y

[
1

sinθ
∂

∂θ

(
sinθ ∂Y

∂θ

)
+

1
sin2 θ

∂ 2Y
∂ϕ2

]
= 0. (5.5.2)
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)
, (5.4.7)

ϕ̂ =
(
− sinϕ î+ cosϕ ĵ
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As a consequence, in spherical coordinates, the time-independent Schrödinger equation
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In the following sections,we shall discuss the solutions of this equation for some important
cases.

5.5 Spherically Symmetric Potentials and Separation of Variables

If the potential is spherically symmetric, that is it is independent of the angles θ and φ and
depends only on the radial distance r, the radial and angular variables in the Schrödinger
equation can be separated. In such cases, we look for the solution in the form
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depends only on the radial distance r, the radial and angular variables in the Schrödinger
equation can be separated. In such cases, we look for the solution in the form

φ (r,θ ,φ ) = R(r)Y (θ ,ϕ). (5.5.1)

Substitution of (5.5.1) into (5.4.12) with subsequent division throughout by RY gives
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The first term in this equation is just a function of r, 
while the second term is a function of " and # only. 
Since the sum of these terms is zero, each of them must 
be equal to the same constant with opposite signs. 


ϕ(r, θ, φ) = R(r)Y(θ, φ)
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The first term in (5.5.2) is just a function of r, while the second term is a function of θ
and ϕ only. Since the sum of these terms is zero, each of them must be equal to the same
constant with opposite signs. We take this separation constant to be !(!+ 1). The reason
for this specific choice of the separation constant will be clear later, when we discuss
the quantum mechanical theory of angular momentum. There, ! will represent the orbital
quantum number and h̄

√
!(!+ 1), the value of the angular momentum of the particle in a

given state with quantum number !.
Thus, we have the system of differential equations, one each for the radial part R(r)

and the angular part Y (θ ,ϕ) of the wave function:
[

1
R

d
dr

(
r2 dR

dr

)
− 2mr2

h̄2 (V (r)−E)
]
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]
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We now proceed to discuss the solutions of these equations one-by-one.

5.6 Solution of the Angular Part of the Schrödinger Equation in
Spherical Coordinates

Let us take the angular (Equation (5.5.4)) first. We have

1
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∂ 2Y
∂ϕ2 = −!(!+ 1)Y . (5.6.1)

This can be rewritten in a more familiar form as

sinθ ∂
∂θ

(
sinθ ∂Y

∂θ

)
+ !(!+ 1) sin2 θY +

∂ 2Y
∂ϕ2 = 0. (5.6.2)

Separating the variables

Y (θ ,ϕ) = ϑ (θ )Φ(ϕ), (5.6.3)

substituting for Y (θ ,ϕ) in (5.6.2) and dividing the resulting equation throughout by
ϑ (θ )Φ(ϕ), we obtain
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ϑ
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sinθ ∂

∂θ

(
sinθ dϑ

∂θ

)]
+ !(!+ 1) sin2 θ +

1
Φ

d2Φ
dϕ2 = 0. (5.6.4)

The first term in (5.6.4) is a function of θ alone; whereas, the second term depends only
on ϕ . Since the sum of theses terms is zero, each term must be equal to the same constant
but with opposite signs. Taking this separation constant as m2, we get

We take this separation constant to be l(l + 1). There, l will 
represent the orbital ︎quantum number. The value of the 
angular momentum of the particle in a given state with 
quantum number l is 
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This can be rewritten in a more familiar form as 


The equation about the angular part is  
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Since the sum of theses terms is zero, each term must be 
equal to the same constant but with opposite signs. Taking 
this separation constant as m2, we get 
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sinθ ∂
∂θ

(
sinθ dϑ

∂θ

)
+ !(!+ 1) sin2 θ ϑ = m2 (5.6.5)

1
Φ

d2Φ
dϕ2 = −m2 ⇒ d2Φ

dϕ2 +m2Φ = 0. (5.6.6)

Solving the equation (5.6.6) for Φ, we get

Φ(ϕ) = eimϕ , (5.6.7)

where m is a number and we have omitted the constant of integration, which can be
absorbed in ϑ . Since when ϕ advances by 2π , we return to the same point in space, we
have

Φ(ϕ + 2π) = Φ(ϕ) ⇒ eim(ϕ+2π) = eimϕ . (5.6.8)

Or, exp (2iπm) = 1, which gives that m is an integer:

m = 0,±1,±2,±3, .... (5.6.9)

The ϑ equation can be reduced to the standard form of the Legendre equation by the change
of variable x = cosθ . Its solutions are

ϑ (θ ) = APm
! (x), x = cosθ , (5.6.10)

where A is a constant and Pm
! (x) are the associated Legendre polynomials. They are

given by

Pm
! (x) =

(
1− x2) |m|

2 d|m|

dx|m|P!(x), (5.6.11)

where P!(x) are the Legendre polynomials defined by

P!(x) =
1

2l l!
d!

dx!
(
x2−1

)! , (5.6.12)

with ! as a non-negative integer. This formula is known as the Rodriguez formula. From
(5.6.11), we get that if |m|> !, then Pm

! (x) = 0. This in turn says that for any given !, there
are (2!+ 1) possible values of m:

!= 0,1,2, ...; m = −!, (−!+ 1), (−!+ 2), (−!+ 3), ...,−1,0,1, ..., (!−1),!. (5.6.13)

So, for a given ! there is a (2!+ 1)-fold degeneracy with respect to the quantum number
m. The normalized angular wave functions are given by

The solution of second equation is 
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where m is a number and we have omitted the constant of 
integration 
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Solution of the Angular Part 

Since when � advances by 2π, we return to the same point 
in space, we have 
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where A is a constant and Pml(x) are the associated 
Legendre polynomials. They are given by
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This in turn says that for any given l, there are (2l + 1) 
possible values of m: 


So, for a given l there is a (2l + 1)-fold degeneracy with 
respect to the quantum number m. The normalized angular 
wave functions are given by 
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Y m
! (θ ,ϕ) = ε

√
(2!+ 1) (!− |m|)!

4π (!+ |m|)! Pm
! (cosθ )eimϕ , (5.6.14)

where ε = (−1)m for m ≥ 0 and ε = 1 for m < 0. The functions Y m
! (θ ,ϕ) are called

spherical harmonics. The normalization condition for the spherical harmonics reads:

∫ π

0
dθ sinθ

∫ 2π

0
dϕ |Y m

! (θ ,ϕ)|2 = 1, (5.6.15)

Thus, for a given value of !, concrete expressions for Y m
! (θ ,ϕ) can be determined easily

with the help of the equations (5.6.11)–(5.6.14).

5.7 Solution of the Radial Part of the Schrödinger Equation in
Spherical Coordinates

Let us consider now the radial equation (5.5.3) for a given !, i.e., for R!. It can be written
as

d
dr

(
r2 dRn!

dr

)
− 2mr2

h̄2 (V (r)−E)Rn! = l(l + 1)Rn!, (5.7.1)

where we have introduced an additional subscript n for the radial wave function R!. It is
usually done to identify the energy eigenvalues of the Hamiltonian: Ĥφn!m = En φn!m. n is
called the principal quantum number and, as we shall see later, the orbital quantum number
! is related to the principal quantum number n in that, for a given n, ! can take values from
0 to (n−1).

Equation (5.7.1) can be simplified further by changing the variables:

un!(r) = rRn!(r). (5.7.2)

We have

dRn!

dr
=

(dun!/dr)
r

− un!

r2 , r2 dRn!

dr
= r

dun!

dr
−un! (5.7.3)

d
dr

(
r2 dRn!

dr

)
= r(d2un!/dr2). (5.7.4)

From (5.7.1) and (5.7.4), we get

d2un!

dr2 +
2m
h̄2

[
E−V (r)− h̄2!(!+ 1)

2mr2

]
un!(r) = 0. (5.7.5)

where
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The radial equation for a given l for Rl can be written as 
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where we have introduced an additional subscript n for the 
radial wave function Rl. n is called the principal quantum 
number. This equation can be simplified further by changing 
the variables: 
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called the principal quantum number and, as we shall see later, the orbital quantum number
! is related to the principal quantum number n in that, for a given n, ! can take values from
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only if the potential, V (r), is prescribed. 
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Equation (5.7.5) for the radial function un!(r) (and hence for Rn!(r)) can be solved only if
the potential, V (r), is prescribed.

It is customary to introduce an effective potential, Veff(r), by

Veff(r) = V (r)+
h̄2!(!+ 1)

2mr2 , (5.7.6)

and rewrite the radial equation (5.7.5) as

d2un!

dr2 +
2m
h̄2 [E−Ve f f (r)]un!(r) = 0. (5.7.7)

This equation is similar to the one-dimensional Schrödinger equation with the difference
that the effective potential Veff has an extra term h̄2!(!+ 1)/2mr2. This term is called the
repulsive or centrifugal potential that tries to throw the particle away from the centre.
Although the structure of this equation resembles the one-dimensional Schrödinger
equation, it differs from the latter in the fact that the variable, r, cannot be negative:
r ∈ [0,∞]. Therefore, the radial wave function, Rn!(r), must be finite everywhere from
r = 0 to r = ∞. Consequently, the function un!(r) must satisfy

lim
r→0

un!(r) = lim
r→0

rRn!(r) = 0. (5.7.8)

Note that for the bound states to exist, the potential V (r) in (5.7.6), must be attractive
because the part h̄2!(!+ 1)/2mr2 in Veff(r) is repulsive.

Once we solve the radial wave equation for a given V (r), the full wave function will be
given by

φn!m(r,θ ,φ ) = Rn!(r) Y m
! (θ ,ϕ). (5.7.9)

Normalization of the wave function: The volume element dτ in spherical coordinates is
given by dτ = r2 sinθ dr dθ dϕ . Hence, the normalization condition for the total wave
function φn!m(r,θ ,φ ) reads as

∫ ∞

0
dr

∫ π

0
dθ sinθ

∫ 2π

0
dϕ r2 |φn!m(r,θ ,φ )|2 (5.7.10)

=
∫ ∞

0
r2 |Rn!(r)|2 dr

∫ π

0
dθ sinθ

∫ 2π

0
dϕ|Y m

! (θ ,ϕ)|2 = 1. (5.7.11)

Since the spherical harmonics Y m
! (θ ,ϕ) are already normalized, we have

∫ π

0
dθ

∫ 2π

0
dϕ sinθ |Y m

! (θ ,ϕ)|2 = 1. (5.7.12)

and rewrite the radial equation as 
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Figure 6.1 The effective potential Veff �r� � V �r���h2l�l�1���2Mr2� corresponding to several
values of l: l � 0� 1� 2� 3; V �r� is an attractive central potential, while �h2l�l � 1���2Mr2� is a
repulsive (centrifugal) potential.

n, l, ml , a complete description of its state would require a fourth quantum number, the spin
quantum number ms : � nlmlmsO �� nlmlO � s� msO; hence

�n�l�ml �ms �;r� � Onlml �;r� � s� msO � Rnl�r�Ylml �A� 	� � s� msO� (6.61)

Since the spin does not depend on the spatial degrees of freedom, the spin operator does not act
on the spatial wave function Onlml �;r� but acts only on the spin part �s� msO; conversely, ;L acts
only the spatial part.

6.3.2 The Free Particle in Spherical Coordinates
In what follows we want to apply the general formalism developed above to study the motion of
a free particle of mass M and energy Ek � �h2k2��2M�, where k is the wave number (k � �;k�).
The Hamiltonian H � ��h2V2��2M� of a free particle commutes with ;L2 and Lz . Since
V �r� � 0 the Hamiltonian of a free particle is rotationally invariant. The free particle can
then be viewed as a special case of central potentials. We have shown above that the radial
and angular parts of the wave function can be separated, Oklm�r� A� 	� � NrA	 � klmO �
Rkl�r�Ylm�A� 	�.
The radial equation for a free particle is obtained by setting V �r� � 0 in (6.55):

� �h2
2M

1
r
d2

dr2
�r Rkl�r���

l�l � 1� �h2
2Mr2

Rkl�r� � Ek Rkl�r�� (6.62)

which can be rewritten as

�1
r
d2

dr2
�r Rkl�r���

l�l � 1�
r2

Rkl�r� � k2Rkl�r�� (6.63)

where k2 � 2MEk��h2.
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This equation is similar to the one-dimensional Schrödinger 
equation with the difference that the effective potential Veff 

has an extra term
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Equation (5.7.5) for the radial function un!(r) (and hence for Rn!(r)) can be solved only if
the potential, V (r), is prescribed.

It is customary to introduce an effective potential, Veff(r), by

Veff(r) = V (r)+
h̄2!(!+ 1)

2mr2 , (5.7.6)

and rewrite the radial equation (5.7.5) as

d2un!

dr2 +
2m
h̄2 [E−Ve f f (r)]un!(r) = 0. (5.7.7)

This equation is similar to the one-dimensional Schrödinger equation with the difference
that the effective potential Veff has an extra term h̄2!(!+ 1)/2mr2. This term is called the
repulsive or centrifugal potential that tries to throw the particle away from the centre.
Although the structure of this equation resembles the one-dimensional Schrödinger
equation, it differs from the latter in the fact that the variable, r, cannot be negative:
r ∈ [0,∞]. Therefore, the radial wave function, Rn!(r), must be finite everywhere from
r = 0 to r = ∞. Consequently, the function un!(r) must satisfy

lim
r→0

un!(r) = lim
r→0

rRn!(r) = 0. (5.7.8)

Note that for the bound states to exist, the potential V (r) in (5.7.6), must be attractive
because the part h̄2!(!+ 1)/2mr2 in Veff(r) is repulsive.

Once we solve the radial wave equation for a given V (r), the full wave function will be
given by

φn!m(r,θ ,φ ) = Rn!(r) Y m
! (θ ,ϕ). (5.7.9)

Normalization of the wave function: The volume element dτ in spherical coordinates is
given by dτ = r2 sinθ dr dθ dϕ . Hence, the normalization condition for the total wave
function φn!m(r,θ ,φ ) reads as

∫ ∞

0
dr

∫ π

0
dθ sinθ

∫ 2π

0
dϕ r2 |φn!m(r,θ ,φ )|2 (5.7.10)

=
∫ ∞

0
r2 |Rn!(r)|2 dr

∫ π

0
dθ sinθ

∫ 2π

0
dϕ|Y m

! (θ ,ϕ)|2 = 1. (5.7.11)

Since the spherical harmonics Y m
! (θ ,ϕ) are already normalized, we have

∫ π

0
dθ

∫ 2π

0
dϕ sinθ |Y m

! (θ ,ϕ)|2 = 1. (5.7.12)

This term is called the repulsive or centrifugal potential 
that tries to throw the particle away from the centre. 
The radial wave function, Rnl(r), must be finite everywhere 
from r = 0 to r = ∞. Consequently, the function unl(r) must 
satisfy 
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Note that for the bound states to exist, the potential V(r), 
must be attractive.
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the full wave function will be given by 


The normalization condition for the total wave function 
reads as
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Since the spherical harmonics are already normalized, we 
have 


Therefore, to have the full wave function normalized to 
unity, we have to simply normalize the radial wave function,

198 Fundamentals of Quantum Mechanics

Equation (5.7.5) for the radial function un!(r) (and hence for Rn!(r)) can be solved only if
the potential, V (r), is prescribed.

It is customary to introduce an effective potential, Veff(r), by

Veff(r) = V (r)+
h̄2!(!+ 1)

2mr2 , (5.7.6)

and rewrite the radial equation (5.7.5) as

d2un!

dr2 +
2m
h̄2 [E−Ve f f (r)]un!(r) = 0. (5.7.7)

This equation is similar to the one-dimensional Schrödinger equation with the difference
that the effective potential Veff has an extra term h̄2!(!+ 1)/2mr2. This term is called the
repulsive or centrifugal potential that tries to throw the particle away from the centre.
Although the structure of this equation resembles the one-dimensional Schrödinger
equation, it differs from the latter in the fact that the variable, r, cannot be negative:
r ∈ [0,∞]. Therefore, the radial wave function, Rn!(r), must be finite everywhere from
r = 0 to r = ∞. Consequently, the function un!(r) must satisfy

lim
r→0

un!(r) = lim
r→0

rRn!(r) = 0. (5.7.8)

Note that for the bound states to exist, the potential V (r) in (5.7.6), must be attractive
because the part h̄2!(!+ 1)/2mr2 in Veff(r) is repulsive.

Once we solve the radial wave equation for a given V (r), the full wave function will be
given by

φn!m(r,θ ,φ ) = Rn!(r) Y m
! (θ ,ϕ). (5.7.9)

Normalization of the wave function: The volume element dτ in spherical coordinates is
given by dτ = r2 sinθ dr dθ dϕ . Hence, the normalization condition for the total wave
function φn!m(r,θ ,φ ) reads as

∫ ∞

0
dr

∫ π

0
dθ sinθ

∫ 2π

0
dϕ r2 |φn!m(r,θ ,φ )|2 (5.7.10)

=
∫ ∞

0
r2 |Rn!(r)|2 dr

∫ π

0
dθ sinθ

∫ 2π

0
dϕ|Y m

! (θ ,ϕ)|2 = 1. (5.7.11)

Since the spherical harmonics Y m
! (θ ,ϕ) are already normalized, we have

∫ π

0
dθ

∫ 2π

0
dϕ sinθ |Y m

! (θ ,ϕ)|2 = 1. (5.7.12)
Quantum Mechanics in Three Spatial Dimensions 199

Therefore, to have the full wave function, φn!m(r,θ ,ϕ), normalized to unity, we have to
simply normalize the radial wave function, Rn!(r). As a result, we get

∫ ∞

0
r2 |Rn!(r)|2 dr = 1. (5.7.13)

Therefore, the stationary state wave functions of a particle, subject to a spherically
symmetric potential V (r), can be written as

ψn!m(r.θ ,ϕ) = A φn!m(r.θ ,ϕ) e−
i
h̄ En!mt , (5.7.14)

where the constant A is to be determined from the normalization condition, (5.7.13), for
the radial wave function.

Note that the quantity |ψn!m(r.θ ,ϕ)|2 dτ represents the probability of finding the
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of finding the particle in a sphere of radius a centered at the origin r = 0.

In what follows, we shall discuss the solutions of the radial Schrödinger equation (5.7.1)
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! (θ ,ϕ). Note that in the given case of a free particle the energy, Ek = h̄2k2/2m,
takes continuous values and hence the radial wave function is characterized by the
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The angular part of the wave function, Y (θ ,ϕ), satisfies (5.6.2) and is given by the
equation (5.6.14). The radial wave function, Rk!(r), satisfies
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Equation (5.7.5) for the radial function un!(r) (and hence for Rn!(r)) can be solved only if
the potential, V (r), is prescribed.

It is customary to introduce an effective potential, Veff(r), by

Veff(r) = V (r)+
h̄2!(!+ 1)

2mr2 , (5.7.6)
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h̄2 [E−Ve f f (r)]un!(r) = 0. (5.7.7)
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Note that for the bound states to exist, the potential V (r) in (5.7.6), must be attractive
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! (θ ,ϕ). (5.7.9)
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Therefore, to have the full wave function, φn!m(r,θ ,ϕ), normalized to unity, we have to
simply normalize the radial wave function, Rn!(r). As a result, we get
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Therefore, the stationary state wave functions of a particle, subject to a spherically
symmetric potential V (r), can be written as

ψn!m(r.θ ,ϕ) = A φn!m(r.θ ,ϕ) e−
i
h̄ En!mt , (5.7.14)

where the constant A is to be determined from the normalization condition, (5.7.13), for
the radial wave function.

Note that the quantity |ψn!m(r.θ ,ϕ)|2 dτ represents the probability of finding the
particle in the volume element dτ , while the probability of finding the particle in a
spherical shell enclosed between r and r+ dr is given by
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(∫ π

0
sinθdθ

∫ 2π

0
dϕ |ψn!m(r.θ ,ϕ)|2
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= |Rn!(r)|2 r2 dr. (5.7.15)

If we integrate Pn!(r) from r = 0 to r = a, where a is a real constant, we get the probability
of finding the particle in a sphere of radius a centered at the origin r = 0.

In what follows, we shall discuss the solutions of the radial Schrödinger equation (5.7.1)
for some important spherically symmetric potentials.

5.8 The Free Particle Solution in Spherical Coordinates

Consider a particle of mass m moving freely in space. In this case, the potential V (r) is
zero and the stationary Schrödinger equation (5.4.12), reduces to
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The variables separate and the solution can be represented as φk!m(r,θ ,φ ) =
Rk!(r)Y m

! (θ ,ϕ). Note that in the given case of a free particle the energy, Ek = h̄2k2/2m,
takes continuous values and hence the radial wave function is characterized by the
continuous index k.

The angular part of the wave function, Y (θ ,ϕ), satisfies (5.6.2) and is given by the
equation (5.6.14). The radial wave function, Rk!(r), satisfies
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If we integrate Pn!(r) from r = 0 to r = a, where a is a real constant, we get the probability
of finding the particle in a sphere of radius a centered at the origin r = 0.

In what follows, we shall discuss the solutions of the radial Schrödinger equation (5.7.1)
for some important spherically symmetric potentials.
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The variables separate and the solution can be represented as φk!m(r,θ ,φ ) =
Rk!(r)Y m

! (θ ,ϕ). Note that in the given case of a free particle the energy, Ek = h̄2k2/2m,
takes continuous values and hence the radial wave function is characterized by the
continuous index k.

The angular part of the wave function, Y (θ ,ϕ), satisfies (5.6.2) and is given by the
equation (5.6.14). The radial wave function, Rk!(r), satisfies
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If we integrate Pn!(r) from r = 0 to r = a, where a is a real constant, we get the probability
of finding the particle in a sphere of radius a centered at the origin r = 0.

In what follows, we shall discuss the solutions of the radial Schrödinger equation (5.7.1)
for some important spherically symmetric potentials.
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zero and the stationary Schrödinger equation (5.4.12), reduces to

− h̄2

2m

[
1
r2

∂
∂ r

(
r2 ∂φ

∂ r

)
+

1
r2 sinθ

∂
∂θ

(
sinθ ∂φ

∂θ

)
+

1
r2 sin2 θ

∂ 2φ
∂ϕ2

]
= Eφ . (5.8.1)
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! (θ ,ϕ). Note that in the given case of a free particle the energy, Ek = h̄2k2/2m,
takes continuous values and hence the radial wave function is characterized by the
continuous index k.

The angular part of the wave function, Y (θ ,ϕ), satisfies (5.6.2) and is given by the
equation (5.6.14). The radial wave function, Rk!(r), satisfies
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Therefore, to have the full wave function, φn!m(r,θ ,ϕ), normalized to unity, we have to
simply normalize the radial wave function, Rn!(r). As a result, we get

∫ ∞

0
r2 |Rn!(r)|2 dr = 1. (5.7.13)

Therefore, the stationary state wave functions of a particle, subject to a spherically
symmetric potential V (r), can be written as

ψn!m(r.θ ,ϕ) = A φn!m(r.θ ,ϕ) e−
i
h̄ En!mt , (5.7.14)

where the constant A is to be determined from the normalization condition, (5.7.13), for
the radial wave function.

Note that the quantity |ψn!m(r.θ ,ϕ)|2 dτ represents the probability of finding the
particle in the volume element dτ , while the probability of finding the particle in a
spherical shell enclosed between r and r+ dr is given by
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If we integrate Pn!(r) from r = 0 to r = a, where a is a real constant, we get the probability
of finding the particle in a sphere of radius a centered at the origin r = 0.

In what follows, we shall discuss the solutions of the radial Schrödinger equation (5.7.1)
for some important spherically symmetric potentials.

5.8 The Free Particle Solution in Spherical Coordinates

Consider a particle of mass m moving freely in space. In this case, the potential V (r) is
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The variables separate and the solution can be represented as φk!m(r,θ ,φ ) =
Rk!(r)Y m

! (θ ,ϕ). Note that in the given case of a free particle the energy, Ek = h̄2k2/2m,
takes continuous values and hence the radial wave function is characterized by the
continuous index k.

The angular part of the wave function, Y (θ ,ϕ), satisfies (5.6.2) and is given by the
equation (5.6.14). The radial wave function, Rk!(r), satisfies
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Therefore, to have the full wave function, φn!m(r,θ ,ϕ), normalized to unity, we have to
simply normalize the radial wave function, Rn!(r). As a result, we get

∫ ∞

0
r2 |Rn!(r)|2 dr = 1. (5.7.13)

Therefore, the stationary state wave functions of a particle, subject to a spherically
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where the constant A is to be determined from the normalization condition, (5.7.13), for
the radial wave function.
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particle in the volume element dτ , while the probability of finding the particle in a
spherical shell enclosed between r and r+ dr is given by
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If we integrate Pn!(r) from r = 0 to r = a, where a is a real constant, we get the probability
of finding the particle in a sphere of radius a centered at the origin r = 0.

In what follows, we shall discuss the solutions of the radial Schrödinger equation (5.7.1)
for some important spherically symmetric potentials.

5.8 The Free Particle Solution in Spherical Coordinates

Consider a particle of mass m moving freely in space. In this case, the potential V (r) is
zero and the stationary Schrödinger equation (5.4.12), reduces to
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The variables separate and the solution can be represented as φk!m(r,θ ,φ ) =
Rk!(r)Y m

! (θ ,ϕ). Note that in the given case of a free particle the energy, Ek = h̄2k2/2m,
takes continuous values and hence the radial wave function is characterized by the
continuous index k.

The angular part of the wave function, Y (θ ,ϕ), satisfies (5.6.2) and is given by the
equation (5.6.14). The radial wave function, Rk!(r), satisfies

Note that in the given case of a free particle the energy, 
takes continuous values and hence the radial wave function 
is characterized by the continuous index k. 
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d
dr

(
r2 dRk!

dr

)
+ k2r2Rk! = !(!+ 1)Rk!. (5.8.2)

where k2 = 2mEk/h̄2. Introducing ρ = kr, we have

d2Rk!(ρ)
dρ2 +

2
ρ

dRk!(ρ)
dρ

+

(
1− !(!+ 1)

ρ2

)
Rk!(ρ) = 0. (5.8.3)

This is the spherical Bessel equation whose general solution, for any k (that is, Ek), is
given by

Rk!(ρ) = A! j!(ρ)+B!n!(ρ),!= 0,1,2,3, ... (5.8.4)

where j!(ρ) and n!(ρ) are the spherical Bessel functions and the spherical Neumann
functions, respectively. They are given by

j!(ρ) = (−ρ)!
(

1
ρ!

d!

dρ!

)
sinρ

ρ
,n!(ρ) = −(−ρ)!

(
1
ρ!

d!

dρ!

)
cosρ

ρ
. (5.8.5)

The asymptotic forms of these functions for ρ → 0 and ρ → ∞ are, respectively, given by

j!(ρ) =
2!!!

(2!+ 1)!
ρ!,n!(ρ) = −

(2!−1)!
2!!!

1
ρ!+1 (ρ → 0), (5.8.6)

j!(ρ) =
1
ρ

sin
(

ρ− lπ
2

)
,nl(ρ) = −

1
ρ

cos
(

ρ− !π
2

)
(ρ → ∞). (5.8.7)

Note that for ρ → 0, the Neumann function blows up. Since the wave function has to be
finite everywhere in space, the part of the solution containing the Neumann function must
be dropped. As a result, we have

φk!m(ρ ,θ ,ϕ) = A! j!(kr)Y m
! (θ ,ϕ), (5.8.8)

where k =
√

2mEk/h̄2. Since Ek is a continuous function of k, the energy spectrum is
continuous and infinitely degenerate. This degeneracy corresponds to the spherical
symmetry in the momentum space: all directions of"k are equivalent.

Recall that the free particle solution in Cartesian coordinates is proportional to ei"k·"r (see
(5.2.7)), which can be expanded in terms of the spherical Bessel functions as

ei"k·"r =
∞

∑
!=0

!

∑
m=−!

c!m j!(kr)Y m
! (θ ,ϕ), (5.8.9)
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Note that for ρ → 0, the Neumann function blows up. Since the wave function has to be
finite everywhere in space, the part of the solution containing the Neumann function must
be dropped. As a result, we have

φk!m(ρ ,θ ,ϕ) = A! j!(kr)Y m
! (θ ,ϕ), (5.8.8)

where k =
√

2mEk/h̄2. Since Ek is a continuous function of k, the energy spectrum is
continuous and infinitely degenerate. This degeneracy corresponds to the spherical
symmetry in the momentum space: all directions of"k are equivalent.

Recall that the free particle solution in Cartesian coordinates is proportional to ei"k·"r (see
(5.2.7)), which can be expanded in terms of the spherical Bessel functions as

ei"k·"r =
∞

∑
!=0

!

∑
m=−!

c!m j!(kr)Y m
! (θ ,ϕ), (5.8.9)

where jl(�) and nl(�) are the spherical Bessel functions and 
the spherical Neumann functions, respectively. They are 
given by 
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∞ are, respectively, given by 
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be dropped. As a result, we have
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This degeneracy corresponds to the spherical symmetry in 
the momentum space: all directions of k are equivalent. 
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coordinates is proportional to plane wave, which can be 
expanded in terms of the spherical Bessel functions as 


200 Fundamentals of Quantum Mechanics

d
dr

(
r2 dRk!

dr

)
+ k2r2Rk! = !(!+ 1)Rk!. (5.8.2)

where k2 = 2mEk/h̄2. Introducing ρ = kr, we have

d2Rk!(ρ)
dρ2 +

2
ρ

dRk!(ρ)
dρ

+

(
1− !(!+ 1)

ρ2

)
Rk!(ρ) = 0. (5.8.3)

This is the spherical Bessel equation whose general solution, for any k (that is, Ek), is
given by

Rk!(ρ) = A! j!(ρ)+B!n!(ρ),!= 0,1,2,3, ... (5.8.4)

where j!(ρ) and n!(ρ) are the spherical Bessel functions and the spherical Neumann
functions, respectively. They are given by

j!(ρ) = (−ρ)!
(

1
ρ!

d!

dρ!

)
sinρ

ρ
,n!(ρ) = −(−ρ)!

(
1
ρ!

d!

dρ!

)
cosρ

ρ
. (5.8.5)

The asymptotic forms of these functions for ρ → 0 and ρ → ∞ are, respectively, given by

j!(ρ) =
2!!!

(2!+ 1)!
ρ!,n!(ρ) = −

(2!−1)!
2!!!

1
ρ!+1 (ρ → 0), (5.8.6)

j!(ρ) =
1
ρ

sin
(

ρ− lπ
2

)
,nl(ρ) = −

1
ρ

cos
(

ρ− !π
2

)
(ρ → ∞). (5.8.7)

Note that for ρ → 0, the Neumann function blows up. Since the wave function has to be
finite everywhere in space, the part of the solution containing the Neumann function must
be dropped. As a result, we have

φk!m(ρ ,θ ,ϕ) = A! j!(kr)Y m
! (θ ,ϕ), (5.8.8)

where k =
√
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where clm are arbitrary constants. Thus, the solution for a 
free particle in spherical coordinates is completely 
equivalent to the free particle solution in Cartesian 
coordinates. 
For the particular case of propagation along the z-axis 
(k∥z), m = 0 and we get 
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where c!m are arbitrary constants. Thus, the solution for a free particle in spherical
coordinates (in terms of the spherical Bessel functions) is completely equivalent to the
free particle solution in Cartesian coordinates (in terms of the plane waves) with
appropriate expansion coefficients c!m. The problem then reduces to finding the expansion
coefficients c!m. For the particular case of propagation along the z-axis ("k‖ẑ), m = 0 and
we get

ei"k·"r = ekr cosθ =
∞

∑
!=0

i!(2!+ 1) j!(kr)P!(cosθ ), (5.8.10)

where P!(cosθ ) are the Legendre polynomials. For this given particular case, the
coefficients c!m are thus given by c!m = i! (2!+ 1).

Note that although the free particle solutions in the Cartesian and the spherical
coordinates are equivalent, they do differ in physical content. While the plane wave
solution describes a free particle of energy Ek with a well-specified linear momentum but
undefined angular momentum, the solution in terms of the spherical Bessel functions
describes a free particle with a well-defined angular momentum but gives no information
about its linear momentum.

5.9 The Infinite Spherical Well Potential

Consider a particle of mass m moving in the following potential

V (r) =

{
0, for r ≤ a

∞, for r > a,
(5.9.1)

where a is a positive constant with dimensions of length. This potential is called infinite
spherical well potential. Using the radial Schrödinger equation, we want to determine the
bound state energy spectrum and the corresponding normalized wave functions for the case
when the orbital angular momentum of the particle is zero (!= 0). Also, we would like to
compute the probability of finding the particle: (i) in a sphere of radius, say, r = a/2 and
(ii) in the annular region between r = a

4 and r = a
2 .

In the region r < a, the radial wave function u(r) = r R(r) satisfies the following
ordinary differential equation

d2u
dr2 +

[
2m
h̄2 E− l(l + 1)

r2

]
u(r) = 0, (5.9.2)

which, for != 0, reduces to

d2u
dr2 + k2u(r) = 0,k2 =

2mE
h̄2 . (5.9.3)
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Similarly, the probability of finding the particle in the annular region between r = a
4 and

r = a
2 is given by

P =
1

nπ

(
nπ
4

+
1

2nπ
sin

(nπ
2

))
=






1
4 for even n,
1
4 +

1
2nπ for n = 1,5,9, . . .,

1
4 −

1
2nπ for n = 3,7,11, . . ..

(5.9.12)

5.10 The Finite Spherical Well Potential

A particle of mass m is moving under the influence of the following potential

V (t) =

{
−V0, for r < a
0, for r ≥ a,

(5.10.1)

where V0 and a are positive constants with dimensions of energy and length respectively.
We wish to find the bound state energy eigenvalues and the corresponding wave functions
for |E|<V0.

In the region r ≤ a, the radial wave function satisfies the equation

d2Rn!

dr2 +
2
r

dRn!

dr
+

2m
h̄2 [V0− |E|]Rn! =

l(l + 1)
r2 Rn!. (5.10.2)

For r > a, the potential V (r) = 0, and we have

d2Rn!

dr2 +
2
r

dRn!

dr
− 2m|E|

h̄2 Rn! =
l(l + 1)

r2 Rn!. (5.10.3)

For bound states, |E|<V0. Therefore, we introduce

k1 =

√
2m
h̄2 (V0− |E|), (5.10.4)

k2 =

√
2m
h̄2 |E|. (5.10.5)

In terms of the function un!(r) = rRn!(r), these equations can then be written as

d2un!

dr2 +

[
k2

1−
l(l + 1)

r2

]
un!(r) = 0, (0 < r < a), (5.10.6)

d2un!

dr2 +

[
(ik2)

2− l(l + 1)
r2

]
un!(r) = 0, (r > a). (5.10.7)

In terms of the function unl(r) = rRnl(r), the radial equations 
of Schrödinger equation can then be written as 
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For the first equation, its solution is 
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Equation (5.10.6) coincides with the equation satisfied by the free particle wave function
with wave number k1. Its solution is given by

un!(r) = A! j!(k1r)+B!n!(k1r), (5.10.8)

where A! and B! are arbitrary constant coefficients. Once again due to the requirement of
finiteness of the radial wave function, Rn!(r), at r = 0, we omit the second term in (5.10.8).
Therefore, the solution R(I)

n! (r) for 0 < r < a is given by

R(I)
n! (r) =

u(I)n! (r)
r

= A! j!(k1r). (5.10.9)

For r > a, the radial equation (5.10.7), has the solution

R(II)
n! (r) =

u(II)
n! (r)

r
= D!h!(ik2), (5.10.10)

where h!(ik2) = j!(ik2r)+ in!(ik1r) is the Hankel function that asymptotically behaves as
e−k2r/r as r → +∞. Any other linear combination will diverge for r → +∞. Therefore,
the radial wave function of the particle for the given potential, can be written as

Rn!(r) =

{
A! j!(k1r), r ≤ a

D!h!(ik2r), r > a,
(5.10.11)

where A! and B! are to be determined from the boundary conditions.

The continuity of the wave function and its first derivative at r = a leads to the
transcendental equation

k1
j′!(k1a)
j!(k1a)

= k2
h′!(ik2a)
h!(ik2a)

, (5.10.12)

for the determination of the energy eigenvalues. The solution is usually found numerically.
It turns out that the roots of the equation (5.10.12) yield a discrete set of energy eigenvalues
for the particle. The constants A! and D! are related through

A! j!(k1a) = D!h!(ik2a). (5.10.13)

The full bound state wave functions are given by

Rn!(r) = A!






j!(k1r)Y m
! (θ ,ϕ), r ≤ a

j!(k1a)
h!(ik2a)h!(ik2r)Y m

! (θ ,ϕ), r > a,
(5.10.14)
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The spherical Bessel functions as 
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Table 6.3 First few spherical Bessel and Neumann functions.

Bessel functions jl�r� Neumann functions nl�r�

j0�r� � sin r
r n0�r� � � cos rr

j1�r� � sin r
r2 �

cos r
r n1�r� � � cos rr2 �

sin r
r

j2�r� �
r
3
r3 �

1
r

s
sin r � 3 cos r

r2 n2�r� � �
r
3
r3 �

1
r

s
cos r � 3

r2 sin r

Using the change of variable I � kr , we can reduce this equation to

d2Rl�I�
dI2

� 2
I

dRl�I�
dI

�
v
1� l�l � 1�

I2

w
Rl�I� � 0� (6.64)

where Rl�I� � Rl�kr� � Rkl�r�. This differential equation is known as the spherical Bessel
equation. The general solutions to this equation are given by an independent linear combination
of the spherical Bessel functions jl�I� and the spherical Neumann functions nl�I�:

Rl�I� � Al jl�I�� Blnl�I�� (6.65)

where jl�I� and nl�I� are given by

jl�I� � ��I�l
t
1
I

d
dI

ul sinI
I
� nl�I� � ���I�l

t
1
I

d
dI

ul cosI
I
� (6.66)

The first few spherical Bessel and Neumann functions are listed in Table 6.3 and their shapes
are displayed in Figure 6.2.
Expanding sinI�I and cosI�I in a power series of I, we see that the functions jl�I� and

nl�I� reduce for small values of I (i.e., near the origin) to

jl�I�  
2l l!

�2l � 1�!I
l � nl�I�  �

�2l�!
2l l!

I�l�1� I v 1� (6.67)

and for large values of I to

jl�I�  
1
I
sin
t
I � lH

2

u
� nl�I�  �

1
I
cos
t
I � lH

2

u
� I w 1� (6.68)

Since the Neumann functions nl�I� diverge at the origin, and since the wave functions Oklm are
required to be finite everywhere in space, the functions nl�I� are unacceptable solutions to the
problem. Hence only the spherical Bessel functions jl�kr� contribute to the eigenfunctions of
the free particle:

Oklm �r� A� O� � jl�kr�Ylm�A� 	�� (6.69)

where k � T2MEk��h. As shown in Figure 6.2, the amplitude of the wave functions becomes
smaller and smaller as r increases. At large distances, the wave functions are represented by
spherical waves.
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Figure 6.2 Spherical Bessel functions jl�r� and spherical Neumann functions nl�r�; only the
Bessel functions are finite at the origin.

Note that, since the index k in Ek � �h2k2��2M� varies continuously, the energy spectrum of
a free particle is infinitely degenerate. This is because all orientations of ;k in space correspond
to the same energy.
Remark
We have studied the free particle within the context of Cartesian and spherical coordinate
systems. Whereas the energy is given in both coordinate systems by the same expression,
Ek � �h2k2��2M�, the wave functions are given in Cartesian coordinates by plane waves ei ;k�;r
(see (6.13)) and in spherical coordinates by spherical waves jl�kr�Ylm�A� 	� (see (6.69)). We
can, however, show that both sets of wave functions are equivalent, since we can express a
plane wave ei ;k�;r in terms of spherical wave states jl�kr�Ylm�A� 	�. In particular, we can gener-
ate plane waves from a linear combination of spherical states that have the same k but different
values of l and m:

ei ;k�;r �
*;

l�0

l;

m��l
alm jl�kr�Ylm�A� 	�� (6.70)

The problem therefore reduces to finding the expansion coefficients alm . For instance, in the
case where ;k is along the z-axis, m � 0, we can show that

ei ;k�;r � eikr cos A �
*;

l�0
i l �2l � 1� jl �kr�Pl�cos A�� (6.71)

where Pl�cos A� are the Legendre polynomials, with Yl0�A� 	� r Pl�cos A�. The wave functions
Oklm�r� A� 	� � jl�kr�Ylm�A� 	� describe a free particle of energy Ek , with angular momentum
l, but they give no information on the linear momentum ;p (Oklm is an eigenstate of H , ;L2, and
Lz but not of ;P). On the other hand, the plane wave ei ;k�;r which is an eigenfunction of H and
;P , but not of ;L2 nor of Lz , gives no information about the particle’s angular momentum. That
is, plane waves describe states with well-defined linear momenta but poorly defined angular
momenta. Conversely, spherical waves describe states with well-defined angular momenta but
poorly defined linear momenta.



01/11/2021 Jinniu Hu

The Finite Spherical Well Potential 

The continuity of the wave function and its first derivative 
at r = a leads to the transcendental equation 
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Equation (5.10.6) coincides with the equation satisfied by the free particle wave function
with wave number k1. Its solution is given by

un!(r) = A! j!(k1r)+B!n!(k1r), (5.10.8)

where A! and B! are arbitrary constant coefficients. Once again due to the requirement of
finiteness of the radial wave function, Rn!(r), at r = 0, we omit the second term in (5.10.8).
Therefore, the solution R(I)

n! (r) for 0 < r < a is given by

R(I)
n! (r) =

u(I)n! (r)
r

= A! j!(k1r). (5.10.9)

For r > a, the radial equation (5.10.7), has the solution

R(II)
n! (r) =

u(II)
n! (r)

r
= D!h!(ik2), (5.10.10)

where h!(ik2) = j!(ik2r)+ in!(ik1r) is the Hankel function that asymptotically behaves as
e−k2r/r as r → +∞. Any other linear combination will diverge for r → +∞. Therefore,
the radial wave function of the particle for the given potential, can be written as

Rn!(r) =

{
A! j!(k1r), r ≤ a

D!h!(ik2r), r > a,
(5.10.11)

where A! and B! are to be determined from the boundary conditions.

The continuity of the wave function and its first derivative at r = a leads to the
transcendental equation

k1
j′!(k1a)
j!(k1a)

= k2
h′!(ik2a)
h!(ik2a)

, (5.10.12)

for the determination of the energy eigenvalues. The solution is usually found numerically.
It turns out that the roots of the equation (5.10.12) yield a discrete set of energy eigenvalues
for the particle. The constants A! and D! are related through

A! j!(k1a) = D!h!(ik2a). (5.10.13)

The full bound state wave functions are given by

Rn!(r) = A!






j!(k1r)Y m
! (θ ,ϕ), r ≤ a

j!(k1a)
h!(ik2a)h!(ik2r)Y m

! (θ ,ϕ), r > a,
(5.10.14)

for the determination of the energy eigenvalues. The 
solution is usually found numerically. 

The constants Al and Dl are related through 
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The Hydrogen Atom 

A hydrogen atom consists of a proton in the nucleus and an 
electron orbiting around it, which is held in its orbit by the 
attractive Coulomb force. 


Let r⃗e = (xe,ye,ze) and r⃗p = (xp,yp,zp) be the position vectors for 
the electron and the proton, respectively. Let R = (X,Y,Z) 
be the position vector of the centre of mass, defined by 
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which is the equation of a circle in the coordinates ξ and η with radius
√

2mV0a2/h̄2. The
discrete energy levels are determined by the points of intersection of this circle with the
curve η = −ξ cotξ .

In the limit E → 0, we have
√

2m
h̄2 V0 cot

(√
2m
h̄2 V0

)
= 0, (5.10.25)

which yields
√

2m
h̄2 V0 =

(2n+ 1)
2

π ,n = 0,1,2,3, .... (5.10.26)

Therefore, for one, two and three bound states, we have n = 0,1 and n = 2 and the
corresponding values of V0 are

V (1)
0 =

π2h̄2

8ma2 , V (2)
0 =

9π2h̄2

8ma2 and V (3)
0 =

25π2h̄2

8ma2 . (5.10.27)

Therefore, if V0a2 < π2h̄2/8m, no bound state exists.

5.11 The Hydrogen Atom

A hydrogen atom consists of a proton (charge e and mass mp) in the nucleus and an electron
(charge −e and mass me) orbiting around it, which is held in its orbit by the attractive
Coulomb force. For simplicity, we shall ignore the spin degree of freedom in our treatment
of this system.

Let !re = (xe,ye,ze) and !rp = (xp,yp,zp) be the position vectors for the electron and
the proton, respectively. Since the potential, V , depends only on the relative distance, r,
between the electron and the proton, it is convenient to go over to the center of the mass
system. Let !R = (X ,Y ,Z) be the position vector of the centre of mass, defined by

!R =
me!re +mp!rp

me +mp
, (5.11.1)

and let !r = (x,y,z) = !re −!rp represent the relative position vector. The Schrödinger
equation for the system is written as

ih̄
∂ψ(!re,!rp, t)

∂ t
=

[
− h̄2

2me
!∇2

e−
h̄2

2mp
!∇2

p +V (r)
]

ψ(!re,!rp, t). (5.11.2)

and let r=(x, y, z)=re-rp represent the relative position 
vector. The Schrödinger equation of Hydrogen atom is 
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It is easy to check that
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It is easy to check that

1
me

!∇2
e +

1
mp

!∇2
p =

1
M
!∇2

R +
1
µ
!∇2

r , (5.11.3)

M = me +mp, µ =
memp

me +mp
, (5.11.4)

where M and µ are the total and the so-called reduced mass, respectively. The operators
!∇2

R and !∇2
r in (5.11.3) are given by

!∇2
R =

∂ 2

∂X2 +
∂ 2

∂Y 2 +
∂ 2

∂Z2 , (5.11.5)

and

!∇2
r =

∂ 2

∂x2 +
∂ 2

∂y2 +
∂ 2

∂ z2 . (5.11.6)

We look for the stationary state solutions of the Schrödinger equation (5.11.2) in the form

ψ(!re,!rp, t) = ψ(!re,!rp)e−i ET
h̄ t , (5.11.7)

where ET is the total energy of the system. Taking into account that, in the SI units, the
Coulomb potential between the electron and proton is given by

V (r) = − e2

4πε0|!re−!rp|
, (5.11.8)

we get from (5.11.2) and (5.11.8) that ψ(!re,!rp) satisfies

[
− h̄2

2mp
!∇2

p−
h̄2

2me
!∇2

e−
e2

4πε0|!re−!rp|

]
ψ(!re,!rp) = ET ψ(!re,!rp). (5.11.9)

Equation (5.11.9) can be rewritten in the centre of the mass system as
[
− h̄2

2M
!∇2

R−
h̄2

2µ
!∇2

r −
e2

4πε0r

]
ψ(!R,!r) = ET ψ(!R,!r). (5.11.10)

Since the potential depends only on the relative coordinate r, we expect the variables to
separate and look for the solution in the form

ψ(!R,!r) = Φ(!R)φ (!r). (5.11.11)

where M and � are the total and the so-called reduced 
mass, respectively. The Laplace’s operators are given by 
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We look for the stationary state solutions of the Schrödinger equation (5.11.2) in the form

ψ(!re,!rp, t) = ψ(!re,!rp)e−i ET
h̄ t , (5.11.7)

where ET is the total energy of the system. Taking into account that, in the SI units, the
Coulomb potential between the electron and proton is given by

V (r) = − e2

4πε0|!re−!rp|
, (5.11.8)

we get from (5.11.2) and (5.11.8) that ψ(!re,!rp) satisfies

[
− h̄2

2mp
!∇2

p−
h̄2

2me
!∇2

e−
e2

4πε0|!re−!rp|

]
ψ(!re,!rp) = ET ψ(!re,!rp). (5.11.9)

Equation (5.11.9) can be rewritten in the centre of the mass system as
[
− h̄2

2M
!∇2

R−
h̄2

2µ
!∇2

r −
e2

4πε0r

]
ψ(!R,!r) = ET ψ(!R,!r). (5.11.10)

Since the potential depends only on the relative coordinate r, we expect the variables to
separate and look for the solution in the form

ψ(!R,!r) = Φ(!R)φ (!r). (5.11.11)
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We have 
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Inserting ψ(!R,!r) from (5.11.11) into (5.11.10), we obtain

[
− h̄2

2M
1

Φ(!R)
!∇2

RΦ(!R)
]
−
[

h̄2

2µ
1

φ (!r)
!∇2

r φ (!r)+ e2

4πε0r

]
= ET . (5.11.12)

The first term on the left-hand side of (5.11.12) is just a function of !R, whereas the second
term depends only on!r. The sum of these terms equals a constant ET . Since the vectors !R
and!r are independent, for this equation to hold, each term on the left-hand side must be a
constant. This leads to the following pair of equations

− h̄2

2M
!∇2

RΦ(!R) = ERΦ(!R), (5.11.13)

− h̄2

2µ
!∇2

r φ (!r)+ e2

4πε0r
φ (!r) = Erφ (!r), (5.11.14)

where

ET = ER +Er. (5.11.15)

Note that (5.11.13) can be interpreted as the stationary Schrödinger equation of a free
particle of mass M. Thus, we conclude that the centre of mass of the electron–proton pair
in a hydrogen atom moves as a free particle of mass M. Consequently, the normalized
solution of this equation is written as

Φ(!R) =
1

(2π)3/2 e−i!κ·!R, (5.11.16)

where!κ is the wave vector associated with the free motion of the total mass M in the centre
of mass frame and ER = h̄2!κ2/2M the kinetic energy of M.

So far as (5.11.14) is concerned, it is nothing but the time-independent Schrödinger
equation for a fictitious particle of mass µ moving in a central potential

V (r) = − e2

4πε0r
. (5.11.17)

Since the potential is spherically symmetric, it is convenient to solve this equation in
spherical coordinates. Using the expression for !∇2

r in spherical polar coordinates, we can
write (5.11.14) as

− h̄2

2µ

[
1
r2

∂
∂ r

(
r2 ∂φ

∂ r

)
+

1
r2 sinθ

∂
∂θ

(
sinθ ∂φ

∂θ

)
+

1
r2 sin2 θ

∂ 2φ
∂ϕ2

]
+

e2

4πε0r
φ = Eφ ,

(5.11.18)
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The first equation can be interpreted as the stationary 
Schrödinger equation of a free particle of mass M. 
Consequently, the normalized solution of this equation is 
written as 
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The Coulomb potential is spherical symmetric, the second 
equation is convenient to be solved in spherical coordinate. 
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The average value of 1/r is
〈

1
r

〉
=

∫ 1
r
|φ (!r)|2dτ =

1
(πa3

0)

∫ ∞

0

1
r

e−2r/a0r2dr
∫ 2π

0
dϕ

∫ π

0
sinθdθ

= 4π 1
(πa3

0)

∫ ∞

0
e−2r/a0rdr =

4
a3

0

1
(2/a0)2 =

1
a0

. (5.11.39)

Therefore, the average value of the potential energy of the electron

〈U〉= − e2

4πε0

〈
1
r

〉
= − e2

4πε0a0
= − e2

4πε0

µe2

4πε0h̄2 = 2

[
− µ

2h̄2

(
e2

4πε0

)2]
. (5.11.40)

Recollecting the expression for the ground state energy E1, we get that 〈U〉 = 2E1. Now,
the total energy E1 is equal to sum of the average value of the kinetic energy 〈T 〉 and the
average value of the potential energy 〈U〉: E1 = 〈T 〉+ 〈U〉. Therefore, we get

〈T 〉= E1−〈U〉= −E1 =
µ

2h̄2

(
e2

4πε0

)2

. (5.11.41)

These results allow us to explain the stability of the hydrogen and hydrogenic atoms in the
s state in the following way.

Let us assume that the electron in a hydrogen or hydrogenic atom remains at a distance
r = a0 on the average. Let the uncertainty in the momentum of the electron be ∆pr. Then
in accordance with the aforementioned result, ∆p2

r /2µ has to be of the order of 〈T 〉, that is,

(∆pr)2

2µ
= 〈T 〉= µ

2h̄2

(
e2

4πε0

)2

=
h̄2

dµa2
0

. (5.11.42)

The uncertainty principle, on the other hand, says that

∆r∆pr ≥
h̄
2
⇒ ∆r ≥ h̄

2
1

∆pr
=

h̄
2
× a0

h̄
=

a0

2
. (5.11.43)

Taking the equality sign in this expression, we conclude that for hydrogen and hydrogenic
atoms to be stable in the s state (with angular momentum zero), the uncertainty in position,
that is, the radius of the sphere in which the electron is confined, cannot be less than a0/2.
In the opposite case, the law of conservation of energy will be violated.

The general solution for the hydrogen atom: Let us go back to (5.11.18),

− h̄2

2µ

[
1
r2

∂
∂ r

(
r2 ∂φ

∂ r

)
+

1
r2 sinθ

∂
∂θ

(
sinθ ∂φ

∂θ

)
+

1
r2 sin2 θ

∂ 2φ
∂ϕ2

]
− e2

4πε0r
φ = Eφ ,

(5.11.44)
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Since the potential is spherically symmetric, the general 
solutions (with an arbitrary value of l) are given by 
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and try to find its solution in the general case. Since the potential is spherically symmetric,
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For � � ∞, it reduces to 
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For ρ → ∞, (5.11.53) reduces to

d2Rn!(ρ)
dρ2 − 1

4
Rn!(ρ) = 0, (5.11.54)

which has simple solutions Rn!(r) = exp(±ρ/2). Since the solution with positive
exponent tends to ∞ as r→ ∞, it does not satisfy the standard conditions. Hence, it has to
be omitted. Consequently, we look for the solution of (5.11.52) in the following form

Rn!(ρ) = e−ρ/2un!(ρ), (5.11.55)

where the function un!(ρ) must obey the boundary conditions. Differentiating Rn!(ρ) with
respect to ρ , we obtain

dRn!

dρ
=

(
dun!

dρ
− 1

2
un!

)
e−ρ/2, (5.11.56)

d2Rn!

dρ2 =

(
d2un!

dρ2 −
dun!

dρ
+

1
4

)
e−ρ/2. (5.11.57)

Equation (5.11.53), along with (5.11.55)–(5.11.57), leads to the following differential
equation for the function un!(ρ)

d2un!

dρ2 +

(
2
ρ
−1

)
dun!

dρ
+

[(
α√
−λ

−1
)

1
ρ
− !(!+ 1)

ρ2

]
un! = 0. (5.11.58)

The form of the equation (5.11.58) suggests that we look for the solution in the form

un!(ρ) = ργ
∞

∑
j=0

c j ρ j, (5.11.59)

where γ , c1,c2,c3, ... are constants to be determined. Note that, as in the case of a one-
dimensional harmonic oscillator, in order to guarantee the boundedness of the solution for
ρ → 0, the series solution must start with ργ instead of a constant. The value of γ will be
determined from the requirement that the function un! is finite everywhere. Differentiating
the infinite sum (5.11.58) term by term, we get

dun!

dρ
=

∞

∑
j=0

c j(γ + j)ργ+ j−1, (5.11.60)

where we have simply rewritten the resulting infinite sum by changing the dummy index
of summation from j to j+ 1. Differentiating once again, we obtain
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d2un!

dρ2 =
∞

∑
j=0

c j(γ + j) (γ + j−1)ργ+ j−2 (5.11.61)

From (5.11.58)–(5.11.61), we arrive at

∞

∑
j=0

c j(γ + j) (γ + j−1)ργ+ j−2 +
∞

∑
j=0

2c j (γ + j)ργ+ j−2−
∞

∑
j=0

c j (γ + j)ργ+ j−1

+
∞

∑
j=0

c j

[(
α√
−λ

−1
)

1
ρ
− !(!+ 1)

ρ2

]
ργ+ j = 0. (5.11.62)

Or,

∞

∑
j=0

c j [(γ + j) (γ + j+ 1)− !(!+ 1)] ργ+ j−2

=
∞

∑
j=0

c j

[
(γ + j+ 1)− α√

−λ

]
ργ+ j−1. (5.11.63)

Equation (5.11.63) must hold identically and, hence, the coefficients before identical
powers of ρ , on both sides of the equation, must be equal. The lowest order term on the
left-hand side contains ργ−2 with the coefficient (γ(γ +1)− !(!+1))c0. The lowest term
on the left-hand side contains ργ−1. Therefore,

(γ(γ + 1)− !(!+ 1))c0 = 0⇒ (γ(γ + 1)− !(!+ 1)) = 0. (5.11.64)

Equation (5.11.64) has two possible solutions

γ = ! or γ = −(!+ 1). (5.11.65)

If we take the solution γ =−(!+1), then the series in (5.11.59) would start with the term
c0/ρ!+1 that goes to infinity for ρ → 0. Therefore, we omit it and take γ = !. As a result,
(5.11.63) reads

∞

∑
j=0

c j [(!+ j) (!+ j+ 1)− !(!+ 1)] ρ!+ j−2

=
∞

∑
j=0

c j

[
(!+ j+ 1)− α√

−λ

]
ρ!+ j−1. (5.11.66)

Or, 
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Since the coefficient for j = 0 on the left-hand (LHS) side of (5.11.66) is zero, the series
on the LHS starts with j = 1. If we change the dummy index of summation j to j+ 1, we
have

LHS =
∞

∑
j=0

c j+1 [(!+ j+ 1) (!+ j+ 2)− !(!+ 1)] ρ!+ j−1. (5.11.67)

Consequently Equation (5.11.66) can be written as

∞

∑
j=0

(
c j+1 [(!+ j+ 1) (!+ j+ 2)− !(!+ 1)]− c j

[
(!+ j+ 1)− α√

−λ

])
ρ!+ j−1 = 0.

(5.11.68)

From (5.11.68), we get the following recursion relation for the coefficients of the series in
(5.11.59):

c j+1 =

[
(!+ j+ 1)− α√

−λ

]

(!+ j+ 1) (!+ j+ 2)− !(!+ 1)
c j. (5.11.69)

The recursion relation allows us to calculate all the coefficients of the series in (5.11.59) in
terms of one coefficient, say c0, with which the series starts. This coefficient is determined
by the normalization condition. Thus, the series solution of (5.11.58) is given by (5.11.59)
with coefficients determined by the recursion relation (5.11.69)) and the normalization of
the radial wave function. The series in (5.11.59) is an infinite series and hence, we must
check whether its behaviour as ρ → ∞ is consistent with the finiteness of u(ρ) or not. For
this, let us look at the ratio c j+1/c j for large values of j (which obviously corresponds to
large values of ρ):

lim
j→∞

c j+1

c j
= lim

j→∞

[
(!+ j+ 1)− (α/

√
−λ )

]

(!+ j+ 1) (!+ j+ 2)− !(!+ 1)
=

1
j
. (5.11.70)

On the other hand, the ratio ak+1/ak for the series

eρ =
∞

∑
k=0

ρk

k!
ak (5.11.71)

is

lim
k→∞

ak+1

ak
= lim

k→∞

k!
(k+ 1)!

=
1

k+ 1
∼ 1

k
. (5.11.72)

Hence, for large values of ρ , the series in (5.11.59) is proportional to eρ . That means, for
ρ → ∞,

 Therefore, 
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It must truncate at some appropriate term. This is 
possible only if, for some value j = jmax, the numerator in 
becomes zero, that is, 
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u(ρ) ∼ ρ!eρ ⇒ Rn!(ρ) = e−ρ/2 un!(ρ) ∼ ρ!eρ/2, (5.11.73)

and blows up. Therefore, if we want the required solutions for the radial wave function to
satisfy the standard conditions, the series must be converted into a polynomial. That is, it
must truncate at some appropriate term. This is possible only if, for some value j = jmax,
the numerator in (26) becomes zero, that is,

(nr + !+ 1)− α√
−λ

= 0, (5.11.74)

where nr = jmax is the maximum value of j for which cnr+1 = 0. The number nr is called
the radial quantum number. Introducing a new quantum number, n, by the relation

n = nr + !+ 1, (5.11.75)

we get that

α√
−λ

= n. (5.11.76)

n is called the principal quantum number. It allows us to write the recursion relation for
the coefficients of the polynomial as

c j+1 =
[(!+ j+ 1)−n]

(!+ j+ 1) (!+ j+ 2)− !(!+ 1)
c j. (5.11.77)

Further, we have

√
−λ =

α
n
=

µe2

4πε0 nh̄2 . (5.11.78)

Or,

−2µE
h̄2 =

(
µe2

4πε0nh̄2

)2

. (5.11.79)

Therefore, the possible values of energy are

En = −
µ

2h̄2

(
e2

4πε0

)2 1
n2 . (5.11.80)

We see that the energy depends only on the principal quantum number n. Since the
minimum value of ! is 0, it follows from (5.11.73) that the maximum value of ! is
obtained when nr = 0, i.e., !max = n−1. Therefore, the possible values of !, for a given n,
are: != 0,1,2,3, ...,n−1.
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We see that the energy depends only on the principal quantum number n. Since the
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We see that the energy depends only on the principal quantum number n. Since the
minimum value of ! is 0, it follows from (5.11.73) that the maximum value of ! is
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We see that the energy depends only on the principal 
quantum number n. The possible values of l, for a given n, 
are: l = 0, 1, 2, 3, …, n−1. 
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The energy states of a hydrogen atom are usually 
described by the triplet of quantum numbers n, l, and m, 
as in other cases considered earlier. 

Note that all the energy states of hydrogen, except the 
ground state with n = 1 and l = 0, are degenerate. 


For a given value of n, there are n possible values of l 
(0,1,2,3,...,n−1) and for every l there are 2l + 1 values of 
m from −l to +l. Therefore, the degeneracy g is given by 
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We thus see that the energy states of a hydrogen atom can be characterized by three
quantum numbers nr,!, and m. However, since nr is determined by n and !
(nr = n− !−1), the energy states of a hydrogen atom are usually described by the triplet
of quantum numbers n, !, and m, as in other cases considered earlier.

Note that all the energy states of hydrogen, except the ground state with n = 1 and
! = 0, are degenerate. The degree of degeneracy is determined as follows. For a given
value of n, there are n possible values of ! (0,1,2,3, ...,n− 1) and for every ! there are
2!+ 1 values of m from −! to +!. Therefore, the degeneracy g is given by

g =
n−1

∑
!=0

(2!+ 1) = 1+ 3+ 5+ ...+(2n−1). (5.11.81)

This series is an arithmetic series with n terms and the common difference d = 2. Hence,
the sum is given by

g =
n−1

∑
!=0

(2!+ 1) =
n
2
[2×1+(n−1)×2] = n2. (5.11.82)

In atomic physics, stationary states with different quantum numbers n are denoted by
specific symbols. A symbol has the principal quantum number n as the coefficient before
a letter which corresponds to different values of !. For instance, the state with n = 1 and
! = 0 is written as s state. For n = 2, the states are written as 2s and 2p; for n = 3, they
are written as 3s, 3p and 3d, and so on and so forth.

Let us write down the full form of the stationary state wave functions for the hydrogen
atom. Note that

√
−λ =

√
−2µEn

h̄2 =

(
1
n2

(
µe2

4πε0h̄2

)2)1/2

=
1

na0
, (5.11.83)

where a0 is the Bohr radius. Hence, ρ = 2r/na0. Consequently, the stationary state
energies and the corresponding wave functions of the hydrogen atom are, respectively,

En = −
µ

2h̄2

(
e2

4πε0

)2 1
n2 , (n = 1,2,3, ...), (5.11.84)

ψn!m(r,θ ,ϕ) = φn!m(r,θ ,ϕ)e−
i
h̄ Ent = Rn!(r)Y m

! (θ ,ϕ)e−
i
h̄ Ent , (5.11.85)

Rn!(r) = e−r/na0

(
ρ!

nr

∑
j=0

c jρ j

)
= e−r/na0

(
2r

na0

)! nr

∑
j=0

c j

(
2r

na0

) j

, (5.11.86)



01/11/2021 Jinniu Hu

The Hydrogen Atom 

This series is an arithmetic series with n terms and the 
common difference d = 2. Hence, the sum is given by 

218 Fundamentals of Quantum Mechanics

We thus see that the energy states of a hydrogen atom can be characterized by three
quantum numbers nr,!, and m. However, since nr is determined by n and !
(nr = n− !−1), the energy states of a hydrogen atom are usually described by the triplet
of quantum numbers n, !, and m, as in other cases considered earlier.

Note that all the energy states of hydrogen, except the ground state with n = 1 and
! = 0, are degenerate. The degree of degeneracy is determined as follows. For a given
value of n, there are n possible values of ! (0,1,2,3, ...,n− 1) and for every ! there are
2!+ 1 values of m from −! to +!. Therefore, the degeneracy g is given by

g =
n−1

∑
!=0

(2!+ 1) = 1+ 3+ 5+ ...+(2n−1). (5.11.81)

This series is an arithmetic series with n terms and the common difference d = 2. Hence,
the sum is given by

g =
n−1

∑
!=0

(2!+ 1) =
n
2
[2×1+(n−1)×2] = n2. (5.11.82)

In atomic physics, stationary states with different quantum numbers n are denoted by
specific symbols. A symbol has the principal quantum number n as the coefficient before
a letter which corresponds to different values of !. For instance, the state with n = 1 and
! = 0 is written as s state. For n = 2, the states are written as 2s and 2p; for n = 3, they
are written as 3s, 3p and 3d, and so on and so forth.

Let us write down the full form of the stationary state wave functions for the hydrogen
atom. Note that

√
−λ =

√
−2µEn

h̄2 =

(
1
n2

(
µe2

4πε0h̄2

)2)1/2

=
1

na0
, (5.11.83)

where a0 is the Bohr radius. Hence, ρ = 2r/na0. Consequently, the stationary state
energies and the corresponding wave functions of the hydrogen atom are, respectively,

En = −
µ

2h̄2

(
e2

4πε0

)2 1
n2 , (n = 1,2,3, ...), (5.11.84)

ψn!m(r,θ ,ϕ) = φn!m(r,θ ,ϕ)e−
i
h̄ Ent = Rn!(r)Y m

! (θ ,ϕ)e−
i
h̄ Ent , (5.11.85)

Rn!(r) = e−r/na0

(
ρ!

nr

∑
j=0

c jρ j

)
= e−r/na0

(
2r

na0

)! nr

∑
j=0

c j

(
2r

na0

) j

, (5.11.86)

Consequently, the stationary state energies and the 
corresponding wave functions of the hydrogen atom are, 
respectively, 
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Y m
! (θ ,ϕ) = (−1)m

√
(2!+ 1)(!−m)!

4π(!+m)!
Pm
! (cosθ )eimϕ , (m≥ 0), (5.11.87)

c j+1 =
[(!+ j+ 1)−n]

(!+ j+ 1) (!+ j+ 2)− !(!+ 1)
c j, (5.11.88)

where the associated Legendre polynomials, Pm
! (x) and the Legendre polynomials, P!(x),

of degree !, are given by

Pm
! (x) = (1− x2)|m|/2 ∂ |m|

∂x|m|P!(x),x = cosθ , (5.11.89)

P!(x) =
1

2!!!
∂ !

∂x!
(x2−1)!. (5.11.90)

The constant c0 is determined in each case from the normalization of the radial wave
function. Note that the resulting wave functions ψn!m(r,θ ,ϕ) are mutually orthogonal

∫
ψ∗n!m(r,θ ,ϕ)ψn′!′m′(r,θ ,ϕ)r2 sinθdrdθdϕ = δnn′δll′δmm′ , (5.11.91)

which follows from the orthogonality of the spherical harmonics and from the fact that, for
n %= n′, they are eigenfunctions of the Hamiltonian with distinct eigenvalues.

To illustrate the procedure of calculations, let us now determine the analytical
expressions for the wave functions of the ground state and the first excited state of the
hydrogen atom.

Ground state: For the ground state of hydrogen, n = 1, ! = 0 and m = 0. Therefore, the
wave function is given by

φ100(r,θ ,ϕ) = R10(r)Y 0
0 (θ ,ϕ). (5.11.92)

Now, the radial quantum number nr = n− !− 1 = 0 and the recursion relation (5.11.77)
gives c1 = 0. Hence, the radial wave function is given by

R10(r) = c0e−r/a0 . (5.11.93)

Normalizing the radial wave function, we get

1 = c2
0

∫ ∞

0
r2e−2r/a0dr =

c2
0a3

0
4

,⇒ c0 =
2√
a3

0

. (5.11.94)
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Ground state: For the ground state of hydrogen, n = 1, l = 
0 and m = 0. Therefore, the wave function is given by 
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Therefore,

R10(r) =
2√
a3

0

e−r/a0 . (5.11.95)

Since Y 0
0 (θ ,ϕ) = 1/

√
4π , the ground state wave function is

φ100(r,θ ,ϕ) = 2√
a3

0

1√
4π

e−r/a0 =
1√
πa3

0

e−r/a0 . (5.11.96)

First excited state: Here, n = 2 and ! can take two values: 0 and 1. For ! = 0, we have
m = 0. This state is described by the wave function

φ200(r,θ ,ϕ) = R20(r)Y 0
0 (θ ,ϕ), (5.11.97)

and is called the 2s state. For ! = 1, m can take three values −1,0 and +1. This state is
called the 2p state and it is 3-fold degenerate. The corresponding wave functions are

φ21−1(r,θ ,ϕ) = R21(r)Y−1
1 (θ ,ϕ), (n = 2,!= 1,m = −1), (5.11.98)

φ210(r,θ ,ϕ) = R21(r)Y 0
1 (θ ,ϕ), (n = 2,!= 1,m = 0), (5.11.99)

φ211(r,θ ,ϕ) = R21(r)Y+1
1 (θ ,ϕ), (n = 2,!= 1,m = +1). (5.11.100)

Consider first the case: n = 2 and != 0. We have nr = 1. The recursion relation (5.11.77)
now gives c1 = −c0/2 and c2 = 0. Therefore,

R20(r) =
(

c0 + c1
r

a0

)
e−r/2a0 = c0

(
1− r

2a0

)
e−r/2a0 . (5.11.101)

The normalization for R20(r) reads

1 = c2
0

∫ ∞

0

[
1− r

a0
+

r2

4a2
0

]
r2e−r/a0dr = c2

0a3
0

[
2−6+

24
4

]

= 2c2
0a3

0,⇒ c0 =
1√
2a3

0

. (5.11.102)

As a result,

R20(r) =
1√
2a3

0

(
1− r

2a0

)
e−r/2a0 . (5.11.103)

First excited state: Here, n = 2 and l can take two values: 
0 and 1.
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Once again, Y 0
0 (θ ,ϕ) = 1/

√
4π , and hence, the 2s state wave function is given by

φ200(r,θ ,ϕ) = 1

2
√

a3
0

1√
4π

(
1− r

2a0

)
e−r/2a0

=
1√

8πa3
0

(
1− r

2a0

)
e−r/2a0 . (5.11.104)

For n = 2 and ! = 1, we have nr = 0. The recursion relation (5.11.77) now gives c1 = 0.
Hence,

R21(r) = c0
r

a0
e−r/2a0 . (5.11.105)

Normalization gives

c0 =
1√
24a3

0

. (5.11.106)

Hence, we get

R21(r) =
1√
24a3

0

r
a0

e−r/2a0 . (5.11.107)

Calculating the required spherical harmonics from (5.6.11), (5.6.12) and (5.6.14), we have

Y−1
1 (θ ,ϕ) =

√
3

8π
sinθe−iϕ , (5.11.108)

Y 0
1 (θ ,ϕ) =

√
3

4π
cosθ , (5.11.109)

Y 1
1 (θ ,ϕ) = −

√
3

8π
sinθe+iϕ . (5.11.110)

Consequently, the 2p state wave functions are given by

φ21−1(r,θ ,ϕ) = 1

8
√

πa3
0

r
a0

e−r/2a0 sinθe−iϕ , (5.11.111)

φ210(r,θ ,ϕ) = 1

4
√

2πa3
0

r
a0

e−r/2a0 cosθ , (5.11.112)
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Hence,

R21(r) = c0
r

a0
e−r/2a0 . (5.11.105)

Normalization gives

c0 =
1√
24a3

0

. (5.11.106)

Hence, we get

R21(r) =
1√
24a3

0

r
a0

e−r/2a0 . (5.11.107)

Calculating the required spherical harmonics from (5.6.11), (5.6.12) and (5.6.14), we have

Y−1
1 (θ ,ϕ) =

√
3

8π
sinθe−iϕ , (5.11.108)

Y 0
1 (θ ,ϕ) =

√
3

4π
cosθ , (5.11.109)

Y 1
1 (θ ,ϕ) = −

√
3

8π
sinθe+iϕ . (5.11.110)

Consequently, the 2p state wave functions are given by

φ21−1(r,θ ,ϕ) = 1
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πa3
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r
a0

e−r/2a0 sinθe−iϕ , (5.11.111)

φ210(r,θ ,ϕ) = 1

4
√

2πa3
0

r
a0

e−r/2a0 cosθ , (5.11.112)
222 Fundamentals of Quantum Mechanics

φ211(r,θ ,ϕ) = − 1

8
√

πa3
0

r
a0

e−r/2a0 sinθeiϕ . (5.11.113)

For convenience in calculations, the first few radial wave functions, Rn!(r), are presented
in Table 1.

Table 5.1 The first few radial wave functions of hydrogen.
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Laguerre polynomials and the radial wave function: The polynomials

nr

∑
j=0

c j ρ j =
nr

∑
j=0

c j

(
2r

na0

) j

, (5.11.114)
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The first few radial wave functions, Rnl(r), are presented 
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Table 6.7 Hydrogen energy levels and their degeneracies when the electron’s spin is ignored.

n l Orbitals m gn En
1 0 s 0 1 �e2��2a0�
2 0 s 0 4 �e2��8a0�

1 p �1� 0� 1
3 0 s 0 9 �e2��18a0�

1 p �1� 0� 1
2 d �2��1� 0� 1� 2

4 0 s 0 16 �e2��32a0�
1 p �1� 0� 1
2 d �2��1� 0� 1� 2
3 f �3��2��1� 0� 1� 2� 3

5 0 s 0 25 �e2��50a0�
1 p �1� 0� 1
2 d �2��1� 0� 1� 2
3 f �3��2��1� 0� 1� 2� 3
4 g �4��3��2��1� 0� 1� 2� 3� 4

6.3.5.3 Degeneracy of the Bound States of Hydrogen

Besides being independent of m, which is a property of central potentials (see (6.55)), the
energy levels (6.147) are also independent of l. This additional degeneracy in l is not a property
of central potentials, but a particular feature of the Coulomb potential. In the case of central
potentials, the energy E usually depends on two quantum numbers: one radial, n, and the other
orbital, l, giving Enl .
The total quantum number n takes only nonzero values 1� 2� 3� � � �. As displayed in Ta-

ble 6.7, for a given n, the quantum l number may vary from 0 to n � 1; and for each l, m can
take �2l�1� values: m � �l��l�1� � � � � l�1� l. The degeneracy of the state n, which is spec-
ified by the total number of different states associated with n, is then given by (see Example 6.3
on page 364)

gn �
n�1;

l�0
�2l � 1� � n2� (6.171)

Remarks

� The state of every hydrogenic electron is specified by three quantum numbers �n� l�m�,
called the single-particle state or orbital, �nlmO. According to the spectroscopic notation,
the states corresponding to the respective numerical values l � 0� 1� 2� 3� 4� 5� � � � are
called the s, p, d, f, g, h, � � � states; the letters s, p, d, f refer to sharp, principal, diffuse,
and fundamental labels, respectively (as the letters g, h, � � � have yet to be assigned labels,
the reader is free to guess how to refer to them!). Hence, as shown in Table 6.7, for a
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Using these Laguerre polynomials, the normalized wave 
function of the hydrogen atom can be written as: 
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ψn!m(r,θ ,ϕ) =

√(
2

na0

)3 (n− !−1)!
2n [(n+ !)!]3

e−r/na0

(
2r

na0

)!

×
[

L2!+1
n−!−1

(
2r

na0

)]
Y m
! (θ ,ϕ). (5.11.118)

The spectrum of hydrogen: In principle, if the hydrogen atom is in one of the stationary
states, it will reside there for ever. However, when perturbed (in fact, perturbations are
always present), it may make a transition to another stationary state either by absorbing
energy from the perturbation or by giving off energy under the action of the applied
perturbation. In the first case, it makes a transition to an energetically higher state by
absorbing electromagnetic radiation (usually), while in the latter case, it slides down to an
energetically lower state by emitting electromagnetic radiation. The energy of the
radiation, Eγ , is equal to the difference in energy of the stationary states involved in the
transition:

Eγ = Ei−E f = E1

(
1
n2

i
− 1

n2
f

)
, (5.11.119)

where E f and Ei are the energy of the final and the initial stationary states, respectively,
and

E1 = −
µ

2h̄2

(
e2

4πε0

)2

(5.11.120)

is the energy of the ground state (n = 1). The energy of a photon is proportional to the
frequency, ν , of the emitted or absorbed radiation according to the formula Eγ = hν , where
h is the Planck’s constant. Also, the wavelength, λ , of the emitted or absorbed radiation is
given byλ = c/ν , where c is the speed of light in vacuum. Therefore,

1
λ
=

µ
4π h̄3c

(
e2

4πε0

)2( 1
n2

f
− 1

n2
i

)
= R

(
1
n2

f
− 1

n2
i

)
, (5.11.121)

where R = 1.097× 107 (1/m) is the Rydberg constant. Equation (5.11.121) represents
the well-known Rydberg formula for the spectrum of hydrogen.

The energy levels and the transitions between them have been depicted in Figure 5.2.
The collection of spectral lines corresponding to the transitions from the higher energy
states to the lower ones are named after the scientists who discovered them
experimentally. The spectral lines corresponding to transitions to the ground state, n f = 1,
fall in the ultraviolet region of the electromagnetic spectrum and constitute the Lyman
series. The spectral lines corresponding to transitions to the first excited state, n f = 2, fall

The qth Laguerre polynomial is given by 


Quantum Mechanics in Three Spatial Dimensions 223

in (5.11.86), whose coefficients are defined by the recursion relation (5.11.88), are known
as associated Laguerre polynomials in mathematical physics. In our case, barring
normalization, we can write

nr

∑
j=0

c j ρ j = L2!+1
n−!−1(ρ), (5.11.115)

where Lp
q−p(x) are expressed in terms of the qth Laguerre polynomials, Lq(x), as

Lp
q−p(x) = (−1)p dp

dρ p Lq(x). (5.11.116)

The qth Laguerre polynomial is given by

Lq(x) = ex dq

dxq (x
qe−x). (5.11.117)

The first few Laguerre polynomials, Lq(x), and the associated Laguerre polynomials,
Lp

q−p(x), are listed in Table 2 and Table 3, respectively.

Table 5.2 The first few Laguerre polynomials, Lq(x).

L0(x) = 1

L1(x) = −x+ 1

L2(x) = x2−4x+ 2

L3(x) = −x3 + 9x2−18x+ 6

L4(x) = x4−16x3 + 72x2−96x+ 24

L5(x) = −x5 + 25x4−200x3 + 600x2−600x+ 120

L6(x) = x6−36x5 + 450x4−2400x3 + 5400x2−4320x+ 720

and
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2D cross sections through x-z plane
of H-atom 3D probability densities,
labeled as (n,!,m!)
Probability goes to zero at wave
function nodes:

▶ # radial nodes is n − ! − 1
▶ # angular nodes is !

P. J. Grandinetti Chapter 18: Electronic Structure of the Hydrogen Atom

The Hydrogen Atom 



Solving the Radial Wave Equation
Wave functions with same value of n and ! form set called a sub-shell.
Special letters are assigned to sub-shell with given ! value,

! = 0 1 2 3 4 5 6 7 8 9 10 11 12 13 ← numerical value
s p d f g h i k l m o q r t ← symbol

and continue afterwards in alphabetical order.
1st four letters arose in pre-quantum atomic spectroscopy for classifying emission lines and stand
for sharp, principal, diffuse, and fine.
Shorthand n! notation uses principal quantum number with ! symbol,
Wave function with

▶ n = 1, ! = 0 is referred to as 1s state
▶ n = 2, ! = 1 is referred to as 2p state

Number of roots of L2!+1
n−!−1 is n − ! − 1. Thus, number of radial nodes is equal to n − ! − 1.

Recall for Spherical Harmonics that number of angular nodes is !

Thus, total number of nodes is (n − ! − 1) + ! = n − 1.
P. J. Grandinetti Chapter 18: Electronic Structure of the Hydrogen Atom
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Rn,!(r) for s orbitals (! = 0) of n = 1, 2, 3, 4, 5
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Wave function extends further out in r, away from
the nucleus, as n increases
As with harmonic oscillator classically excluded
positions are displacements where E > V(r)
For hydrogen atom, classically excluded radii are

r∕a! > 2n2

Classically excluded regions are indicated by gray
regions.

P. J. Grandinetti Chapter 18: Electronic Structure of the Hydrogen Atom

The Hydrogen Atom 
Rn,!(r) for n = 5 and all possible values of !
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Only for s states, ! = 0, is radial function non-zero
at origin, r = 0.
Wave function maximum at constant n is pushed
further away from nucleus as ! increases.
This is consequence of centrifugal term in effective
potential.

V̂eff(r) =
ℏ2
2#

!(! + 1)
r2

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
Centrifugal Term

−
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P. J. Grandinetti Chapter 18: Electronic Structure of the Hydrogen Atom
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The spectrum of hydrogen: In principle, if the hydrogen 
atom is in one of the stationary states, it will reside there 
for ever. 
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Table 5.3 The first few associated Laguerre polynomials, Lp
q−p(x).

L0
0 = 1, L0

1 = −x+ 1, L0
2 = x2−4x+ 2,

L1
0 = 1, L1

1 = −2x+ 4, L1
2 = 3x2−18x+ 18

L2
0 = 2, L2

1 = −6x+ 18, L2
2 = 12x2−96x+ 144

L3
0 = 6, L3

1 = −24x+ 96, L3
2 = 60x2−600x+ 1200,

Figure 5.2 Energy levels and transitions between them for the hydrogen atom.

Using these Laguerre polynomials, the normalized wave function of the hydrogen atom
can be written as:
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The energy of the radiation, E� , is equal to the difference 
in energy of the stationary states involved in the 
transition: 
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ψn!m(r,θ ,ϕ) =

√(
2

na0

)3 (n− !−1)!
2n [(n+ !)!]3

e−r/na0

(
2r

na0

)!

×
[

L2!+1
n−!−1

(
2r

na0

)]
Y m
! (θ ,ϕ). (5.11.118)

The spectrum of hydrogen: In principle, if the hydrogen atom is in one of the stationary
states, it will reside there for ever. However, when perturbed (in fact, perturbations are
always present), it may make a transition to another stationary state either by absorbing
energy from the perturbation or by giving off energy under the action of the applied
perturbation. In the first case, it makes a transition to an energetically higher state by
absorbing electromagnetic radiation (usually), while in the latter case, it slides down to an
energetically lower state by emitting electromagnetic radiation. The energy of the
radiation, Eγ , is equal to the difference in energy of the stationary states involved in the
transition:

Eγ = Ei−E f = E1

(
1
n2

i
− 1

n2
f

)
, (5.11.119)

where E f and Ei are the energy of the final and the initial stationary states, respectively,
and

E1 = −
µ

2h̄2

(
e2

4πε0

)2

(5.11.120)

is the energy of the ground state (n = 1). The energy of a photon is proportional to the
frequency, ν , of the emitted or absorbed radiation according to the formula Eγ = hν , where
h is the Planck’s constant. Also, the wavelength, λ , of the emitted or absorbed radiation is
given byλ = c/ν , where c is the speed of light in vacuum. Therefore,

1
λ
=

µ
4π h̄3c

(
e2

4πε0

)2( 1
n2

f
− 1

n2
i

)
= R

(
1
n2

f
− 1

n2
i

)
, (5.11.121)

where R = 1.097× 107 (1/m) is the Rydberg constant. Equation (5.11.121) represents
the well-known Rydberg formula for the spectrum of hydrogen.

The energy levels and the transitions between them have been depicted in Figure 5.2.
The collection of spectral lines corresponding to the transitions from the higher energy
states to the lower ones are named after the scientists who discovered them
experimentally. The spectral lines corresponding to transitions to the ground state, n f = 1,
fall in the ultraviolet region of the electromagnetic spectrum and constitute the Lyman
series. The spectral lines corresponding to transitions to the first excited state, n f = 2, fall

where Ef and Ei are the energy of the final and the initial 
stationary states, respectively, and
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is the energy of the ground state (n = 1). The energy of a photon is proportional to the
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where R = 1.097× 107 (1/m) is the Rydberg constant. Equation (5.11.121) represents
the well-known Rydberg formula for the spectrum of hydrogen.

The energy levels and the transitions between them have been depicted in Figure 5.2.
The collection of spectral lines corresponding to the transitions from the higher energy
states to the lower ones are named after the scientists who discovered them
experimentally. The spectral lines corresponding to transitions to the ground state, n f = 1,
fall in the ultraviolet region of the electromagnetic spectrum and constitute the Lyman
series. The spectral lines corresponding to transitions to the first excited state, n f = 2, fall

is the energy of the ground state (n = 1). The energy of a 
photon is E� = h� , where h is the Planck’s constant. 
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Consider a particle of effective mass � moving in isotropic 
harmonic oscillator potential 
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5.12 The Isotropic Harmonic Oscillator in Spherical Coordinates

Consider a particle of effective mass µ moving in isotropic harmonic oscillator potential

V (r) =
1
2

µ ω2 r2,

where µ is the mass, ω is the angular frequency of the oscillator and r is the radial distance
from the origin. Let us find the energy levels of the particle and determine the full stationary
state wave functions.

We start with the Schrödinger equation in spherical coordinates

− h̄2

2µ

[
1
r2

∂
∂ r

(
r2 ∂φ

∂ r

)
+

1
r2 sinθ

∂
∂θ

(
sinθ ∂φ

∂θ

)
+

1
r2 sin2 θ

∂ 2φ
∂ϕ2

]
+

1
2

µ ω2 r2φ =Eφ .

(5.12.1)

and look for the solution in the form

φ (r,θ ,φ ) = R(r)Y (θ ,ϕ). (5.12.2)

The angular solutions remain unchanged and are still given by the spherical harmonics
Y!,m(θ ,ϕ), where ! is the orbital quantum number and m is the corresponding magnetic
quantum number. Hence, we concentrate on solving the radial equation

[
1
r2

d
dr

(
r2 d

dr

)
− 2µ

h̄2

(
E− 1

2
µ ω2 r2− h̄2!(!+ 1)

2µr2

)]
R(r) = 0. (5.12.3)

Substituting once again R(r) = u(r)/r, we arrive at

d2u
dr2 +

2µ
h̄2

[
E− 1

2
µ ω2 r2− h̄2!(!+ 1)

2µr2

]
u(r) = 0. (5.12.4)

To determine the form of solution satisfying the standard conditions, we first examine the
form of possible solutions for the limiting cases of r→ 0 and r→ ∞.
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oscillator and r is the radial distance from the origin. 
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which has two solutions s=−l and s=l+1.Since u∼r−l blows up 

at r=0, it is excluded due to the standard conditions, we 
conclude that in the vicinity of r = 0, we should have u∼rl+1
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which has two solutions s = −! and s = !+ 1. Since u ∼ r−! blows up at r = 0, it is
excluded due to the standard conditions, we conclude that in the vicinity of r = 0, we
should have u∼ r!+1.

For r→ ∞, the radial equation (5.12.4) reduces to

d2u
dr2 +

(
2µE
h̄2 − µ2ω2

h̄2 r2
)

u(r) = 0. (5.12.7)

Recalling our experience with the Coulomb potential problem, we see that the form of this
equation suggests

u(r) ∼ Ae−αr2
v(r), (5.12.8)

where v(r) is some polynomial in r. Let us try the simplest v(r) = 1. Then u(r) = Ae−αr2 .
Then we obtain from (5.12.7)

4α2r2−2α +
2µE
h̄2 − µ2ω2

h̄2 r2 = 0. (5.12.9)

From the above equation we obtain

α =
µω
2h̄

, and E =
h̄ω
2

. (5.12.10)

Next, we put v(r) = r and get that

α =
µω
2h̄

, and E =
3h̄ω

2
. (5.12.11)

Similarly, for v(r) = r2, we obtain α = µω/2h̄ and E = 5h̄ω/2, and so on and so forth.
Taking into account all this, we come to the conclusion that we must look for the solution
to the radial equation (5.12.4) in the form

u(r) = r!+1 e−
µω
2h̄ r2

v(r). (5.12.12)

The above form of the solution tells us that we should change to the new variable

ρ =

√
µω
h̄

r. (5.12.13)

In the new variable ρ , (5.12.4) reduces to

d2u
dr2 +

(
λ −ρ2− !(!+ 1)

ρ2

)
u = 0, (5.12.14)

and the new variable 
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The radial equation will become as 
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where u = u(ρ) and λ = 2E/h̄ω . Consequently, we look for the solution of the equation
(5.12.14) in the form

u(ρ) = ρ!+1 e−ρ2/2 v(ρ). (5.12.15)

Substitution of u from (5.12.15) into (5.12.14) yields the following ordinary second order
differential equation with variable coefficients for the function v(ρ):

d2v
dρ2 +

(
2(!+ 1)

ρ
−2ρ

)
dv
dρ

+(λ −2!−3)v = 0. (5.12.16)

We look for the solution in terms of an infinite series

v(ρ) =
∞

∑
p=0

ap ρ p, (5.12.17)

where ap are constant expansion coefficients. Using it in (5.12.16), we obtain

∞

∑
p=0

ap
[
p(p−1)ρ p−2 +(2!+ 2) p ρ p−2−2 p ρ p +(λ −2!−3) ρ p]= 0. (5.12.18)

Let us replace p by (p+ 2) in the first two terms. We then get

∞

∑
p=−2

ap+2 [(p+ 1)(p+ 2)ρ p +(2!+ 2) (p+ 2)ρ p]

+
∞

∑
k=0

ap (λ −2!−3−2k) ρ p = 0. (5.12.19)

The last equation leads to

∞

∑
p=0

[(p+ 1)(p+ 2)ap+2 +(2!+ 2) (p+ 2)ap+2 +(λ −2!−3−2p)ap] ρ p

+ (2!+ 2)a1
1
ρ
= 0. (5.12.20)

For (5.12.20) to hold both the terms must separately be equal to zero. This leads to a1 = 0
and the recursion relation for the expansion coefficients

ap+2 =
(2!+ 2p+ 3−λ )

(p+ 1)(p+ 2)+ (2!+ 2)(p+ 2)
ap. (5.12.21)

with 
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where ap are constant expansion coefficients. Finally, we 
can obtain
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To hold both the terms must separately be equal to zero. 
This leads to a1 = 0, and the recursion relation for the 
expansion coefficients 
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As a result, we obtain the solution of the radial equation 

For � � ∞, the above solution diverges as exp(%2) unless 
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The above condition leads to the energy eigenvalues of the oscillator associated with a
given value of !:

Ek,! = h̄ω
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2
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, (5.12.24)

where k is any even positive integer or zero. If we introduce the quantum number n = k+!,
the energy levels of the 3D isotropic oscillator can be written as

En = h̄ω
(

n+
3
2

)
, (5.12.25)

where, in view of the fact that ! can take any positive integer value (including zero) and
k is an even and positive integer (including zero), n = k+ ! = 0,1,2,3, . . .. Therefore, n
can take any positive integer values or zero. In this case, we shall have λ = 2n+3 and the
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ap+2 =
2(!+ p−n)

(p+ 1)(p+ 2)+ (2!+ 2)(p+ 2)
ap. (5.12.26)

For a given n = k+ !, there exists (except for normalization) a unique eigenfunction

φn!m(r,θ ,φ ) = Rn,!(r)Y!m(θ ,ϕ). (5.12.27)

with

Rn!(r) = β ! r! e−β r2/2 v (β r) , v(β r) = ∑
p

ap (β r)p, p = 0,2,4, . . .k, (5.12.28)

where β =
√

mω/h̄. Taking into account that for even n, ! can take (n/2+ 1) values:
0,2,4, . . . ,n, while for odd n, it can take [(n−1)/2+1] values: 1,3,5, . . . ,n, the degeneracy
of the energy levels is calculated to be
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If we introduce the quantum number n = k + l, the energy 
levels of the 3D isotropic oscillator can be written as 
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Therefore, n can take any positive integer values or zero. 

Taking into account that for even n, l can take (n/2+1) 
values: 0,2,4,...,n, while for odd n, it can take [(n−1)/2+1] 
values: 1,3,5,...,n, the degeneracy of the energy levels is 
calculated to be 
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gneven = ∑
!=0,2,4,...,n

(2!+ 1) =
(n+ 1)(n+ 2)

2
, for even n, (5.12.29)

gnodd = ∑
!=1,3,5,...,n

(2!+ 1) =
(n+ 1)(n+ 2)

2
, for odd n. (5.12.30)

For illustration, let us determine the energies and the wave functions of the three lowest
lying states of the oscillator.

Ground state: The ground state corresponds to n = 0 for which ! = k = 0. Therefore, the
ground state energy is given by E0 = (3/2)h̄ω .

Since v(β r) = a0, the corresponding wave function is

φ000 = a0e−
µω
2h̄ r2

Y00(θ ,ϕ), (5.12.31)

where a0 is determined from the normalization of the radial part of the wave function.
Finally, the normalized ground state wave function is given by

φ000 =
2

π1/4

(mω
h̄

)3/4
e−

mω
2h̄ r2

Y00(θ ,ϕ). (5.12.32)

First excited state: It corresponds to n = 1. Since k has to be even, we have ! = 1 and
k = 0. Thus, the energy of the first excited state is E1 = (5/2)h̄ω .

Once again v(β r) = a0, and the radial wave function is

R11 = a0

(mω
h̄

)1/2
r e−

mω
2h̄ r2

. (5.12.33)

The normalization of R11(r) yields

a0 =

√
8

3
√

π

(mω
h̄

)3/4
. (5.12.34)

Consequently, we have

φ11m =

√
8

3
√

π

(mω
h̄

)5/4
re−

mω
2h̄ r2

Y1m(θ ,ϕ), m = −1,0,1. (5.12.35)

Second excited state: It corresponds to n = 2. Since k has to be even, we have two pairs of
k and !: (2,0) and (0,2). Since n = 2, the energy of the first excited state is E1 = (7/2)h̄ω .
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Ground state: The ground state corresponds to n = 0 for 
which l = k = 0. 
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be even, we have l = 1 and k = 0. 
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Second excited state: It corresponds to n = 2. Since k has 
to be even, we have two pairs of k and l: (2,0) and (0,2). 
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Case 1: k = 2 and != 0. In this case

v(β r) = a0 + a2β 2r2, a2 = −
2
3

a0. (5.12.36)

The radial wave function is given by

R20 = a0

(
1− 2

3
β r2

)
e−

mω
2h̄ r2

. (5.12.37)

After normalizing R20(r) we obtain

φ200 =

√
6

π 1
4

(mω
h̄

)3/4
(

1− 2mω
3h̄

r2
)

e−
mω
2h̄ r2

Y00(θ ,ϕ). (5.12.38)

Case 2: k = 0 and != 2. In this case again v(β r) = a0 and the radial wave function is

R22 = a0
mω
h̄

r2 e−
mω
2h̄ r2

. (5.12.39)

After normalizing R20(r) we obtain

φ22m =
4√

15
√

π

(mω
h̄

)7/4
r2 e−

mω
2h̄ r2

Y2m(θ ,ϕ). (5.12.40)

Homework Problems

1. Consider the case of a particle moving in the infinite rectangular well potential
discussed in the chapter. What is the probability of finding the particle in the volume
given by 0 < x < a, 0 < y < b, and 0 < z < c/3?

2. A particle is in the second excited state of an infinite cubic potential well of side a.
Determine the wave functions and the corresponding energy for this state. What is
the degeneracy of this level?

3. An electron moves in an infinite cubic potential well of side a = 0.5 nm. What energy
does the electron have in (a) the ground state and (b) the first excited state?

4. A particle of mass m is confined to move in an infinite two-dimensional potential
well of side L. (a) Solve the corresponding two-dimensional TISE by the method
of separation of variables and determine the wave functions and the corresponding
energy levels. (b) Find the energies of the ground state and the first excited state. Are
these states degenerate?

5. Find the stationary state wave functions and the corresponding energies for a particle
of mass m moving in a three-dimensional isotropic harmonic oscillator potential



01/11/2021 Jinniu Hu

The Isotropic Harmonic Oscillator 

Energy levels En and degeneracies gn for an isotropic 
harmonic oscillator 
350 CHAPTER 6. THREE-DIMENSIONAL PROBLEMS

Table 6.4 Energy levels En and degeneracies gn for an isotropic harmonic oscillator.

n En Nl m gn

0 3
2 �h� 0 0 0 1

1 5
2 �h� 0 1 � 1, 0 3

2 7
2 �h � 1 0 0 6

0 2 � 2, � 1, 0
3 9

2 �h� 1 1 � 1, 0 10

0 3 � 3, � 2, � 1, 0

where l takes only odd or only even values. For instance, the ground state corresponds to
�n� l�m� � �0� 0� 0�; its wave function is

O000�r� A� 	� � R00�r�Y00�A� 	� �
2

ST
H

t
M�
�h

u3�4
e�M�r

2�2�hY00�A� 	�� (6.103)

The �n� l�m� configurations of the first, second, and third excited states can be determined as
follows. The first excited state has three degenerate states: �1� 1�m� with m � �1� 0� 1. The
second excited states has 6 degenerate states: �2� 0� 0� and �2� 2�m� with m � �2��1� 0� 1� 2.
The third excited state has 10 degenerate states: �3� 1�m� with m � �1� 0� 1 and �3� 3�m�
where m � �3��2��1� 0� 1� 2� 3. Some of these wave functions are given by

O11m�r� A� 	� � R11�r�Y1m�A� 	� �
V

8
3
T
H

t
M�
�h

u5�4
re�M�r

2�2�hY1m�A� 	�� (6.104)

O200�r� A� 	� � R20�r�Y00�A� 	� �
V

8
3
T
H

t
M�
�h

u3�4 t3
2
� M�

�h
r2
u
e�M�r

2�2�hY00�A� 	��

(6.105)

O31m�r� A� 	� � R31�r�Y1m�A� 	� �
4

S
15
T
H

t
M�
�h

u7�4
r2e�M�r

2�2�hY1m�A� 	�� (6.106)

Example 6.2 (Degeneracy relation for an isotropic oscillator)
Prove the degeneracy relation (6.101) for an isotropic harmonic oscillator.

Solution
Since n � 2N � l the quantum numbers n and l must have the same parity. Also, since
the isotropic harmonic oscillator is spherically symmetric, its states have definite parity3. In
addition, since the parity of the states corresponding to a central potential is given by ��1�l , the
3Recall from Chapter 4 that if the potential of a system is symmetric, V �x� � V ��x�, the states of the system must

be either odd or even.
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quantum number l ( hence n) can take only even or only odd values. Let us consider separately
the cases when n is even or odd.
First, when n is even the degeneracy gn of the nth excited state is given by

gn �
n;

l�0�2�4����
�2l � 1� �

n;

l�0�2�4����
1 � 2

n;

l�0�2�4����
l � 1

2
�n � 2�� n�n � 2�

2
� 1
2
�n � 1��n � 2�� (6.107)

Amore explicit way of obtaining this series consists of writing it in the following two equivalent
forms:

gn � 1� 5� 9� 13� � � � � �2n � 7�� �2n � 3�� �2n � 1�� (6.108)
gn � �2n � 1�� �2n � 3�� �2n � 7�� �2n � 11�� � � � � 13� 9� 5� 1� (6.109)

We then add them, term by term, to get

2gn � �2n�2���2n�2���2n�2���2n�2��� � ���2n�2� � �2n�2�
rn
2
� 1
s
� (6.110)

This relation yields gn � 1
2 �n � 1��n � 2�, which proves (6.101) when n is even.

Second, when n is odd, a similar treatment leads to

gn �
n;

l�1�3�5�7����
�2l�1� �

n;

l�1�3�5�7����
1 � 2

n;

l�1�3�5�7����
l � 1

2
�n�1�� 1

2
�n�1�2 � 1

2
�n�1��n�2�� (6.111)

which proves (6.101) when n is odd. Note that this degeneracy relation is, as expected, identical
with the degeneracy expression (6.36) obtained for a harmonic oscillator in Cartesian coordi-
nates.

6.3.5 The Hydrogen Atom
The hydrogen atom consists of an electron and a proton. For simplicity, we will ignore their
spins. The wave function then depends on six coordinates ;re�xe� ye� ze� and ;rp�xp� yp� z p�,
where ;re and ;rp are the electron and proton position vectors, respectively. According to the
probabilistic interpretation of the wave function, the quantity ���;re� ;rp� t��2d3re d3rp repre-
sents the probability that a simultaneous measurement of the electron and proton positions at
time t will result in the electron being in the volume element d3re and the proton in d3rp.
The time-dependent Schrödinger equation for the hydrogen atom is given by

�

� �h2
2mp

V2p �
�h2
2me

V2e � V �r�
�

��;re� ;rp� t� � i �h
"

"t
��;re� ;rp� t�� (6.112)

where V2p and V2e are the Laplacians with respect to the proton and the electron degrees of
freedom, with V2p � "2�"x2p � "2�"y2p � "2�"z2p and V2e � "2�"x2e � "2�"y2e � "2�"z2e , and
where V �r� is the potential (interaction) between the electron and the proton. This interaction,
which depends only on the distance that separates the electron and the proton ;r � ;re � ;rp, is
given by the Coulomb potential:

V �r� � �e
2

r
� (6.113)
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Exercise 

1. Calculate the average distance of the electron from the 
nucleus in the ground state of the hydrogen atom. Also, 
calculate the average values of the potential and kinetic 
energies in the ground state of the hydrogen atom. 
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1. Calculate the average distance of the electron from the 
nucleus in the ground state of the hydrogen atom. Also, 
calculate the average values of the potential and kinetic 
energies in the ground state of the hydrogen atom. 


Solution: The average value ⟨r⟩ of the distance of the 
electron from the nucleus is given by 
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a =
4πε0h̄2

µe2 = 0.529×10−10m. (5.11.33)

If we recall the Bohr theory of hydrogen atom, we notice that a is nothing but the radius of
the first Bohr orbit. This is called Bohr radius. In literature, it is usually written as a0.

Let us now find the normalization constant N. The normalization condition reads

1 = |N|2
∫ ∞

0
e−2r/a0r2dr = |N|2

∫ ∞

0
e−2r/a0r2dr

= |N|2
2a3

0
8

= |N|2
a3

0
4

, (5.11.34)

where we have used the standard integral

I =
∫ ∞

0
xpe−bx =

p!
bp+1 =

ap+1
0 p!
2p+1 , (5.11.35)

for p = 2. As a result,

N =
2

(a3
0)

1/2 . (5.11.36)

The normalized ground state wave function of the hydrogen atom is given by

R0(r) =
2

(a3
0)

1/2 e−r/a0
1√
4π

=
1√
πa3

0

e−r/a0 . (5.11.37)

Example 5.11.1: Calculate the average distance of the electron from the nucleus in the
ground state of the hydrogen atom. Also, calculate the average values of the potential and
kinetic energies in the ground state of the hydrogen atom. Using the uncertainty relation,
discuss the stability of the hydrogen and hydrogenic atoms in the s state.

Solution: The average value 〈r〉 of the distance of the electron from the nucleus is given by

〈r〉=
∫

r|φ (!r)|2dτ∫
|φ (!r)|2dτ

=
1

(πa3
0)

∫ ∞

0
re−2r/a0r2dr

∫ 2π

0
dϕ

∫ π

0
dθ sinθ

=
4π

(πa3
0)

∫ ∞

0
e−2r/a0r3dr =

4π
πa3

0

3!a4
0

(2)4 =
3
2

a0. (5.11.38)
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The average value of potential is
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The average value of 1/r is
〈

1
r

〉
=

∫ 1
r
|φ (!r)|2dτ =

1
(πa3

0)

∫ ∞

0

1
r

e−2r/a0r2dr
∫ 2π

0
dϕ

∫ π

0
sinθdθ

= 4π 1
(πa3

0)

∫ ∞

0
e−2r/a0rdr =

4
a3

0

1
(2/a0)2 =

1
a0

. (5.11.39)

Therefore, the average value of the potential energy of the electron

〈U〉= − e2

4πε0

〈
1
r

〉
= − e2

4πε0a0
= − e2

4πε0

µe2

4πε0h̄2 = 2

[
− µ

2h̄2

(
e2

4πε0

)2]
. (5.11.40)

Recollecting the expression for the ground state energy E1, we get that 〈U〉 = 2E1. Now,
the total energy E1 is equal to sum of the average value of the kinetic energy 〈T 〉 and the
average value of the potential energy 〈U〉: E1 = 〈T 〉+ 〈U〉. Therefore, we get

〈T 〉= E1−〈U〉= −E1 =
µ

2h̄2

(
e2

4πε0

)2

. (5.11.41)

These results allow us to explain the stability of the hydrogen and hydrogenic atoms in the
s state in the following way.

Let us assume that the electron in a hydrogen or hydrogenic atom remains at a distance
r = a0 on the average. Let the uncertainty in the momentum of the electron be ∆pr. Then
in accordance with the aforementioned result, ∆p2

r /2µ has to be of the order of 〈T 〉, that is,

(∆pr)2

2µ
= 〈T 〉= µ

2h̄2

(
e2

4πε0

)2

=
h̄2

dµa2
0

. (5.11.42)

The uncertainty principle, on the other hand, says that

∆r∆pr ≥
h̄
2
⇒ ∆r ≥ h̄

2
1

∆pr
=

h̄
2
× a0

h̄
=

a0

2
. (5.11.43)

Taking the equality sign in this expression, we conclude that for hydrogen and hydrogenic
atoms to be stable in the s state (with angular momentum zero), the uncertainty in position,
that is, the radius of the sphere in which the electron is confined, cannot be less than a0/2.
In the opposite case, the law of conservation of energy will be violated.

The general solution for the hydrogen atom: Let us go back to (5.11.18),

− h̄2

2µ

[
1
r2

∂
∂ r

(
r2 ∂φ

∂ r

)
+

1
r2 sinθ

∂
∂θ

(
sinθ ∂φ

∂θ

)
+

1
r2 sin2 θ

∂ 2φ
∂ϕ2

]
− e2

4πε0r
φ = Eφ ,

(5.11.44)
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Exercise 

2. At t=0, the wave function of a hydrogen atom is given by 


(a) What is the wave function at any t > 0? (b) If a 
measurement of energy is carried out in this state, what 
values would result and with what probabilities? 
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in the visible region of the electromagnetic spectrum and constitute the Balmer series,
while the series consisting of spectral lines related to transitions to the 2nd excited state,
with n f = 3, falls in the infrared region and is known as Paschen series; and so on and so
forth.

Example 5.11.2: At t = 0, the wave function of a hydrogen atom is given by

ψ(r,θ ,ϕ) = 1√
2

φ300(r,θ ,ϕ)+ 1√
3

φ311(r,θ ,ϕ)+ 1√
6

φ322(r,θ ,ϕ).

(a) What is the wave function at any t > 0? (b) If a measurement of energy is carried out
in this state, what values would result and with what probabilities?

Solution: (a) Since Ĥφn!m = Enφn!m,

Ĥψ(r,θ ,ϕ ,0) = E3ψ(r,θ ,ϕ ,0), (5.11.122)

and the wave function at any t > 0 would be

ψ(r,θ ,ϕ , t) =
[

1√
2

φ300(r,θ ,ϕ)+ 1√
3

φ311(r,θ ,ϕ)+ 1√
6

φ322(r,θ ,ϕ)
]

e−
i
h̄ E3t ,

(5.11.123)

where E3 = E1/9 = −13.6/9 eV.
(b) Since the wave function is normalized: 〈ψ(r,θ ,ϕ ,0) |ψ(r,θ ,ϕ ,0) 〉 = 1, and it is an
eigenfunction of the Hamiltonian, the measurement of energy will give E3 with
probability 1.

Example 5.11.3: Suppose we carry out the following transformation of the independent
variable, r, and the radial wave function Rn!:

r =
λ
2

ρ2, Rn! =
χ(ρ)

ρ
,

in the radial equation for hydrogen, where λ is a constant. (a) Show that χ(ρ) is a
solution of the radial equation of a two-dimensional harmonic oscillator with frequency
ω =

√
−2λ 2E/µ and energy 2e2λ /(4πε0), where E is the energy of the hydrogen atom.

(b) Using the expression for the energy eigenvalues of the two-dimensional harmonic
oscillator and comparing both the radial equations (for the hydrogen atom and for the
two-dimensional oscillator) term by term to extract the correspondence between the
parameters, determine the energy spectrum of the hydrogen atom. (c) Also, explicitly
construct the normalized ground state wave function of the hydrogen atom.
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where E3 = E1/9 = −13.6/9 eV. 
(b) Since the wave function is normalized and it is an 
eigenfunction of the Hamiltonian, the measurement of 
energy will give E3 with probability 1. 
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Exercise 

3. A NaCl crystal has certain negative ion vacancies 
behaving like a free electron, inside a volume having 
dimensions of the order of a lattice constant (0.1 nm). 
Estimate the longest wavelength of electromagnetic 
radiation absorbed strongly by these electrons. 
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3. A NaCl crystal has certain negative ion vacancies 
behaving like a free electron, inside a volume having 
dimensions of the order of a lattice constant (0.1 nm). 
Estimate the longest wavelength of electromagnetic 
radiation absorbed strongly by these electrons. 


Solution: Energy levels for a free electron confined to a 
cubic box having each side of length L are given 
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8. A NaCl crystal has certain negative ion vacancies behaving like a free electron, 

inside a volume having dimensions of the order of a lattice constant. Estimate the 
longest wavelength of electromagnetic radiation absorbed strongly by these elec-
trons, when the crystal is at room temperature.

SOLUTION

Energy levels for a free electron con!ned to a cubic box having each side of length 
L are given by Eqn. (6.76):
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Electrons in a crystal at room temperature are almost as in the ground state. Hence, 

the energy of the !rst excited states is: = π = π6
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or λ = 11.04 nm.
9. A nano-meter sized particle can be modeled as a spherical potential well of radius 

a, with impenetrable walls. Inside the nano-particle electrons move freely under 
a constant potential − 0V . What is the probability of !nding an electron at distance 

/ 2a  from the center of the nano-particle, for = 0l . Calculate the !rst three energy 
gaps between the discrete states.

The ground state energy is: 
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a, with impenetrable walls. Inside the nano-particle electrons move freely under 
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Exercise 

The energy of the first excited states is: 


The longest wave length for transition from the ground 
state to the first excited state is given by: 
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