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Filling spherical surfaces by mixed triangle and square tiles
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We present four classes of highly symmetric defect patterns on a spherical surface tiled with triangular and
square tiles. These patterns accommodate both stretched triangular and square lattices and are analyzed in terms
of their symmetries. Both spherical and corresponding polyhedron views are considered, with emphasis on three-
dimensional point-group symmetries. In addition to the original patterns, alternative defect configurations are
explored, including those generated by the kaleidoscopic operation, originally suggested by Caspar and Klug
for triangular tiling, as well as the cut-and-rotate operation applied through a great circle on the sphere. While
these alternatives can lower the space-group symmetries, they provide a broader understanding of the system’s

possible configurations. For a fixed square surface area fraction, we also examine a scenario that identifies the
likely ground state among the four primary classes and their alternatives.
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I. INTRODUCTION

Placing triangular tiles to fill the surface of a sphere, what
high-symmetry patterns can they form? This is a classical
question studied by Caspar and Klug [1]. Unlike regularly
tiled lattices in a flat space, which can yield translational and
rotational symmetries, triangular tiling on a spherical surface
necessitates lattice disclinations, dictated by the nature of the
curved two-dimensional surface [2]. Typical high-symmetry
patterns observed in this example, resulting from the 12 point
defects of fivefold symmetry along with the filling lattice
textures, include the icosahedron, dodecahedron, and their
kaleidoscopic alternatives [1].

The study of lattice construction on spherical surfaces has
its roots in investigating the structural organization of viruses.
Early investigations into how protein blocks self-assemble
on spherical surfaces were advanced by techniques such as
cryo-electron microscopy and x-ray crystallography [3]. In the
1950s, Crick and Watson [4] proposed that spherical viruses
were composed of 60 identical triangular subunits, exhibit-
ing icosahedral symmetry. However, experimental findings
later revealed that many viruses have more than 60 subunits
[5]. Caspar and Klug [1] developed a theoretical method to
arrange a large number of triangular subunits on spherical
surfaces, effectively addressing the issue of spherical virus
structure. The defect pattern follows the icosahedron sym-
metry, as noted by Goldberg who studied the geometry of
polyhedra with all triangular faces [6]. Their methods closely
resembled the geodesic dome structure proposed by Buckmin-
ster Fuller in the late 1940s, a concept that also inspired the
discovery of fullerene [7]. Building on this research, various
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icosahedral virus structures, consisting of protein blocks in
different shapes, have been revealed [8,9]. By utilizing protein
blocks of three- and sixfold symmetries, which can be nicely
tiled in a triangular lattice cell, icosahedral protein cages and
capsules are designed and manufactured [10,11] for industrial,
pharmaceutical, and scientific uses. The construction method
for spherical triangular lattices also finds applications in soft
materials [12,13] and crystalline solids [14,15].

What happens when the spherical surface is covered by
square lattices or liquid crystals made of molecules having
tetratic symmetry? Experimentally, stabilizing square lattices
on a spherical surface is more challenging because thin-layer
molecules tend to form triangular lattices in real systems.
Variations of tiling that use tetratically shaped particles to
fit the spherical surface while maintaining the local fourfold
symmetry have been explored in recent years, for exam-
ple, with square-shaped protein blocks [16], rounded cube
particles on emulsion faces [17], or tetratic liquid-crystal
molecules [18,19]. Analytic theories that explore the possible
symmetry patterns of related systems can also be found for
liquid crystals [20], and square crystalline and liquid crystals
[19]. Direct molecular-level computer simulations that yield
local square lattices with a limited number of particles are
now available [15,21,22]. To answer the question of what
defect patterns can be observed in square tilings on the spher-
ical surface, the cube and anticube symmetries suggested
in Refs. [18,19] for arranging tetratic molecules are further
explored in Sec. II through a symmetry analysis which also
generates additional alternatives.

Then, what symmetry patterns can one observe when
mixed triangular and square tiles are used to cover the spher-
ical surface? This question is inspired by both experimental
and theoretical developments in recent years. Investigations
have shown that structures formed by mixing protein block
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shapes with three- and fourfold local symmetries on spherical
surfaces can exhibit octahedral and tetrahedral symmetries.
These symmetries differ from the icosahedral symmetry typ-
ically observed on the surfaces of other protein complexes
[23-25]. When highly packed on a flat surface, isotropic
molecules can form triangular and square lattice domains,
which coexist under the right physical conditions, as has
been recently observed in both experiments [26-30] and
computer simulations [22,31,32]. On spherical surfaces and
under the correct overall molecular density, these molecules
self-assemble into defect domains composed of triangular
and square tiles, each domain carrying characteristic wind-
ing numbers, as reported by computer simulations [33,34].
Theoretically, except for the structures found through the
Caspar-Klug construction method for triangular tiles on a
spherical surface, there have been no definitive answers to this
question in the literature so far.

In this paper, we develop a general theory to construct
mixed triangular and square lattices on spherical surfaces,
where the square lattice area occupies a fraction f of the
surface and the triangular lattice area the remainder. A large
number of tiles is assumed here, and the coarse-grained
continuum limit is examined. Two issues, symmetry and en-
ergetics, are addressed separately in Secs. II and III. For
consistency, the symmetry problems of tiling the spherical
surface with only triangular tiles (f = 0) and only square tiles
(f = 1) are first reviewed in Secs. Il A and II B, respectively.
In the case of a fixed, nontrivial value of f, we enumerate
all possible high-symmetry patterns formed by defect points
and lattice texture grains. Four classes of patterns, cubic
(Oy), octahedral (Oy,), tetrahedral (), and trihosohedral (D3,)
symmetries, are selected, listed, and analyzed in Sec. IIC.
With one or two symmetry operations broken, kaleidoscopic
alternatives, originally introduced by Caspar and Klug, are
also considered in Sec. IIE [1], forming face-rotation (FR)
alternatives of the patterns. Another possibility, known as the
cut-and-rotate (CR) operation [35,36], is additionally intro-
duced and considered for these symmetric patterns in Sec. II F,
forming the CR alternatives. Both alternatives preserve the
lattice grains and result in lower spatial symmetries than the
original Oy, T, D5, rotational groups.

The second issue is to consider which of the listed patterns
in Sec. II is energetically more favorable in a real molecular
system. This is a subtle question that depends on the micro-
scopic nature of the interaction energy, the formed material
phases (liquid, liquid crystal, or crystal) and the size of the
final system; there is no general answer. Bowick, Nelson,
and Travesset (BNT) developed a coarse-grained interaction
energy between the defect points, induced by the elastic
stretching of an otherwise flat lattice pattern on a curved
spherical surface [37]. As an example, based on the assump-
tion of a continuum limit that ignores molecular details, the
BNT interaction energy is used in Sec. III for comparison
between the selected symmetries in Sec. II for a fixed f.
Contrary to the common notion that higher symmetry patterns
have lower energies, in some cases, the CR or the FR alterna-
tives have a lower global BNT energy. This is not surprising,
as previous studies have shown that anticube (a CR version of
the cube) patterns are more energetically favorable in certain
tetratic systems [18-20].

@ w=+1/6 (b)
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FIG. 1. Types of point defects examined in the current study on
a spherical surface, where the flattened-out, cut views are presented.
Plot (a) shows a winding number w = +1/6, produced by the closure
of five triangular lattice domains. Plot (b) has w = 41/4, produced
by the closure of three square lattice domains. Plot (c) is produced
by inserting a square lattice domain into four triangular domains,
resulting in a winding number w = +1/12g. Plot (d) can be viewed
as the insertion of a triangular lattice domain into three square do-
mains, with w = +1/12,. The subscripts [J and A are used here
to further distinguish the type of insertion. The color scheme of
the illustrations, red for the triangular domain, blue square domain,
orange defect point for w = +1/120, and purple w = +1/12,4, is
preserved throughout the paper.

II. DEFECT PATTERNS WITH THE HIGHEST
SYMMETRIES

In this section, possible defect patterns on a spherical
surface tiled with triangular and square tiles are presented,
after searching for all possible point-group symmetries of the
global patterns. Symmetry always plays a critical role in de-
termining the stability, organization, and physical properties
of patterns on spherical surfaces, making it essential for un-
derstanding systems such as viral capsids, colloidal crystals,
or geodesic domes [12].

On a spherical surface, the point disclination produced
by arranging otherwise ideal lattices is characterized by the
winding number w [38]. The basic types of low winding
numbers considered in the current work are shown in Fig. 1,
in triangular lattices [Fig. 1(a), w = +1/6], in square lattices
[Fig. 1(b), w = +1/4], and in mixed triangular-square lattices
[Figs. 1(c) and 1(d), w = +41/12]. Although other point
disclinations are possible, including those with higher or nega-
tive w, the point disclinations in Fig. 1 are commonly believed
to cause the least lattice deformations on a curved surface of
positive Gaussian curvature [20], hence they are considered
here.

According to the Euler-Poincaré theorem, the total,
summed winding numbers of all disclinations on a closed
curved surface must be the same as the Euler characteristic
of the surface [2]. In the present case of a spherical sur-
face for which the Euler characteristic is +2, there must
be 12 +1/6 point disclinations when arranging triangular
lattices, eight +1/4 point disclinations when arranging square
lattices, and 24 41/12 point disclinations when arranging
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triangular-square lattices. The locations of these defect points
on the spherical surface, together with the relative orientations
of the lattice domains around these defect points, form a
global defect structure, which can be identified by a point
group. Some different patterns may share the same point-
group operations.

Deformed tiles on a curved surface may not all have
an identical shape. Caspar and Klug introduced the con-
cept of quasi-equivalence, which requires the deformed tiles
on a curved surface to have nearly identical shapes in or-
der to maintain the overall stability and functionality of
the entire structure. The structures on the spherical sur-
face can be viewed as projections of the flat surfaces of
a three-dimensional polyhedron, where the surfaces contain
unstretched, identical tiles, on the spherical surface. Among
the full list of polyhedra, those that follow the symmetries of
Platonic solids, three-dimensional polyhedra with flat faces
that are all the same regular polygons, are considered here,
as they exhibit high space-group symmetries. These include
full icosahedral (1), full octahedral (O,), full tetrahedral (7),
and N-dihedral (Dyj) groups, as they contain the greatest
number of symmetry operations. The corresponding poly-
hedra, including their truncated versions, are considered in
our enumeration. Those that can be fitted with triangular and
square tiles on their surfaces are identified and listed below in
Secs. IT A, IIB, and II C.

A. Triangle tiles

The first example reviews the well-known symmetric de-
fect patterns formed by triangular tiles. The icosahedral
point-group symmetry is the highest symmetry that can be
formed by 12 w = +1/6 defect points, located at the cor-
ner vertices of an ideal icosahedron (). These vertices
exhibit local fivefold symmetry around the defects and are
represented in Figs. 2(al) and 2(a2) by pentagonal defect
points.

There are two different tiling patterns that accommodate
low triangular lattice distortions over the entire spherical sur-
face, icosahedron [first panel of Fig. 2(al)] and dodecahedron
[Fig. 2(a2)], each having their unique tile orientations with
respect to the nearest defect-defect geodesic curves. This is
more clearly observed in the polyhedron view, shown in the
second panels of the plots. Along these curves, the edges
of the triangles are consistently aligned to form a global
structure in the icosahedron pattern. This alignment is easily
understood by viewing the flattened-out icosahedron, before
its projection onto the spherical surface [Fig. 2(al), third
panel]. In the dodecahedron pattern, on the other hand, the
nearest defect-defect geodesic curves are always perpendic-
ular to one of the edges of the triangles that fill the surface
domains in between. This can again be visualized in the
flattened-out view in Fig. 2(a2), third panel. Around the 12
+1/6 point defects, each pattern contains distorted triangular
lattices that form 12 local pentagons, identical in shape. The
relative orientations of the pentagons differ between the two
patterns.

From symmetry alone, no conclusion can be drawn about
which pattern, Fig. 2(al) or Fig. 2(a2), has lower energy, since
the two structures are identical from an elastic theory perspec-
tive [39]. Simulations [39,40] were conducted to compare the

elastic energies of the two symmetries shown in Figs. 2(al)
and 2(a2). The simulation revealed a slight energy difference
between the two states, with Fig. 2(a2) having the lower
energy.

B. Square tiles

The point disclination with the lowest positive winding
number is +1/4 for square lattices [Fig. 1(b)]. To tile the
spherical surface with only +1/4 defect points, eight de-
fect points must be distributed across the spherical surface.
Following the same basic principles that lead to the de-
fect patterns discussed in the previous section, the basic
defect pattern is cubic, with full octahedral O;, point-group
symmetry. The defect points, which have threefold local sym-
metry, are positioned at the corner vertices of a perfect cube
[Figs. 2(b1) and 2(b2)].

The first cubic pattern is shown in Fig. 2(bl). Near the
point-point line connecting two nearest defect points, the
square tiles are diagonally arranged such that the two diagonal
vertices align with the point-point line [see the polyhedron
view in Fig. 2(b1)]. The second cubic pattern is shown in
Fig. 2(b2). Near the line connecting the two nearest defect
points, the edges of the square tiles are aligned parallel to the
defect-defect line [see the polyhedron view in Fig. 2(b2)]. The
difference between the two patterns can be easily identified
in the flattened, cutout views in Figs. 2(b1) and 2(b2). Each
of these two patterns has eight identical local defect regions,
forming triangular defect domains. The simple-textured struc-
ture in Fig. 2(b2) has been suggested as the possible structure
for the so-called “one-constant” systems [19].

C. Mixed triangle and square tiles

The main subject of this study is the mixed triangular-
square tiling. Since the lowest possible positive defect point
has a winding number of +1/12, 24 defect points are dis-
tributed over the spherical surface. In this case, there are
four possible high-symmetry defect classes. All illustrations
here contain triangles and squares of the same side lengths.
When they have different side lengths, the lattice boundaries
between the triangular and square domains may exhibit dis-
tortion to match the bond lengths. Here we assume that the
distortion is localized to the boundaries, for which the bound-
aries in the illustrations are conceptual and should be viewed
as narrow corridor regions.

The first class of patterns is the natural extension of the
cubic patterns from the pure square tile case, where f < 1.
The defect domains at the vertices of the cube already have a
triangular shape [Figs. 2(bl) and 2(b2)]. Two defect patterns
are possible, following the O, point group.

With triangular tiles added, the pattern in Fig. 2(cl) is a
truncated cube, where the triangular tiles fill the truncated
triangular areas and the square tiles fill the cubic surface, with
the square edges rotated by /4 from the cube edges [see the
first and second panels of Fig. 2(c1)]. The diamond pattern
appears on the main cube faces.

The other pattern is a cantellated cube, shown in Fig. 2(c2).
The cantellation operation can be understood as truncating
the vertices of a regular polyhedron while simultaneously
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FIG. 2. Highest symmetries of defect patterns, determined for (al)—(a2) triangular tiling [in [1]], (b1)—(b2) square tiling [(b2) suggested
in [19]], and (c)—(f) mixed tiling. The first panels in these plots show 3D views of the patterns on the spherical surface, and the second panels
display 3D views of the projected polyhedra, which further reveal the corresponding point-group symmetries. The third panels present flattened,
cut views of the second panels. All triangular-tile domains are colored red, and all square-tile domains are colored blue. The polyhedra in (c1),
(d1), and (el) are a truncated cube, truncated octahedron, and truncated tetrahedron. The polyhedra in (c2), (d2), and (e2) are cantellated cube,
cantellated octahedron, and cantellated tetrahedron. The solid lines on the spherical surfaces are not necessarily geodesics; they are included
solely for illustrative purposes when projecting the polyhedron onto a spherical surface.

chamfering the edges, creating new faces at edges and
vertices. The eight triangular domains still occupy the
original cube corners but are rotated so that their edges
align with the direction of the cube edges. The square
lattices on the main cube surfaces form a pattern that
matches the original cube edges. The 24 defect points, shown
in the plot as orange circles, are located at the corners of
the triangular areas. These points can be viewed as w =
+1/12, defects of the type shown in Fig. 1(c), correspond-
ing to the insertion of triangles among the majority square
tiles.

The second class of patterns, octahedral, also pos-
sesses O; symmetry but is rich in triangular lattices, as
shown in Figs. 2(dl) and 2(d2). When projected onto the

polyhedron surfaces (second panels), these are truncated ver-
sions of originally regular octahedra. The corner-truncated
version in Fig. 2(d1) contains six square domains at the cor-
ners of the octahedron, which are filled with square tiles. The
main faces of the octahedron, shaped like triangular domains,
are filled with triangular tiles. The other pattern, in Fig. 2(d2),
is derived from Fig. 2(d1) by rotating all the square domains
by a m /4 angle. This is best described as a cantellated octa-
hedron, where the vertices and edges are orderly truncated.
In this case, the square-domain edges are now all parallel in
the cut-out view [third panels of Fig. 2(d2)]. In both cases,
Figs. 2(d1) and 2(d2), the 24 defect points are located at
the corners of the rectangular domains. These points can
be viewed as w = +1/12 defects, as shown in Fig. 1(d),
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corresponding to the insertion of square tiles among the ma-
jority of triangular tiles.

The third class of patterns displays another major space-
group symmetry, tetrahedral, 7;, shown in Figs. 2(el) and
2(e2). The main faces of the original tetrahedron have a nat-
ural triangular shape (second panels), which accommodates
the filling of triangular tiles. Square tiles begin to fill the
truncated corners of the tetrahedron in both Figs. 2(el) and
2(e2), which have a natural triangular domain shape. How-
ever, this arrangement is not sustainable near the domain cen-
ter, where triangle domains filled by triangular tiles reoccur as
insets. Two patterns of 7; are possible: truncated tetrahedron
and cantellated tetrahedron, where the triangular domains at
the corners of the original tetrahedron vertices have relatively
different orientations, m /3 between Figs. 2(el) and 2(e2).
Because a square-tile domain only appears to enclose an-
other triangular-tile domain, this structure can be stabilized
atlow f.

The fourth class is a truncated version of spherical hosohe-
dron, shown in Fig. 2(f1), displaying the D3, symmetry, where
the threefold rotation axis is along north-south poles. In the
truncated version, second panel of Fig. 2(f1), the north and
south poles are located at the centers of the top and bottom
triangular domains, where triangular tiles can be fitted. Three
symmetric biangle regions, outlined by the blue square tile
domains, start and end with a pair of w = +1/12g defect
points (hence a total of six defect points). The other 18 de-
fect points of the type w = +1/12, appear inside the three
biangle regions and are located at the corners of two triangle
domains of triangular tiles within each biangle region. This
complex structure is expected to exist in the low-f range.

D. Gauss-Bonnet theorem

The above identification of defect patterns ensures the
distribution of 24 defect points with a value of w = +1/12,
obeying the Euler-Poincaré theorem [2]. The defect patterns in
Figs. 2(c)-2(f) are in full compliance with another important
mathematical theorem, the Gauss-Bonnet theorem, which dic-
tates the relationships between the spherical area formed by
geodesic curves of a domain and the allowed internal spherical
angles when the geodesics of the domain intersect. A direct
consequence is that the spherical triangle, for example, has
a total internal angle (1 4 4a)m, where a is the area fraction
of such a spherical-triangular domain compared to the entire
surface.

Take the defect pattern in Fig. 2(c) as an example. When
a is small, each of the eight triangular domains, located at
the corners of the cube, has a total internal angle close to &
and can be directly covered by triangular tiles. As a grows,
however, the total internal angle becomes greater than 7, and
the triangular tiles experience more distortion to cover the
area. An extreme case is a = 1/8; in this case, a typical in-
ternal angle of the spherical triangle is 7 (1 + 4/8)/3 = 7 /2;
directly adjacent to such an angle, a square tile is a better fit.
Hence, somewhere between a <« 1 and a = 1/8, triangular
tiling switches to square tiling. One can show that Fig. 2(c)
switches to Fig. 2(d).

Take Fig. 2(d) as another example. A spherical square has
a total internal angle (1 4+ 2a)27. As a < 1, the internal angle

is 7 /2, which is suited for square tiling. And at the maximum
end, if the occupied area a = 1/6, such a spherical square has
an internal angle 2 (1 +2/6)/4 = 27 /3, which is an angle
that can be easily tiled by two triangles. Hence, as a grows,
the pattern must switch over to triangular tiling. The transition
must happen in between a < 1 and a = 1/6.

To conclude, depending on the area fraction of a spherical
domain, the internal angles may be better suited to tilings with
a specific type of symmetry, especially if minimal angular
distortion is expected. The symmetries listed above allow for
mutual switching.

An interesting case is the pattern in Figs. 2(el) and 2(e2),
based on tetrahedral symmetry. In a perfect tetrahedron with
flat face, each of the four faces can be easily used to fit
triangular tiles. However, when it is projected on the spherical
surface, the interior angle of each would-be triangular domain
becomes 27 /3, which is a far stretch of the original 7 /3 angle
from a triangular tiles, in a three-triangle formation. These
corner regions, on the other hand, can be easily tiled by six
triangles, as shown in the second panels of Figs. 2(el) and
2(e2). For a small domain in these region, the simplest ge-
ometry is a triangle domain made of triangular lattices. Now,
this tetrahedron structure has 12 w = 41/6 disclinations.
To achieve the mixed triangular-square tilings, between the
original tetrahedron faces and these corner triangle domains,
stripes of square tiles fit. Take the blue, square-filled spheri-
cal triangles in Fig. 2(e) and increase their areas to a = 1/8
of the spherical surface. One can see that the interior angle
is (1 4+ 4a)/3 = = /2 following the Gauss-Bonnet theorem,
which, of course, accommodates square tiles.

The pattern in Fig. 2(f1), following symmetry of Ds;, is a
special case where the geometry exists only on the spherical
surface. The total internal angle of the blue area is given by
4am where a is the biangle area formed by two geodesic
curves, according to the Gauss-Bonnet theorem. A perfect
division into three biangle domains, from the north to south
poles, makes the internal angle 2w /3, which can be easily
used for tiling six triangles near the polar region. If one re-
duces a, however, the internal angle becomes smaller. When
a approaches 1/4, the internal angle approaches 7 /2. Hence
the enclosed domain can be tiled by squares (the blue region).
Covering this domain by square tiles layer by layer from
the biangle edges, one encounters a smaller biangle, when
a approaches 1/6. The internal angle now becomes /3,
on which triangular tiles are a much better fit. Hence, two
triangular-shaped, triangle-tiled domains appear in each of the
square-tiled biangle domains of Fig. 2(f1).

In cases Figs. 2(e) and 2(f), the Gauss-Bonnet theorem
necessitates the formation of local enclave structures, as il-
lustrated. It, however, does not produce the highly symmetric,
global defect patterns.

E. Kaleidoscopic rotation

The enumeration produces symmetric structures in
Secs. IT A, I B, and IT C, but alternative, less-symmetric struc-
tures with related symmetries can also be generated. These
alternatives are described in this and the next subsections.

Within the same class of defect patterns, e.g.,
Figs. 2(al) and 2(a2), the main difference is the orientations
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FIG. 3. Face rotations (kaleidoscopic rotations) of the patterns listed in the left panels of Figs. 2(a)-2(f). The rotation by an angle is
performed simultaneously on the minor domains of each pattern, about axes that pass through the domain center and the spherical center.
Such rotation maintains all tiling textures in the red and blue domains, relative to the domain boundaries. The rotational arrows illustrate a
common counterclockwise FR angle 6. When 6 = 7 /n, where n represents the n-fold symmetry of the rotated domain, the patterns transform
themselves into the patterns shown in the right panels of Fig. 2. Here n = 5 for the pentagonal disclination in (a), n = 3 for (b), (c), and (e);,
and n = 4 for (d). For a general 6 (6 # 0 or 7 /n), the full symmetry is broken, specifically disrupting the inversion and reflective symmetries,
leading to 1, O, O, O, T, and C; symmetries, respectively. The corresponding spherical and polyhedral views of an FR pattern are shown in the

second and third columns.

of the defect domains. They are related to each other by
simultaneous rotation of such domains, at an angle 6,
counterclockwise about the axis passing through the center
of the defect and the spherical center. One can check that
when the rotation occurs simultaneously, the boundaries of
the bulk faces rotate to the same direction as well. Thus, the
shape of the bulk is preserved and the lattice grains of the
bulk domains are rotated but not disturbed. The rotational
process can be more explicitly seen on a spherical surface,
having some resemblance to generating patterns seen in a
kaleidoscope, maintaining symmetries and repetitions of the
same local patterns [41].

This method generates an entire set of new defect patterns,
as suggested by Goldberg in 1937 [6], and Caspar and Klug
in 1962 [1], to manipulate the original pattern into skewed
icosahedral patterns in Fig. 3(a), as alternatives that can occur
in triangular tiling. In the following we refer to this type of
operation as the face-rotated (FR) alternative. We find here
that the FR rotation can be performed on the patterns listed in
Fig. 2 for square tilings and mixed triangle-and-square tilings.

The result is a set of skewed patterns, characterized by an
angle 6. There are special cases. For example, when 6 = /5
in Fig. 3(a), 6 = n /3 in Figs. 3(b) and 3(c), 6 = n /4 in
Fig. 3(d), and 6 = 7 /3 in Fig. 3(e), starting from the patterns
in Figs. 2(al)-2(el), the original space-group symmetries
are recovered. The defect patterns are rotated to those in
Figs. 2(a2)-2(e2), exactly. However, at an arbitrary FR angle
0 between 6 = 0 and the specific values mentioned above,
the system loses the highest symmetry of the original pattern;
typically the inversion symmetry is destroyed. In our case,

the kaleidoscope patterns in Figs 3(a)-3(f) have point-group
symmetries I, O, O, O, T, and C; respectively, which can
be compared with the original 1;,, Oy, Oy, Oy, T;, and D3, in
Fig. 2.

The FR operation for the hosohedral structure is limited
due to the curved boundaries of the large truncated faces,
as shown in Fig. 2(f1). When 6 is small, adjacent lattice
domains can still undergo rotation. However, at larger values
of 8, such as 8 = 7 /2, three domains lie horizontally along a
great circle. This configuration makes it impossible to tile the
entire surface with a single triangular lattice, as the curvature
prevents seamless tiling of the bulk area.

F. Cut-and-rotate patterns

The phrase cut-and-rotate (CR) was originally used to sug-
gest a symmetry operation in a nematic liquid on a spherical
surface [35,36]. The two +1 hedgehog point defects at the two
opposite poles are cut by a great circle through the center, cre-
ating four +1/2 split defects. The entire pattern is then rotated
by an angle about the common axis of the two hemispheres.
In crystalline solids, a similar operation to generate related
crystal structures, the mono-twinned operation, cuts along a
plane followed by a rotational symmetry about the common
axis [42].

Here we borrow the same concept to create new defect
patterns for the spherical lattice system currently studied. As it
turns out, CR states may have a lower energy than the original
patterns, as discussed in the next section. The CR operation
takes an existing rotational-symmetry axis of structures in
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FIG. 4. Cut-and-rotate operations on the defect patterns listed previously. The translucent plane represents the equator plane where the
polyhedron is cut into two halves. When projected onto a sphere, the lattice grain details at the cutting seam are identical after the CR
operation. The angle ¢ describes counterclockwise rotation of the upper hemisphere about the spherical axis. For an arbitrary ¢, the patterns in
the first columns of the illustrations have space-group symmetries Cs, Cy, Cs, C3, and G, for panels (a)—(e), respectively. When ¢ = 7 /n, where
n corresponds to the n-fold symmetry of a hemisphere along the axis [i.e., n = 5 for (a), n = 4 for (b) and (c), n = 3 for (d), and n = 2 for (e)],
a higher symmetry is achieved. Specifically, the structures in the second (3D view) and third (polyhedral view) columns of the illustrations

have space groups Ds;,, D4, D4, D3, and D), for (a)—(e), respectively.

Fig. 4 and cuts through the equatorial plane perpendicular to
the axis provided that such a cut does not split an existing
defect point. The upper hemisphere of the pattern is rotated
by an angle ¢ counterclockwise about the rotational axis. A
useful feature to consider is that, after the CR operation, the
same gear-tooth-like configurations are recoverable, exactly
matching the fine lattice grains on the two hemispheres at
special values of ¢. In theory, ¢ can only adopt discrete values
to match this requirement; at the continuum limit, on the other
hand, the lattices on both hemispheres along the cutting seam
have the same fine configurations, and the rotation is smooth
and continuous.

Given that the lattices here are made of triangular and
square tiles, we discover that the CR operation can be per-
formed on full symmetric patterns in Figs. 2(a)-2(e) and most
of their FR counterparts in Figs. 3(a)-3(e) discussed above.
The CR operations are illustrated in the first column of Fig. 4
together with the cutting planes. At an arbitrary CR angle
@, such a rotation destroys mirror symmetries of the original

configuration, thereby producing a lower symmetry alterna-
tive. For example, the operations in Figs. 4(a)-4(e) yield
symmetries Cs, Cy4, C4, C3 and C, respectively, in comparison
with the original I;,, Oy, Oy, Oy, and T; in Fig. 2. The hosohe-
dral structure in Fig. 2(f1) does not have a valid cutting seam
to conduct the CR operation.

There are special cases. When the angle ¢ = 7 /n is used
on a CR operation about a n-fold axis of the original patterns,
a new symmetric pattern can be produced. The patterns shown
in the second (3D view) and third (polyhedron view) columns
of Figs. 4(a)—4(e) have the point-group symmetries Dsy, Dy,
Dy, D3j, and Dy, respectively. Essentially, in comparison with
those with an arbitrary ¢, an original mirror symmetry is
recovered, which results in the higher symmetries. In compar-
ison with the original full symmetries, some of the rotational-
symmetry operations are removed, hence the second and third
columns of Fig. 4 have lower symmetries. Considering the
phrase anticube is already used for the special case of a CR
cube, shown in Fig. 4(b), the names anti-icosahedron [for
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Fig. 4(al)], antidodecahedron [for Fig. 4(a2)], antitruncated
cube [for Fig. 4(cl)], anticantellated cube [for Fig. 4(c2)],
antitruncated octahedron [for Fig. 4(dl)], anticantellated
octahedron [for Fig. 4(d2)], antitruncated tetrahedron [for
Fig. 4(el)], and anticantellated tetrahedron [for Fig. 4(e2)],
are given for the corresponding special structures.

Triangular tiling on a spherical surface has been exten-
sively discussed in the literature. However, the CR version
of the structures, in particular, anti-icosahedron and antido-
decahedron, have not been commonly realized as possible
alternatives to the original defect patterns. One example is
the stable Ds;, structure observed in Cyg fullerene [7], which
possesses 12 pentagons at the vertices of a pentaprism. Theo-
retically, it can be visualized as the CR of an angle ¢ = /5
from the icosahedral symmetry of a Cg fullerene, though 10
additional particles need to be inserted in the equatorial plane.

As a final note, for square tilings, the special CR state with
0 =m/3, ¢ = /4 [Fig. 4(b2)] has been suggested as the en-
ergetically preferred ground state, of liquid crystals confined
on a spherical surface in Ref. [19] by a phenomenological
theory. On the other hand, the special CR state with 6 =
0, ¢ = /4 [Fig. 4(b1)] has been observed as the ground-state
configuration in direct Monte Carlo simulations of tetratic
molecules [18]. From a symmetry perspective, both states are
possible high-symmetry anticube patterns.

G. Brief summary

So far, we have listed all possible high-symmetry tiling
patterns for triangular, square, and mixed triangular-square
lattices on spherical surfaces. Only low winding number point
disclinations are considered in the symmetry analysis. Vari-
ations of the symmetric patterns, allowing face rotations of
the defect regions and cut-and-rotate operations through an
equatorial plane, are also introduced, which may lower the
global defect symmetries.

The question remains as to which of the patterns is stable
in actual physical systems, for a given area fraction f of the
square lattice in the background of the triangular lattice (or
vice versa) on the spherical surface. This requires the consid-
eration of energetics at the molecular level or in continuum.
As an example, the next section focuses on the effects of
the BNT interaction between the defect points [12], which
illustrates the possible low-energy patterns for a given f.

III. BNT ENERGY CURVES
A. BNT interaction

There are several levels of theoretical approaches that
can be taken to study the defect patterns arising in a phys-
ical problem on a curved surface. At the molecular level,
computer simulations can be performed based on a cho-
sen molecule-molecule interaction [22,35,43—46]. Typically,
a large number of molecules are placed in the system, which
yields a final global pattern of the molecular positioning
and orientation (if the molecules are anisotropically shaped).
At a coarse-grained, field-based model, a vector or scalar
density field, typically depending on the locations on the
spherical surface, is designated as the order parameter; the
system’s energy is expressed in terms of the field and then

x(B) 0‘

P
1.0

FIG. 5. The BNT interaction energy, x(8) in Eq. (2) between
two defect points, is displayed as a function of the geodesic angle B
between them.

minimized. Examples include the phenomenological descrip-
tions of liquid-crystal patterns based on the Landau-de
Gennes theory [47-50], Onsager model [51-53], Lebwohl-
Lasher model [44,54], Rapini-Papoular model [55,56] as well
as Oseen-Frank model [18,20,57-60].

There is an even higher coarse-grained level, which empha-
sizes the stress on the distorted patterns on a curved surface,
in comparison with their flat-space regular patterns, in the
form of defect-defect interactions. At this level, the system
energy is approximated by the interactions of isolated defect
points, mediated by the microscopic molecular composition
and surface density variation, which are not explicitly consid-
ered. In the ocean of background lattices formed by the actual
molecules, the BNT potential energy, developed by Bowick,
Nelson, and Travesset, provides a simple expression for the
free energy that only depends on the types and positions of
the defects [37,39]. In liquid-crystal theory, such an approach
is also possible [61].

Here we use the BNT interaction as a general framework
for the global elastic energy of the entire pattern. In compar-
ison with the background energy in a flattened space, the key
BNT energy is

1 N N N
AE =23 0% Kiyx(Bi) + ) _ew)), M
j=1

i=1 j=1

where w; is the winding number of the ith disclination, K;; is
the reduced stretching modulus between defect points i and
J> and e(w;) is the core energy of an isolated defect. In our
notation, a w;w; factor in the first term has been absorbed into
the reduced K;;. The interaction energy is written in terms of
the geodesic angle B;; between the ith and jth defect points,

such that
(1—cos B)/2 ln(z)
X(ﬂ)=1+/ dzl Z 2)
0 _

One can show that it is repulsive (see Fig. 5).

B. Energy curves

For the current problem, there are N = 24 defects of types
w=+1/12g or w = +1/12,. For simplicity, in this sub-
section, a one-K approximation, K;; = K is taken, and the
last sum is dropped assuming two types of +1/12 defects
have the same effects. In all cases considered below, an area
fraction f is used to represent the area fraction of the square
lattice regions on the curved surface, composed of geodesic
boundaries.
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FIG. 6. BNT energy of all studied defect patterns for a given f. Typical defect domains that exhibit the lowest BNT energy minima
are illustrated below. (a) Tetrahedral pattern at f = 0.09, AE* at (6, ¢) = (27 /9, 0). (b) Octahedral pattern at f = 0.14, AE* at (7 /4, 0).
(c) Octahedral pattern at f = 0.33, AE* at (37 /16, 0). (d) Cubic pattern at f = 0.80, AE™ at (27 /9, 0). (e) Cubic pattern at f = 0.87, AE* at
(/3,7 /6). (f) Cubic configuration at f = 0.97, AE* at (7w /3,  /4). In each plot the energy surface AE (6, ¢), as a function of the FR angle
0 (see Sec. IIE) and CR angle ¢ (see Sec. I F), is also displayed, where the location of the energy minimum is indicated by a red circle. Plot
(g) summarizes our findings for a given f, showing the different symmetry branches: cubic (blue), tetrahedral (orange), octahedral (green),
and hosohedral (red). Vertical dashed lines mark the boundaries where the energy minimum transits from one branch to another.

For each class, the total BNT energy is calculated ac-
cording to (1) with fixed values of f, 6, and ¢, when
all geometric features are fixed. As the first example for
small f within f = [0, 0.13], the energy minimum AE* of
the tetrahedral pattern is located at ¢ =0 and a nontriv-
ial value of 6, shown in Fig. 6(a). The FR pattern T is
the most stable. This can be physically understood by the
illustration in the left panel in Fig. 6(a). For small-f, the
square lattices only occupy the narrow edges of the trun-
cated domains; however, the affected defect domains can be
significantly large. The large square lattice domains (blue
color) require the rotation of the defect regions, to avoid the
direct collision of the blue regions. The calculated AE™ is
displayed in Fig. 6(g), where region (a) highlights the stability
of T.

As f increases further, within f = [0.13,0.34], the oc-
tahedral patterns have a lower BNT energy than 7', taking

over the energy branch of the 7' pattern. The energy plot in
Fig. 6(b) shows that the octahedron O, pattern in Fig. 2(d2)
has the energy minimum in f = [0.13, 0.24], where 6 = 7 /4
and ¢ = 0. In the relatively larger f = [0.24, 0.34] region,
the blue square domains in Fig. 6(c) begin to interact more
significantly and the face-rotated version, O shown in the left
panel of Fig. 6(c), has a lower energy minimum. These two
regions, (b) and (c), are represented in Fig. 6(g) by the light
and dark green shades.

In the middle f region, f = [0.34, 0.44], the FR cubic pat-
tern, which has the symmetry O, has a lower energy minimum.
The energy plot is shown in Fig. 6(d), indicating a nontrivial
6 value, an FR alternative of Fig. 2(c2). In this middle-f
region, the defect points are evenly spread out on the spherical
surface. The configurational differences of the spreading, of
the tetrahedral pattern in Fig. 6(a), the octahedral in Fig. 6(c),
and cubic in Fig. 6(d), give rise to minor energy-minimum
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differences, where the three energy branches in Fig. 6(g) are
closely spaced.

In the mid-high region, f = [0.44, 0.78], the close energy
difference between T pattern in Fig. 6(a) and O in Fig. 6(d)
remains. The patterns in Fig. 6(a) reenter as the most stable
pattern. The evenness of defect spreading on the surface can
also be observed in both cases.

Coming from the high-f side, f = [0.78, 1], the cubic pat-
terns are most stable. Near f = 1, the pattern corresponding
to a lower space-group symmetry D4 has a lower energy,
where 6 = 7 /3 and ¢ = 7 /4. The pattern is a CR alternative
of the pattern in Fig. 2(c2), i.e., Fig. 4(c2). The energy plot
on the right panel of Fig. 6(f) indicates that the patterns in
Figs. 2(c1) and 2(c2) are not even metastable; one is actually
an energy maximum and the other saddle point.

Across f = 0.90 from the high-f region, the perfect CR
alternative loses its Dy symmetry, as ¢ is lowered from the
ideal m /4 value. A general CR alternative is observed. As
f =0.84 is approached from the high-f side, ¢ starts to
approach another ideal value, ¢ = 0. The cubic pattern in
Fig. 2(c2) is realized at a single value of f = 0.84, where its
saddle-point energy becomes a true minimum.

Below f = 0.84, an FR alternative of the pattern illustrated
in Fig. 6(d) appears as the energy minimum. Starting from the
ideal pattern, the defect regions in Fig. 2(c2), begin to face
rotate, towards the pattern in Fig. 2(c1) as the would-be target.
The cubic energy minimum branch is the lowest among other
possibilities in the region f = [0.78, 0.84].

C. Brief summary

Figure 6(g) presents all BNT energies of the patterns de-
scribed above. A few remarks can be made about the general
features. (1) The hosohedral pattern indeed shows an energy
minimum at 6 &~ /18 and f = 0.09, but that branch, rep-
resented by the red curve in the plot, is always higher than
the others. Thus, the hosohedral patterns are only metastable.
(2) All energy minimum curves correspond to either an FR
or CR alternative, but never both. There is only one energy
minimum on the two-dimensional AE (6, ¢) plots, hence only
a single stable (or metastable) pattern for a given f within a
given class of patterns. (3) The results have been presented as
a function of simultaneous face rotation of all defect regions
of a given ideal pattern, at a common angle 6. We have also
tested another possibility, namely, allowing all defect regions
to rotate independently of each other using a minimization
calculation, while keeping the centers of the defect regions
fixed on the surface. The process all converges back to the
same 6 rotation. Thus, the physical picture of simultaneous
face rotation is justified. (4) The systems with larger square
domains tend to form the FR patterns. To avoid the closing
of repulsive defect points, a rotated pattern spreads out the
distance between the defects more evenly.

IV. SUMMARY AND DISCUSSION

Based on a symmetry analysis, we studied the global sym-
metries of the defect patterns that can form when the spherical
surface is tiled by a mix of triangular and square tiles. Four
basic pattern classes are found: cubic, octahedron, tetrahe-

dron, and trihosohedron, with symmetries Oy, O, T;, and D3,
respectively.

These patterns are clearly presented in the polyhedron
views, in which the triangular and square tiles fill the available
flat surfaces of the truncated and cantellated polyhedra with
no distortion, as required by the quasi-equivalence concept
of tiling the surface. Within each class, two different patterns
are possible depending on the orientation of the filling tiles.
Alternatives to these patterns, known as kaleidoscopic and
cut-and-rotate patterns, are also proposed for these classes.

When projected onto the spherical surface, each flat surface
in the polyhedron views becomes curved and experiences
shape deformation. In the second part of the paper, we explore
the possible consequences of this deformation in terms of the
BNT energy. For a given area fraction of square tiles, only one
of all the possible patterns (the original and alternatives) in a
class reaches an energy minimum. By comparing the minima
across the four classes, we suggest a preferred type of tiling
pattern for specific ranges of f.

There are several complications that may impact the final
results. (1) One such complication is the finite-size effect,
which already exists in the triangular-tiling problem. In a
finite system, given the area of the spherical surface, there is
a relationship between the total number of tiles (the magic
number) and an optimal symmetry pattern. Adding another
tile is likely to alter or even destroy the entire symmetry.
We essentially take a continuum limit, assuming many small
tiles fill the available space and that magic numbers can be
naturally established for a large system. (2) Another issue
unique to tiling a surface with mixed triangular-square tiles
is the line tension problem between the triangular and square
lattice domains. The basic components of the system are
individual, premade triangular and square tiles. The poten-
tial mismatch in tile side lengths requires lattice distortion
along the boundaries between the triangular and square lat-
tice domains. This can significantly affect the second part
of the study, as the energy produced by line tension should
be incorporated into the theory. The line tension introduces
an additional parameter, calling for another dimension in the
state diagram presented in Fig. 6, which is not considered
here. (3) Instead of premade tiles, many surface structures
in real systems are self-assembled from isotropic molecules.
The triangular and square lattices result from self-assembly,
not from a rigid structure to begin with. The coexistence of
these lattices is closely related to a first-order phase transition
between triangular and square crystal orderings. In this case,
f should be treated as an adjustable parameter, along with the
number density of the molecules, in a complete free-energy
consideration. (4) In this study, we used a one-elastic-constant
approximation. The difference in elastic energies (notionally
represented by the the K;; tensor in a coarse-grained consid-
eration) as well as the difference in the two different types of
1/12 defects [i.e., the € term in Eq. (1)] can significantly affect
the outcome of the energy analysis. (5) The use of the BNT
interaction in an isotropic form, as given by Eq. (2), ignores
the relative orientations of the defect points and their grain
texture directions in between. This is already an issue, even for
triangular tiling. Remedying this effect, which involves mixed
media made up of triangular and square tiles, requires further
research.
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These complications impact the energy landscape of the
problem. While the symmetry analysis in Sec. II likely
remains the same, the energy analysis in Sec. III could be
significantly altered. We hope that the current energy study
captures some essential features of mixed tilings.
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